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A description is given of a method used to observe oscillations of a plasma in a longitudinal 
magnetic field at frequencies several times smaller than the ion cyclotron frequencies. The 
method makes it possible to observe the oscillation spectrum in the form of a series of nar- 
row lines with very high signal-to-noise ratio. It is suggested that the observed oscillations 
are analogous to the waves known from the hydromagnetic analysis. 


ie instabilities of plasmas in magnetic fields 
have been considered theoretically by many au- 
thors.! However a number of the questions in this 
field have not been answered in as much detail as 
might be desired. This situation is due to the fact 
that there is a large variety of complicated effects 
which make it essentially impossible to carry out 
a systematic theoretical investigation of the prob- 
lem and the fact that the experimental data are 
very scanty and are not always amenable to theo- 
retical interpretation. The latter circumstance 
arises from the difficulties involved in realizing 
‘the conditions of observation required by the the- 
ory. The instabilities of plasmas in magnetic 
fields are of the utmost importance, particularly 
as regards practical applications. In this connec- 
tion the observations described below may be of 
interest. The results reported here are to be 
considered of preliminary nature only. 


APPARATUS AND METHOD OF OBSERVATION 


A diagram of the apparatus, which was origi- 
nally intended for the observation of ion cyclotron 
- resonances in helium plasmas and hydrogen plas- 
mas, is shown in Fig. 1. The principle of opera- 
tion is similar to that used for the observation 
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FIG. 1. Diagram of the apparatus. 1) solenoid: a) magneti- 
zing winding, b) modulation winding; 2) ion source; 3) conden- 
set; 4) collector; 5) proton probe; 6) magnetometer oscillator; 

7) cyclotron resonance oscillatoz; 8) amplifier; 9) oscilloscopes; 
10) needle valve for admitting gas. 


nuclear magnetic resonance effects:”»? the absorp- 
tion of radio frequency power by ions which rotate 
in a magnetic field is detected by the change in Q 
of an oscillator circuit. A powerful oil-cooled 
solenoid produces an axial magnetic field and 

the cold-cathode source is located at the axis of 
the field;* the source is a Penning discharge 

(Fig. 2). Collisions of ions extracted from the 
discharge chamber with gas molecules along the 
axis of the solenoid lead to the formation of a 


*The source was designed by V. G. Gel’kovskiY and built 
under his direction at one of the Institutes of the Academy of 


Sciences, U.S.S.R. 
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FIG. 2. Diagram of the 
ion source. 1) molybdenum 
cathode; 2) magnesium 
anodes; 3) rod cathode; 

4) quartz insulators; 5) feed- 
through for cathode voltage; 
6 gas inlet. 


pinched plasma 3 —5 mm in diameter and ap- 
proximately 20 cm long. The pinch passes be- 
tween the plates of a long plane condenser which 
is connected to the oscillator circuit; the plasma 
beam then strikes a collector which is connected 
to meters which measure the ion current and the 
electron current of the pinch. These measure- 
ments indicate that both currents are equal, vary- 
ing from 10 to 35 wa depending on the mode of op- 
eration of the system. When the oscillator fre- 
quency coincides with the rotational frequency of 
ions of a given mass in the applied magnetic field 
a fraction of the radio frequency power is absorbed 
by the ions located between the plates of the con- 
denser at a given instant of time. This absorption 
causes a reduction in the Q of the circuit and this 
effect is detected by the usual’ radio spectroscopy 
method: the magnetic field is modulated and the 
detected signal is applied to an oscilloscope whose 
sweep is synchronized with the modulation. On the 
outer side of one of the plates of the condenser 
there is a probe which is used to make proton 
measurements of the magnetic field strength. 
Measurements show that at the discharge (be- 
tween the source and the collector) the field in- 
homogeneity is less than 1—1/5% (for fields of 
2,000 to 3,000 oersteds ); in the section occupied 
by the condenser the magnetic field variation is 
less than 0.25%. The magnetic field is modulated 
at 50 cps at an amplitude of 70 oersteds. A con- 
trolled leak (needle valve) of simple design is 
used to control the admission of gas into the sys- 
tem, making it possible to vary the pressure over 
wide limits and to maintain the pressure ata 
given value when desired. 

The first observations in the hydrogen plasma 
showed that in addition to the very wide cyclotron 
resonances (due to the atomic and molcecular 
hydrogen ions) there were strong narrow signals 
(Fig. 3) which could be observed at lower values 
of the magnetic field. These lines are observed 
in groups, with different spacings between neigh- 
boring lines, with intensities which fall off uni- 
formly with increasing frequency. It is also ob- 
served that similar signals appear on the screen 
of the oscilloscope used for the proton measure- 
ment of the magnetic field (Fig. 4). We believe 
that the observed signals, which are different 
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FIG. 3. Signals observed together with the cyclotron reso- | 
nance signals in a hydrogen plasma. p = 6 x 10~* mm Hg; | 
H = 1276 oersteds; U = 560 v. 


from the cyclotron resonance signals, are due to 
oscillations of the plasma. The alternating elec- 
tric fields produced in the vicinity of the plasma 
as a result of these oscillations are picked up by 
the oscillator condenser used to detect the plasma 
resonance by the probe of the proton magnetom- 
eter, which operate as antennas; the oscillators 
themselves, under favorable conditions, act as 
narrow-band tunable receivers. 

In order to obtain more meaningful measure- 
ments the following changes were made in the de- 
tection system. The condenser was replaced by 
antennas in the form of rods or loops: these an- 
tennas were oriented in different positions with 
respect to the beam. The antennas were placed 
at distances such that they could not be struck by 
electrons or ions from the beam. The antennas 
were connected to a narrow-band receiver or to 
a wide-band amplifier. In order to avoid the ef- 
fect of the above-mentioned parasitic signals on 
the screen of the proton magnetometer oscillo- 
scope the probe of this unit was shielded. 

In the observations made with the first method, 
when the magnetic field modulation was applied 
signals similar to those shown in Fig. 3 were 


FIG. 4. View of the signals on the screen of the proton . 
magnetometer oscilloscope. p = 6 x 10-* mm Hg; H = 1180 
oersteds; U = 530 v. 
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observed. In the observations made with the 
second method, in which no magnetic field mod- 
ulation was used, reproducible periodic sinusoidal 
or saw-tooth curves were obtained on the screen. 
It was observed that the saw-tooth pulses of dif- 
ferent intensity were produced only when the mag- 


netic field modulation was applied in certain cases. 


The oscillation frequencies were measured by 
means of the receiver frequency meter or by mak- 
ing comparisons with a frequency standard. The 
intensities of the lines were determined by meas- 


urements of the heights of the signals on the screen 


of an oscilloscope to the input of which a current 
divider was connected. 


RESULTS OF THE OBSERVATIONS 


The signals shown in Fig. 3 were first observed 
in a hydrogen plasma at pressures of the order of 
10> mm Hg (the pressure in the source discharge 
was a half an order of magnitude higher). Using 
the improved methods of detection described above 
it was possible to obtain a well-defined spectral 
pattern (Figs. 5 and 6) and to carry out the meas- 
urements reported here. 

It was found that the signals were produced at 
pressures ranging from 107! to 107° mm Hg over 
a relatively narrow range of magnetic field values 


FIG. 5. Higher harmonics observed with a narrow-band 


receiver; p = 2 x 10-* mm Hg, H = 1523 oersteds, U = 560 v; 
modulation amplitude 60 oersteds. 


FIG. 6. The same but at a pressure of 5 x 10™ mm Hg. 


FIG. 7 One of the harmonics (v= 1,440 Mcs) of the os- 
cillations in the field of 1,420 oersteds; p = 5 x 10~ mm Hg; 
U = 650 v; modulation amplitude approximately 15 oersteds. 


(900 to 1600 oersteds); no signals were observed 
beyond these limits. In the hydrogen plasma there 
are three clearly defined series of lines which are 
superimposed on each other but are very different 
in intensity. Within each series the intensity of 
the lines falls off approximately linearly with fre- 
quency; within a given series the lines are equally 
spaced. By varying the magnetic field with the 
detection system fixed at a given frequency or by 
tuning the detection system with the magnetic field 
fixed it is possible to observe the entire spectra. 
Several tens of lines are observed in the total 
spectrum. An idea of the shape of a line can be 
obtained from Fig. 7. In the region in which the 
signals are observed there is almost no noise but 
beyond this region the noise level is generally 
high. At certain values of pressure and magnetic 
field the intensity of the most sharply defined sig- 
nals has a signal-to-noise ratio of 103 —10+. 

The measurements indicate that within the lim- 
its of the experimental accuracy the frequencies 
for lines of a given series are multiples of some 
base frequency. The intensities of the lines of 
the same series falls off approximately linearly 
while the intensity of nearby lines, associated 
with different series, is very different. In Table I 


TABLE I 
Fre- Rela- | | Fre- | Rela- 
Line quen- | tive Line | quen- tive 
mumber| cy, inten- number, cy, inten- 
Mcs sity : Mcs sity 
4 0.121 0,008 10 ZA) 0.001 
2 0,1816 0.012 14 1.453 0.650 
3 0.242 0,005 12 1,815 0.540 
4 0.363 1.000 3 Aedes 0,453 
3) 0.484 0.003 14 2,541 0,365 
6 0.544 0.003 15 PA OWNfe 0,244 
il 0.726 0,880 16 320 0.140 
8 0.908 0,002 A 3,643 0,048 
¢) 1.088 0.740 
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we show the frequencies of the first seventeen 
lines of the spectrum observed in a hydrogen 
plasma at a pressure of 2 Xx 1074 mm Hg ina 
field of 1523 oersteds; estimates of the relative 
intensities are also given. It is apparent that 
the frequencies of the most intense lines are 
multiples of 0.363 Mcs, i.e., the frequency of 
the first line (line 4 of Table I), and that in 
addition to these harmonics there are much 
weaker lines whose frequencies do not fall in 
this series. These lines are to be associated 
with two other series in the spectrum. At pres- 
sures an order of magnitude lower, by a suitable 
choice of source cathode voltage it is possible to 
obtain still weaker lines; the frequencies of these 
lines are so close to the fundamental frequency 
that they are not considered multiples. 

The frequencies of all lines are found to be 
highly dependent on the parameters character- 
izing the mode of operation of the system. The 
frequency increases nonlinearly with pressure. 
The relation between these quantities in the re- 
gion of most rapid change is shown in Fig. 8. 
The dependence of frequency on the potential of 
the cathode in the source is almost linear, as is 
apparent from Fig. 9. At the present time, be- 
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cause of instrumental uncertainties it is impos- 
sible to determine the dependence of frequency 

on magnetic field; it is known, however, that the 
frequency increases very rapidly with field. The 
spacing between neighboring lines in the same se- 
ries increases linearly with magnetic field (Fig. 14 


DISCUSSION OF THE RESULTS 


Among the oscillation modes of a plasma ina — 
magnetic field which are predicted by theory* 


_ there are oscillations at frequencies which are 


only slightly different from the ion cyclotron 
frequencies. Thus, Stix,® in considering the be- 
havior of a plasma in a longitudinal magnetic 
field, has shown that it is possible to produce 
hydrodynamic Alfven waves,® which, at wave- 
lengths much less than the wavelength of light 
in vacuum, degenerate into waves of frequency 
WO? = We (1 = eee : (1) 
h2c2 ; fi 
close to we = eH/mjc, the ion cyclotron frequency 
Here Wp is the ion plasma frequency and k is 
the wave number. The difference in frequency 
from the cyclotron frequency is due to the elec- 
tric field in the plasma; this field gives tise toa 
centrifugal force which acts in addition to the 
force due to the magnetic field. The effect leads 
to a slowing down of ion rotation. 
Essentially the same result has been derived 
by Ferraro’ who has shown that in a rarified 
plasma there should be waves similar to the hy- 
dromagnetic waves at frequencies which approach 
a cyclotron frequency as the plasma density ap- 
proaches zero. These waves are circularly po- 
larized and can only exist in magnetic fields 
which are smaller than some critical value. The 
critical value is proportional to the square root 
of the product of the plasma density and the sum 
of the ion and electron masses. | 
It follows from the analyses of Stix and Ferraro 
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TABLE II 
coin twed anal dg SS ee Lae A Ee ee ee ee ee ng oe 
Proportion- ; Pp rtion- 
Frequency, lit _ | Harmonic num- || Frequency, coe Harmonic num- 
Mcs a gtoey ber and ion Mcs eg ber and ion 

0.124 2 0; Hs* 0.908 15 Faris 
0.1815 3 0: Hot 1.088 18 Vion Oe 
0.242 4 1; Hg* 5; He” 
0.363 6 0: Ht 4.270 24 Guru 
4 es 1.453 24 Seis 
meets 4,815 30 - Hy” 
0.484 8 3: Het sty 
Hei : ae 2.170 36 ie BG 
4; He 2.540 42 6: Hy+ 
0.726 42 4; Hy’ + 
3: H,* 2,910 48 Us Hy 
5 Esa 3.270 54 8; Hy" 
3.640 60 9: Hy’ 


that the difference in frequency between the de- 
scribed oscillations and the cyclotron oscillations 
should be very small for a rarified plasma. In 
this connection the difference observed in the pres- 
ent measurements is extremely significant; thus, 
in a field H = 1520 oersteds, vg = 2.3 Mcs while 
the frequency of the strongest harmonic which can 
be assigned to the atomic hydrogen ion is 0.363 
Mcs, i.e., approximately six times smaller. This 
appreciable difference can be understood! if one 
notes that the ions move in a plane (perpendicular 
to the wave vector) which forms an angle g with 
the direction of the magnetic field. This situation 


_results in a frequency w=wWecos ¢g. If account 


is taken of the electric field the frequency should 
be determined by Eq. (1), with the right side mul- 
tiplied by the factor cos ¢. 

The theory does not exclude the possibility of 
the production in a plasma in a magnetic field of 
an oscillation spectrum of equally spaced lines:® 
@=Wwon (n=1, 2,3...) where wo is determined 
by the plasma density and the product of the mag- 
netic field and electric field of the beam. How- 
ever, as has been shown in the work cited, the 
frequencies given by this formula are 3 to 4 orders 
of magnitude lower than the observed frequencies. 

If we assume that the observed lines are har- 
monics of a given fundamental it is possible to 
make a comparison of the experimental results 
with the theory so far as the dependence of fre- 
quency on ion mass is concerned. 

If we assume wW=Wccos ¢g, the departure 
from simple multiplicity shown in Table Tis 
amenable to a simple explanation. Under the 
conditions of the present experiment the follow- 
ing ions should be present: Hj, Hz, and Hj. 

The frequencies associated with these ions should 
be in the ratio 2:3:6. The first harmonics should 
be in the ratio 4:6:12 etc. Consequently the en- 
tire spectrum should consist of lines whose fre- 


quencies go as the numbers 2:3:4:6:8:10:12: 
14:15 etc. In a number of cases the higher har- 
monics of the heavier ions will coincide with the 
lower harmonics of the lighter ions. Thus, the 
second harmonic of the Hj ion and the first har- 
monic of the Hz should coincide with the funda- 
mental frequency of the Hj ion. This effect leads 
to a departure from a uniform diminution of the 
line intensity with increasing frequency. The in- 
tensities of the first lines of the various ions 
should be different, corresponding to the differ- 
ent abundances of these ions in the plasma. 

Applying these considerations to the data of 
Table I, we see (cf. Table II) that the frequencies 
of the observed lines are proportional to the num- 
bers of the series enumerated above. From a 
comparison of the frequencies we may conclude 
that the first line (0.121 Mcs) is due to H3 ion, 
the second line (0.1815 Mcs) is due to Hy ion, 
the third line is the first harmonic of the Hj ion 
while the fourth is the resultant of the superposi- 
tion of the second harmonic of H3 and the first 
harmonic of Hz are the fundamental frequency 
of the Hj ion and so on. 

The differences in the intensities of the series 
of different ions also means that the lines of dif- 
ferent series become lost in the noise background 
at different values of the harmonic number. Thus, 
the lines of Hj are no longer observed after the 
second harmonic (0.484 Mcs) while the last ob- 
servable harmonic of Hj is the sixth (1.270 Mcs). 
On the other hand the lines of Hj are observable 
up to the fifteenth harmonic. 

If one assumes that the relative intensities of 
the lines in the spectrum makes it possible to es- 
timate the relative abundances of various ions in 
the beam we may conclude that in the present case 
the fundamental effect in the plasma is due to Hj 
ions and that the Hy and Hj content is only a 
fraction of a percent. 


690 Vi Nu LAZUBREN 


From the point of view of the explanation which 
has been proposed the oscillations and their de- 
pendence on ion mass obtained from the present 
experimental data represent a hydrogen mass 
spectrum; the apparatus which has been used is 
essentially a radio-frequency plasma mass spec- 
trometer with a linear dispersion of approximately 
1,000 cps per 1% relative difference of mass and 
a rather high resolving power. 

The weak lines which are sometimes observed 
are possibly due to deuterium or to higher har- 
monics of the hydrogen mixtures. If this assump- 
tion is correct, with further improvement of this 
method of observation of plasma oscillations it 
may be possible to build a device which will be 
useful in mass spectrometry. 

The author is highly indebted to V. G. Gel’- 
kovskil for his help in the construction of the ap- 
paratus and a number of valuable comments. The 
author is also indebted to Mechanic N. A. Matsuev 
and Technician N. I. Naumkin for their skill in the 
construction of this apparatus. 
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Experimental data on the lateral distribution of the energy flux of the electron-photon and 
nuclear-active components in the core and central region of extensive air showers are 
presented. It has been found that appreciable fluctuations in the lateral distribution of the 
energy flux of the electron-photon and nuclear-active components occur in the core of the 
showers and, apparently, in the central region as well. The data indicate the existence of 
a specific correlation between the lateral distribution of the energy flux of the electron- 
photon component and the lateral distribution of the energy flux of the nuclear-active com- 


ponent in an individual shower. 


I N a preceding article,! a new method of studying 
extensive air showers (EAS) has been described. 
It consists of a study of each recorded shower at 
various depths in its passage through dense mat- 
ter, which, when the substance used is suitably 
chosen, makes it possible to observe the various 
shower components simultaneously. 

The method had been applied to the study of the 
core of EAS, and preliminary experimental re- 
sults were presented. A fuller report on the ex- 
perimental data on the energy flux of the electron- 
photon and nuclear-active components of individual 
extensive air showers is given in the present ar- 
ticle. The measurements were carried out by 
means of the array for comprehensive study of 
EAS, operating at Moscow State University. 


1. EXPERIMENTAL SETUP 


Data on the energy flux of the electron-photon 
and nuclear-active components were obtained by 
means of an array consisting of a large number 
of ionization chambers placed in two layers under 
composite absorbers made of lead and graphite. 
A detailed description of the chamber array is 
given in reference 1. 

The use of an array consisting of a large num- 
ber of ionization chambers of comparatively small 
dimension (25 cm) and covering a large area 
(4m?) makes it possible to determine the posi- 
tion of the axis of each recorded shower with an 
error much smaller than the dimensions of the 
array. Thus, the array permits one to detect the 
passage of a shower axis through the array and 


to investigate the phenomena accompanying such 
an event.* 

The position of the chamber array with respect 
to the hodoscope counters of the array for com- 
prehensive study of EAS is shown in Fig. 1. 

The presence of a large number of hodoscope 
counters both near the chamber array and at 
large distances from it make it also possible to 
use the chambers to obtain data on the energy 
flux of the electron-photon and nuclear-active 
components of EAS at large distances from the 
axis. 


2. RESULTS OF MEASUREMENTS 


During the time of operation of the ionization 
chamber array together with the full array (1800 
hours), about 18,000 showers were recorded with 
a number of particles N in the range of 10° to 
10°, and with the axis incident at distances up to 
30 m from the ionization chamber array. 

The experimental results obtained contain de- 
tailed data on the structure of each individually 
recorded shower. In view of the limited dimen- 
sions of the chamber array, most detailed data 
on the structure of an individual shower are ob- 


*An array of ionization chambers under an absorber has also 
been used for the study of high-energy nuclear-active compo- 
nent in reference 2. However, the setup used there was, for 
instance, not suitable for studying the correlation between 
the incidence of a shower axis on the array and the incidence 
of a high-energy nuclear-active particle, since the accuracy in 
determining the axis position from the hodoscope counters was 
of the order of the size of the chamber array. 
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tained at comparatively small distances from the 
axis, in the so-called core region. The experi- 
mental results given below are deduced only from 
a part of available material. 

The following method of selection of the cores 
of showers of various size was used. For the 
selection of shower cores of small-size showers, 
a systematical reduction of data obtained during 
160 hours of operation of the array was carried 
out. With the selection system used (see refer- 
ence 1), this corresponds to the recording of about 
3000 events. The majority of these correspond to 
the passage of cores of showers of very small 
size, and also to the periphery of large showers. 
The ionization produced then in the first row of 
ionization chambers corresponds to the passage 
of a small number of relativistic particles and is 
comparable to the lower threshold of recording. 

For the discussion to follow, we selected 
events where the ionization produced in the first 
row of chambers correspond to the passage of 
200 and more relativistic particles through the 
volume of the chambers, and where the number 
of discharged hodoscope counters amounted to 
20 out of 240 placed above the chamber array. 

A total of 146 such events was recorded. From 
these, events were then selected with a marked 
gradient of particle density over the first row of 
chambers and over the hodoscope counters placed 
near the chambers. Whenever in one, or in a few 
adjacent chambers, the ionization produced was 
larger than the ionization in neighboring chambers, 
and whenever an analogous region of maximum 
particle density was observed also by means of 
the hodoscope counters, then such an event was 
interpreted as an incidence of the axis of an ex- 
tensive air shower upon the system. We found 

55 such events, which correspond mainly to show- 
ers with a total number of particles N between 
G00" to 27x 10". 

For the selection of the cores of EAS of me- 
dium size, the data obtained during another period 
of 170 hours of array operation was systematically 
reduced. These cases were considered where the 
ionization in the first row of chambers corre- 


FIG. 1. Position of the ionization chamber array 
with respect to the hodoscope counters of the array 
for comprehensive study of EAS: @ — trays of 12 
counters with area 330 cm? each; A-— trays of 24 
counters with area 100 cm’ each e — trays of 24 
counters with area of 24 cm’ each. The area occu- 
pied by the chamber array is denoted by the dashed 
line. 


sponded to the passage of 500 and more relativistic 
particles and where the number of struck hodo- 
scope counters amounted to 40 and more, out of 
240 placed above the ionization chambers. In such 
a way, 40 events of incidence of EAS axes with 
total number of particles N between 1.5 Xx 104 

and 4 x 10° were detected. 

Finally, for the selection of the cores of show- 
ers of larger size, the data of the ionization cham- 
ber array obtained during 1000 hours of operation 
was analyzed systematically. Events were se- 
lected in which the ionization in the first row of 
chambers was larger than that corresponding to 
2000 relativistic particles and where the EAS 
triggered the master system Cg, (see reference 1). 
In this way, the incidence upon the ionization cham- 
ber system of 28 axes of EAS with total number 
of particles N from 1x 10° to 2x 10° was 
detected. 

It should be noted that the above criteria for 
the selection of events in which a core of an EAS 
of a given size fell upon the ionization chamber 
array, are confirmed by a further detailed analy- 
sis of these events. In fact, as will be seen below, 
the ionization produced in the first row of cham- 
bers in the passage of the shower axes of a given 
size group was in all cases, many times smaller 
than that which was needed for the selection of 
showers of these size groups. As far as the re- 
quirement of the discharge of a given number of 
counters is concerned, it is determined by the 
required shower size under the assumption that 
the shower axis falls upon the ionization chamber 
array and that the lateral distribution of particle 
density is given by the standard function 


P(r)=2-102*N/r for PAG ia. 


In order to obtain information on the energy 
flux at large distances from the shower axis, 
again only a part of the experimental data was 
used. Owing to the sharp decrease of the energy 
flux density with increasing distances from the 
axis, showers of sufficiently large size with a 
number of particles N >10° were chosen. For 
this purpose, data of the hodoscope counters were 
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TABLE I 


AN 
<0.8 /0.8—1.2/1.2—-1.6 


1,6—2.0 |2,0—2.4] 2.4—2,8 |2.8—3,2} -8.2—3.4 


1.0-105—5 0-105 0 6 10 
1.5-104—6.5-104 4 2 45 
5-10®—1 5-104 2 3 8 
5-108—5-105 3 14 33 


5 0 0 1 0 
12 1 0 4 0 
6 5 3 0 1 
23 6 3 eZ 4 


reduced for 190 hours of the operation of the array, 
and 300 showers with total number of particles N 
from 10° to 10° and with the axis falling at dis- 
tances of up to 30 m from the ionization chamber 
array were selected. In the selection of a shower 
from the hodoscope data, the discharge of not less 
than 120 counters out of 240 placed above the ioni- 
zation chamber array was required. 

The recorded 130 events of incidence of the 
cores of EAS on the array were submitted to a 
detailed analysis, first from the point of view of 
the lateral distribution of the energy flux of the 
electron-photon component. 

The flux of electrons and photons near the axes 
of the studied showers is so’ large that even for the 
least dense showers one should obtain a continuous 
distribution of ionization in the first row of cham- 
bers. For all 130 cases, the lateral distribution 
of ionization was constructed with respect to the 
point chosen as a shower axis, and under the as- 

- sumption of a circular symmetry. This construc- 
tion was carried out in the following way: In order 
to find the shower axis, the center of gravity 
method? was used. The indeterminacy in the po- 
sition of the axis amounts then to the linear di- 
mensions of a single chamber, i.e., to 25 cm. 
Concentric circles were drawn with the axis as 
center, forming a system of rings. Ionization in 
each ring was then computed. If a given ring con- 
tained only a part of a chamber, the contribution 
of the chamber was assessed in the following way: 
the ionization produced in the whole chamber was 
multiplied by the ratio of the area of the part be- 
longing to a given ring to the area of the whole 
chamber. In order to obtain the energy flux den- 
sity, the ionization was divided by the ring area. 
It should be noted that the most accurate distri- 
bution of the energy flux is obtained when the 
shower axis fell near the center of the chamber 
array since, in that case, one obtains a total azi- 
muthal picture of the whole shower. This may be 
important for showers of small size in which the 
number of 7’ mesons produced in the core is not 
so large as to ensure a circular symmetry of the 
shower. 

In the majority of cases (90%) out of the 130 


events analyzed, the distribution of the energy 
flux density can be represented by a single power 
law in the distance range under consideration 


Pe (fh) re. 


The distribution of the exponents n is given 
in Table I, where a part of the reduced material 
is used (82 events). 

It can be seen from the table that the lateral 
distribution of the energy flux of the electron- 
photon component near the shower axis is subject 
to large fluctuations: the exponent n assumes 
values from 1 to 3. It should be noted that the 
character of these fluctuations is identical for 
showers of different size. 

The flux of nuclear-active particles is even 
near the shower axis insufficient to obtain a pic- 
ture of the distribution of the high-energy nuclear- 
active component in the core of each individual 
shower. The lateral distribution of the energy 
flux of the nuclear-active component and the en- 
ergy spectrum of nuclear-active particles in the 
shower core were therefore obtained statistically 
for several shower groups differing in the struc- 
ture of the electron-photon component (see 
Table I). The lateral distribution of the energy 
flux of the nuclear-active component for two 
groups of showers (0.8 <n< 1.2 — group 1; 

1.8 <n < 2.2 — group 2) is given in Fig. 2.* 

The average lateral distribution of the energy 
flux of the electron-photon component for these 
groups is also shown in the figure. A character- 
istic correlation in the form of these distributions 
may be observed; a slow decrease of the energy 
flux of nuclear-active component corresponds to 
a fast decrease of the energy flux of the electron- 
photon component with the distance from the axis, 
and vice versa for a slower decrease of electron- 
photon component, a faster decrease of the energy 
flux of the nuclear-active component is observed. 

In connection with the above, it is of interest 
to compare the energy spectrum of nuclear-active 


*The position of the shower axis in the second row of cham- 
bers was determined from their position in the first layer, and 
from the angle of incidence (see reference 1). 
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FIG. 2. Lateral distribution of the energy flux of the elec- 
tron-photon and nuclear-active components in showers with 
different structure of the core: a — showers of group 1 for 
0.8 < n < 1.2 (see Table I); @ — electron-photon component 
(slope ~1/r'"'); 0 — nuclear-active component (slope ~ 1/r’); 
b — showers of group 2: @ — electron-photon component (slope 
~ 1/1'*°); © — nuclear-active component (slope ~ 1/r). N=10°, 
number of showers used — 8. 


particles in the core of showers of the first and 
second groups. Corresponding data are shown in 
Fig. 3. The energy spectrum of nuclear-active 
particles in showers of both groups is found to be 
identical.* 

The 130 cases of incidence of a shower core 
upon the ionization chamber array discussed were 
further analyzed individually from the point of 
view of the absolute value of the energy flux con- 
tained in the core. The energy of the electron- 
photon component can be clearly determined for 
each individual case by the means of the following 
method: For each of the 130 showers, we have a 
lateral distribution of the energy flux density of 
the electron-photon component. In the majority 
of showers, the flux density is determined up to 
the distance of 1.5 m. We can therefore deter- 
mine the energy flux of the electron-photon com- 
ponent in a circle with radius 1.5 m and with center 
coinciding with the shower axis for the majority 
of showers. The distribution of the absolute val- 
ues of the energy flux is given in Fig. 4. It can 
be seen that the energy flux of the electron-photon 
component normalized to a given shower size is 
subject to marked deviations from the average 
value. This may be observed both in showers of 
the group 1 and in showers of the group 2 (the 


*It should be noted that the identification of high-energy nu- 
clear-active particles from ionization bursts produced by them 
in the chambers was carried out taking into account the lateral 
divergence of particles over the area occupied by the chambers 
(for details, see reference 1). 
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FIG. 3. Energy spectrum of nuclear-active particles in 
shower cores: ® — group 1 and @— group 2; x axis represents | 
the energy of the nuclear-active particles expressed in the | 
number of relativistic particles and in electron volts, the y | 
axis represents the number of particles with energy larger than 
a given value in the core of showers with total number of parti- 
cles indicated in the graph. In constructing the graph, it was 
assumed that the number of nuclear-active particles n(>E)~N, 
where N is the total number of particles in the shower. 
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FIG. 4. Distribution of the absolute value of the energy 
flux of the electron-photon component in a circle with radius 
1.5 m with center at the axis for showers with N = 10° (for 
groups 1 and 2 together). It was assumed that n(E) ~N. 


distributions were also constructed for separate 
groups). 

A comparison of the average energy flux of the 
electron-photon component in the showers of the 
groups 1 and 2 is presented in Table II. It can 
be seen from the table that the average energy 
flux in the core is the same for the groups 1 and 
2. 

The determination of the absolute energy flux 
of the nuclear-active component in each individ- 
ual shower, even in those of the largest size re- 
corded, is difficult since the number of nuclear- 
active particles is small and the dimensions of 
the chamber array are comparable to the average 
deviation of these particles from the shower axis. 


TABLE II 
i 

N G E Number of 
| nee SP | En-ar €v showers 

yo 4 2.2.40! 5.0-4012 8 

1.0-10 2 3.3-1012 5.44012 8 

, { 40-401 4.74012 4 

1.0.10 2 5.0.40" 2.0-4012 45 
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The average energy flux of the nuclear-active 
component for groups 1 and 2 was determined 
separately. These data are also given in Table II. 
It is found that the energy flux of the nuclear- 
active component in showers of the first and 
second groups is the same. 

The correlation between the average energy 
flux of the nuclear-active component and the en- 
ergy flux of the electron-photon component in the 
core is illustrated by Table III. The absolute 
value of the energy flux of the electron-photon 
component and the corresponding ratio of the 
burst size in the second layer to the burst size 
in the first layer of ionization chambers are 
given in the table. Group 1 comprises showers 
with an energy flux of the electron-photon com- 
ponent larger, and group 2 smaller, than the av- 
erage. It can be seen that the energy flux of the 
nuclear-active component varies little with the 
change of the energy of the electron-photon com- 
ponent. 


TABLE III 


Ratio of the burst in the 
lower layer of chambers 
Energy flux of the to the burst in the upper 


e-p component ina layer (shower axis 
Group circle with radius within the limits of ioni- 
r=1.5m N= 105 zation chambers) 
1 (11 showers) 0.13 
2 (12 showers) 0.31 


As has been mentioned above, because of the 
limited dimensions of the chamber array it was 
necessary to use a statistical approach, for the 
study of the structure of central regions of the 
showers at distances larger than 1.5 m from the 
axis. Data on the lateral distribution of the en- 
ergy flux of the electron-photon component was 
obtained in such a way. 

The 300 showers mentioned above with a num- 
ber of particles N between 10° and 10° were 
used to obtain the distribution of the energy flux 
of electron-photon and nuclear-active components. 
Thanks to the large shower size, the compara- 
tively large threshold of recording pulses from 
ionization chambers, equal to 5 to 10 relativistic 
particles, did not introduce any errors in the de- 
termination of the energy flux of the electron- 
photon components, even at distances up to 30 m. 
The flux of the energy of the nuclear-active com- 
ponent may, however, be underestimated because 
of the threshold. 

The data obtained are shown in Fig. 5. Data 
on the lateral distribution of the energy flux in 
the shower core obtained for 28 showers of large 
size with N>10° particles (for r=0.1—2m) 
are also shown in the figure. 
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FIG. 5. Lateral distribution of the energy flux for showers 
with N = 10° particles: a — electron-photon component in the 
distance range from 0.1—30 m; b — nuclear-active component 
in the distance range from 0.2— 30 m. 


The lateral distribution of the energy flux of 
the electron-photon components can be approxi- 
mated by a power law 


Pee p~ 1/713 for 0.1m<r<2,0m, 
Cre for 2,0m<r< 30m. 


The lateral distribution of the energy flux of 
nuclear-active component can be given by the law 


P, ~I1/r for 0.2m<r < 30m. 
Ena 


In order to find out to what degree the energy 
flux at large distances from the axis deviates from 
the average value, the distribution of the energy 
fluxes of the electron-photon component at a given 
distance from the shower axis was constructed, 
normalized to N. This distribution is given in 
Fig. 6. It can be seen from the figure that the 
energy flux at a given distance from the axis de- 
viates from the average flux much more markedly 
than it could be expected for Poisson fluctuations 
only. 


3. CONCLUSION 


The experimental data given above indicate 
clearly the presence of substantial fluctuations 
of the absolute energy flux of the electron-photon 
and nuclear-active components in the core of in- 
dividual showers and in the lateral distribution 
of these fluxes. This fluctuation can be followed 
especially clearly for the electron-photon compo- 
nent. In a shower with a given total number of 
particles, the absolute value of the energy flux of 
the electron-photon component in the core can vary 
by an order of magnitude, and the distribution of 
the flux density can vary as 1/r to 1/r’. 
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Fig. 6. Distribution of the absolute values of the energy 
flux of the electron-photon component at the distance of 10 m 
from shower axis with N = 10° particles. In constructing the 
distribution, it is assumed that n(E) ~N. 


It should also be noticed that fluctuations in 
the absolute value of the flux are independent of 
the fluctuations in the distribution of the flux den- 
sity. This follows both from the direct consider- 
ations as well as from the value of the average 
energy of the electron-photon component in the 
core of EAS of groups 1 and 2, which are iden- 
tical. Obviously, it is highly improbable that 
such fluctuations would be of a purely electro- 
magnetic nature and were connected with the 
fluctuations in the development of the electron- 
photon cascade in air and the lead placed above 
the first row of chambers. These fluctuations 
must be naturally ascribed to the features of the 
nuclear cascade process. 

The fluctuations of the ionization produced in 
the passage of the core of an individual shower 
observed in the second row of ionization cham- 
bers cannot obviously be interpreted directly as 
fluctuations in the energy flux of the nuclear- 
active component in the core. The reason is that 
fluctuations in the development of the nuclear cas- 
cade in the absorbers screening the second row 
of ionization chambers can be themselves suffi- 
ciently large, so that a different part of the energy 
of the nuclear-active particle will be transferred 
to the electron-photon component recorded by the 
chambers. On the other hand, as has been stated 
above, fluctuations are possible which are con- 
nected with the on the average comparatively large 
deviation of the nuclear-active high-energy par- 
ticles from the shower axis. A statistical approach 
is therefore advisable. 

As was seen from the data given in Sec. 2, ina 
shower with a given total number of particles N, 
the energy flux of the nuclear-active component 
is subject to fluctuations simultaneously with the 
energy flux of the electron-photon component, and 
the fluctuations of the lateral distributions of the 
energy flux of both components are connected by 
a definite correlation. 

In showers of group 1, the lateral distribution 
of the energy flux of the nuclear-active component 
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is rather steep. In showers of group 2, a slow 
variation of the density flux is observed up to 1m 
with a sharp decrease following. At the same time, 


the energy spectrum of the nuclear-active particles | 


and the absolute energy flux of the nuclear-active 
component in the core are approximately the same 
for both groups.* 

In connection with the observed fluctuation and 
their features, a problem arises as to whether they 
exist only in the shower core, where a cascade 
consisting of a small number of high-energy par- 
ticles is present, or whether they are character- 
istic of the shower as a whole. A direct observa- 
tion of fluctuations in the energy flux density of 
the electron-photon component not only in the 
shower core but also at distances 10 m from the 
axis (see Fig. 6), shows that the second possibil- 
ity seems to be very probable. 

It should be noted that the above remark, as 
well as that about the correlation between the lat- 
eral distribution of the electron-photon and nu- 
clear-active components, is based on the deter- 


mination of the averages of the measured variables. 


The determination of the dispersion of the mean 
value can be carried out only by using a statistic- 
ally large amount of material. Therefore, for a 
final solution of this problem, reduction of addi- 
tional experimental material is necessary. 

The authors would like to express their grati- 
tude to G. T. Zatsepin and I. P. Ivanenko for val- 
uable advice and discussion of results. 
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*The total of experimental data cannot be explained with- 
out assuming the existence of a specific correlation in the an- 
gular distribution of 7° mesons and secondary nuclear-active 
particles in the elementary acts of the nuclear cascade proc- 
ess. It is namely necessary to assume that, for all small an- 
gular deviation of produced 7° mesons, a large angular devia- 
tion of the secondary nuclear-active particles with the energy 
of the same order occurs and vice versa. This problem, how- 
ever, needs further detailed analysis. 
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The method of determining the mass of a charged particle from its scattering and residual 
range in multiplate cloud chambers is experimentally checked by using it to determine the 
masses of protons, 4 and m mesons identified independently (from momentum-range 
data). The proton, uw- and m-meson masses derived from the corresponding multiple 
Coulomb scattering curves are in good agreement with the correct values. 


1. INTRODUCTION 


A method of determining the mass of a charged 

particle from its scattering and residual range in 

multiplate cloud chambers has been proposed and 

described by Annis et al.! The present work is an 
experimental test and study of the possibilities of 
this method by using it to determine the masses 


of protons, w and a mesons which had been pre- 
viously identified by an independent technique. Our 


preliminary data have already been published.” 

When a charged particle is stopped inside a 
cloud chamber after being scattered in several 
plates a mean value for the experimental scatter- 
ing angle can be computed. This mean angle can 
also be calculated from the theoretical distribu- 
tion of multiple Coulomb scattering angles. The 
mean scattering angle and the rms scattering 
angle are the most frequently used characteris - 
tics of the scattering curve. However, instead 
of using the scattering angle @ it is convenient 
to work with »=@R@,! where R is the resid- 
ual range of the particle and @=0.55, which is 
the same constant for all elements. The theoret 
ical distribution of » and the angular distribu- 
tion coincide except for the scale factor R@:- 

The mean and rms values of 7 given in ref- 
erence 3 are 


| 


where the coefficients A, and A, depend on the 
material and thickness of the scattering plates and 
the angular distribution function for multiple scat- 
tering. Ter-Mikaelyan® gives values of these co- 
efficients for lead plates 7 and 4 mm thick taking 
finite nuclear size into account. Table I gives 

the values of A; and A, for the 7-mm plates 
which were calculated for finite nuclear size, 

for a point nucleus by Moliére’ and for the nor- 
mal distribution of scattering angles. 

We calculated A, and A, for copper plates 
only from the scattering curve for a point nu- 
cleus because in the case of copper finite nuclear 
dimensions are of negligible significance in the 
investigated momentum and angular ranges. 

A sufficiently large number of observed angles 
for particles of the same type enables us to com- 
pute the mean and rms values of 7 and the par- 
ticle mass m from (1) and (2). 


2. EXPERIMENTAL RESULTS AND DISCUSSION 


In order to test the given procedure for deter- 
mining particle masses we used data on proton, 
y.- and m-meson scattering in lead plates 7 and 
4 mm thick and copper plates 5 and 2 mm thick, 
given in references 5 and 6, respectively. We also 
used data on p-meson scattering in 4-mm copper 
plates which have been obtained by Kirillov- 
Ugryumov et al.! 


(1) 
(2) 


<> = Ay(me/m)™, 
1—a 


For our purposes we selected particles which 
appt = Ay (rme/ my, 


traversed at least four plates of the total number 


TABLE I 
For finite model of nucleus*® ; Normal dis- 
es One tribution of 
‘ 8=0,50 0,64 0.7825 0.8554 ints exe Se 
A 520 a2 550 | 564 | 611 | 566 
A, | 655 | 672 | 694 | 744 776 708 
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TABLE II 
Type of particle 
, Plate 
material | Pro- 
tons | mesons | 7 mesons 
3—6 Pb 4500 465 
Cu 145 046 


of 7 plates in the cloud chamber. 


Table II gives 


the total of selected protons, » and ma mesons. 
The value of 7» was determined from the scatter- 
ing angle and residual range for each scattering 
event individually. The values for each type of par- 


ticle were grouped, and <7>,, 


and <7 


2>1/2 


exp 


were calculated separately for protons, pw and 7 
mesons, after which (1) and (2) were used to deter- 


mine the masses. 


Certain features of the experiment strongly en- 
hance the theoretical values of A; and A, which 


are given in Table I. 


For example, when the ex- 


perimental geometry is taken into account (dif- 
ferent angles are registered with different prob- 
abilities for scattering in the volume bounded by 
the instrument) we obtain an increased expecta- 
tion number for large-angle scattering and thus 

derive larger values of A; and A,. We have 
given a detailed analysis of all these corrections 
in an earlier communication® and now regard 
these improved values of A; and Ay, as the 
computed values. For example, for the scattering 
curve taking finite nuclear size into account with 

7-mm lead plates the computed values for u 


mesons are A; = 593 and A, = 766, while for 


a point nucleus they are A; = 665 and A, = 849. 
The computed values of A, and A, for protons, 
uy and mt mesons differ because the corrections 
vary with the type of particle. 

Table III gives the proton, »- and m-meson 
masses obtained in experiments with lead and 
copper plates separately. The w- and m-meson 
masses calculated by two methods (using <7n> 
and <7n*>'/*) from the scattering curve, taking 
finite nuclear size into account (for lead plates ) 
and for a point nucleus (for copper plates), are 
in good agreement with the true masses. The p- 
and m-meson masses calculated from the scat- 
tering curve for a point nucleus in the case of 
lead plates are much too high and are incompat- 
ible with the masses calculated from the scatter- 
ing curve for a finite nucleus. 

We note that when we calculate the »- and 
m-meson masses from uncorrected values of A; 
and A, (Table 1) the masses calculated from 
the corresponding curves are much too low (for 
example, (157+5)me for the ~ meson). 

The proton mass calculated from the scatter- 
ing curve for a finite nucleus when lead plates 
are used is only 0.6 + 0.015 of the correct mass 
by the <7?>'/2 method and only 0.734 of the cor- 
rect mass by the <7> method. The calcula- 
tions for a point nucleus gives a value which is 
close to the correct proton mass but still a little 
smaller. 

In reference 5, where we presented our re- 
sults on proton scattering, we showed that the 


TABLE III 


Lead plates 7 and 4 Copper plates 5.4 
mm thick and 2 mm thick 
Particles Method Theory* PN ar deat Nav oiacat 
e = le cate 
tering Mass, Me tering Mass, me 
events,N | events, N 
1 1 2337 201+7 — ess 
apy 2 2337 26749 2740 21046 
pemesons 
es i 2001 211 27 
" 2 2337 262 2740 223 
Gay's aS 286416 
eo 386 +2 
Dae 86421 528 287419 
1 818 289 = ty 
<n> 2 818 363 528 294 | 
| 
4 6187 1106+22 | 
én2y'2 Ai 6177 4243425 ) 
2 6187 1675434 580 1760+115 
Dee 6177 1843+37 
Protons 
4 6187 1352 
ny Af 6177 1425 
2 6187 41770 580 1805 
2’ 6177 1855 


*1~—from the scattering curve for a finite nucleus, 2— from the scattering curve 


for a point nucleus. 
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experimentally observed proton scattering-angle 
distribution is in good agreement with the mul- 


tiple Coulomb scattering curve for a point nucleus. 


This results from the combined effects of the fi- 
nite nuclear size and elastic nuclear scattering. 
Finite nuclear size and diffraction scattering are 
two mutually compensating factors, as a result 
of which the experimental scattering-angle distri- 
bution for protons can be well represented by the 
Coulomb scattering curve for a point nucleus. At 
large angles the experimental values lie above 
the Coulomb scattering curve for a point nucleus. 
When we cut off large scattering angles, which 
result from nuclear scattering, the proton mass 
can be calculated from the values of A; and A, 
computed from the Coulomb scattering curve for 
a point nucleus, since we do not possess values 
of A; and A, which take nuclear scattering into 
account. 

The proton mass obtained, after the large- 
angle cutoff (6 = 30°), from the scattering curve 
for a point nucleus is in excellent agreement with 
the correct value. When finite nuclear size is 
taken into account the proton mass is smaller 
than the correct value (these mass values are 
indicated by 2’ and 1’ in Table III). Table III 
also gives the proton mass calculated for copper 
plates for a point nucleus, which are in good 
agreement with the correct mass within the lim- 
its of statistical error. 

We have published our results on m-meson 
scattering in reference 6. Diffraction scatter- 
ing of t-mesons also occurs but affects the 
multiple-scattering part of the curve only slightly 
and the experimental angular distribution for 7- 
mesons is in good agreement with the multiple 
Coulomb scattering curve for a finite nucleus. 
Diffraction scattering of m-mesons occurs only 
at large angles. The m-meson mass given in 
Table III was calculated from the scattering 
curve for a finite nucleus neglecting large angles. 

In determining the masses of nuclear-active 
particles from scattering and residual range we 
therefore first exclude large angles, which are 
associated with nuclear scattering, and then cal- 
culate the masses of the particles from their 
scattering curves. 

When the number of scattering events n is 
small, which occurs for a single stopping par- 
ticle, the data must be treated more rigorously. 
To obtain a better estimate of the particle mass 
m we must know the distribution of 7), the rms 
of n. Olbert® has obtained a formula for the dis- 
tribution of n,, from which normal angular dis- 
tribution it follows that 
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Ne most prob (=) P, (3) 
where 
0 = Ag (Me ff my (4) 


and A, is taken for the normal approximation. But 


_ since 2 mostprob depends on p it is evident that 


for a mixture of particles with different p (differ- 
ent masses) the resultant distribution may consist 
of distinct parts. However, since 1mostprob de- 
pends only on the number n of the scattering 
events and this number is not the same for differ- 
ent trajectories, for each proton, w- and 7- 
meson trajectory the quantity 


n 1, 
t= (a)'n= (a py 8)’ (5) 


=1 


was set up separately, the most probable value of 
which depends only on p (Emostprob =P): 

We can thus separate particles of different 
masses by means of the distribution function of 


é;! 


Gn(&, 0) a = (Sa-)" Fal (G+) "t] a, (6) 
where 
F(x) dy = (2/7 (nf 2)) exp (— ey 


is the x? distribution for n degrees of freedom. 
The maximum of this functions corresponds to the 
most probable value of the mass m. 

Statistical errors of the masses are calculated 
from the formulas in reference 1. The average 
number of scatterings on each trajectory is n= 4 
for protons and n=5 for mesons. 

The experimental distributions of é for pro- 
tons, - and m-mesons and the corresponding 
theoretical curves of Gy(é, p) with lead plates 
inside the chamber are given in Fig. la. Fig. 1b 
gives the distributions for lead and copper plates 
combined. The horizontal axis represents values 
of vy =é/py, where py is the value of p for 
y.-mesons calculated from (4). 

The angular distribution for multiple Coulomb 
scattering of 4 and m mesons in the given mo- 
mentum range for the case of a finite nucleus and 
lead plates is well approximated by a normal dis- 
tribution curve.® Fig. 1 shows that the experimen- 
tal and theoretical values for ~ and ma mesons 
are in good agreement. 

For protons there is a large discrepancy be- 
tween the experimental distribution of € and the 
theoretical curve Gn(é, p) (Fig. la and b) 
which shows that the function Gp(é, p) caleu- 
lated for a normal distribution of scattering angles 
cannot be used for comparison with the actual non- 
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normal distribution of proton scattering angles. 
Annis et al! have plotted a similar distribution 
for protons and t-mesons, assuming that all val- 
ues of € to the left of the intersection of Gy(é, p) 
curves can be assigned to protons and all values 
to the right to + mesons. It is clear from Fig. 1 
that the area to the right of the intersection of the 
Gn (é, p) curves for protons and mesons contains 
a considerable number of ~ values for protons; 
by cutting these off the authors of reference 1 
would necessarily obtain an excessively large 
proton mass. Moreover, by using values of A, 
and A, calculated for scattering from a finite 
nucleus (which was not done quite correctly, and 
we have already shown that such values cannot be 
used to determine the proton mass), they obtained 


a proton mass which approximates the correct 
mass more or less. On the other hand, by cutting 
off small values of £ for ma mesons the mass ob- 
tained for these particles was too low. 

As the number of scatterings along an individ- 
ual trajectory increases the mass determination 
becomes more accurate. In order to determine 
the number n of scattering events along a single 
trajectory which would permit complete separa- 
tion of protons and mesons, the values of 7 for 
the same type of particle were put into groups of 
20 — 25 at 40 — 50 in succession (without any se- 
lection) and & was obtained for each of these 
groups separately; the numbers of these groups 
are given in Table IV. 

The experimental distributions of — for n= 
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20—25 and n = 40 —50 and the corresponding 
theoretical G (£,) curves for protons and 
mesons are shown in Fig. 2a and b from data 
for lead and copper plates combined; the £& dis- 
tributions for 4 and am mesons are here com- 
bined. 

Protons and mesons are separated practically 
completely with n= 20—25. 

In conclusion the author wishes to thank Pro- 
fessor A. I. Alikhanyan, M. L. Ter-Mikaelyan and 
M. I. Dafon for their interest and participation in 
a discussion of the results. 


1 Annis, Bridge, and Olbert, Phys. Rev. 89, 
1216 (1953). 

* Arutyunyan, Dafon, and Ter-Saakyan, Izv. 
Akad. Nauk Armenian SSR il, 71 (1958). 

no daa by Ter-Mikaelyan, J. Exptl. Theoret. 


Phys. (U.S.S.R.) 36, 253 (1959). Soviet Phys. JETP 
9,171. (1959). 

4G. Moligre, Z. Naturforsch. 3a, 78 (1948); 
2a, 133 (1947). 

°F, R. Arutyunyan, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 800 (1958), Soviet Phys. JETP 7, 
552 (1958). ; 

PINTS Alikhanyan and F. R. Arutyunyan, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 32 (1959). 
Soviet Phys. JETP 9, 23 (1959). 

'Kirillov-Urgyumov, Dolgoshefn, Moskvichev 
and Morozova, J. Exptl. Theoret. Phys. (U.S.S.R.) 
36, 416 (1959), Soviet Phys. JETP 9, 290 (1959). 

8s. Olbert, Phys. Rev. 87, 319 (1952). 


Translated by I. Emin 
196 


SOVIET PHYSICS, JETP 


VOLUME 36 (9), NUMBER 4 


OCTOBER, 1959 


LATERAL DISTRIBUTION OF THE ENERGY FLUX OF’ THE ELECTRON-PROTON 
COMPONENT OF EXTENSIVE AIR SHOWERS 


. DMITRIEV, G. V. KULIKOV, E. I. MASSALSKI I, and G. B. KHRISTIANSEN 


Nuclear Physics Institute, Moscow State University 


Submitted to JETP editor September 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 992-1000 (April, 1959) 


Measurements are reported on the lateral energy flux distribution of the electron-photon 
component of extensive air showers with a total number of particles between 1 x 104 to 
2x 10° at sea level. The lateral distribution of the energy flux in the central region of 
the shower is found to agree with the calculations based on the cascade theory with age 
parameter of s =1.2. It is shown that the energy flux of the electron-photon component 
decreases with the distance from the shower axis slower than the energy flux of the 


nuclear-active component. 


The energy carried by the electron-photon component in the central region of the 


showers is estimated. 
INTRODUCTION 


Nemenous experiments have been devoted to 
the study of the electron-photon component of ex- 
tensive air showers (EAS).* In the majority of 
these, the lateral distribution function of electrons 
was studied, but only in few experiments**4»® were 
the energy characteristics of the soft component 
investigated. 

In the present experiment, the energy flux of 
the electron-photon component was measured by 
means of studying the ionization produced by it 
in a substance with high Z. As is well known, 
the total energy of the electron-photon component 
is ultimately dissipated on ionization of the medium 
and, consequently, if the area under the transition 
curve of the ionization is known, then one can de- 
termine the value of the energy flux carried by 
the electron-photon component: 


Pe = \ni(t) Pat, 
0 

where n(t) is the number of particles at the 
depth t, and # is the mean energy loss per ra- 
diation length. In order to obtain the transition 
curve, the ionization produced by the electron- 
photon component under layers of lead of various 
thickness was studied, using large ionization 
chambers. 

The use of ionization chambers with large area 
makes it possible to substantially increase the 
statistical accuracy of the results, and to study 


*For bibliography see references 1 and 2. 


the energy flux of the electron-photon component 


over a wide range of shower sizes and of distances © 


from the shower axis. Preliminary results of the 
experiment are given below. The measurements 
were carried out between June 1957 and February 
1958, using the array for comprehensive study of 
EAS operating at present at Moscow State Univer- 
sity. 


DESCRIPTION OF THE APPARATUS 


For the study of the electron-photon component 
of EAS, cylindrical ionization chambers, 25 cm 
in diameter and 1 m long, with a total effective 
area of 3 m*, were used. The chambers were 
filled with high-purity argon to a pressure of 5 
atmos. The thicknesses chosen for the lead ab- 
sorbers were 2, 4, and 6 cm; in a part of the ex- 
periments, the absorber above the chambers was 
removed. A lead layer 1 cm thick was placed be- 
low the chambers. Thus, the chambers were sur- 
rounded on all sides by absorbers made of the 
same substance (see Fig. 1). During almost the 
whole period of operation of the array, absorbers 
of various thicknesses were placed above the dif- 
ferent chambers. In this way, data about ioniza- 
tion under two different thicknesses of lead were 
obtained simultaneously for a single shower. The 
study of a large size range of the showers (1 x 
10* to 2 x 10°) and, simultaneously, a large range 
of distances from the shower axis (1 to 50 m, 
see below) necessitates the recording of ioniza- 


tion varying by a factor of 10,000. This required 


suitable electronic apparatus which could record 
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FIG. 1. Plan of the array cross section of the detec- 
tor. Trays containing 24 counters with area: A~ 330 
cm’, O — 100 cm’, and Oo — 18 cm? each. 


pulses over an amplitude range of 10*. For work 
with a small number of chambers, this problem 
was solved as described in reference 6 by using 
a linear amplifier and several pulse-height ana- 
lyzers. In the present array, where the number 
of recording channels equals 12, non-linear am- 
plifiers are used. In order to widen the range 
amplitude, the amplification factor for pulses of 
large amplitude is decreased by means of an ad- 
ditional feedback loop which is connected auto- 
matically by the unblocking of a diode, a method 
used for the first time by Magee, Bell and Jor- 
dan.’ Recently, this method of widening the dy- 
namic range has become widespread. Three 
such amplifiers, with an amplification factor of 
10 before connecting the additional feedback loop, 
are used in each of the channels. The amplifiers 
are designed for amplifying negative pulses and 
-are therefore followed by an inverter with a gain 
varying from 2 to 4. The pre-amplifier and the 
pulse-height analyzer are the same as used pre- 
viously. The maximum gain of the whole channel 
is set to be equal to 10° for the central region, 
and to 4 x 10° for the study of the periphery of 
showers. The accuracy of the output-pulse am- 
plitude measurement depends on the value of the 
latter. The mean accuracy of the measurement is 
~ 30%. The accuracy of measuring small ampli- 
tude pulses is limited by the noise whoch amounts 
to ~ ae of the signal produced by the passage of a 
single relativistic particle through the chamber 
(~20pv). This makes it possible to measure 
particle densities in the ionization chambers com- 
mencing with p = 0.5 mo. 

The axis location and the number of particles 
in an individual shower were determined from the 
values of the charged particle density at various 
points in the plane of observation. 2000 Geiger- 
Miiller counters with area of 330 cm?, 100 cm?, 
and 18 cm? were used for measurements of the 
charged-particle densities. Each counter was 
connected to a hodoscope cell HK-7. The counters 
were placed in three enclosures (see Fig. 1). 
The showers were selected by master systems 


PB, 


placed in each of the enclosures. In the enclo- 
sures 1 and 2, the master system gives a signal 
for each coincidence of signals from six groups 
of counters with an area of 0.132 cm? each. In 
the enclosure 3, getting an output signal from the 
master system requires a coincidence of not less 
than three counters with an area of 100 cm? each 
out of 24 counters placed under 10 cm of lead and 
of signals from two groups of air counters with 
an area of 0.26 m* (Cocconi core selector). Data 
on the ionization chambers and hodoscopes is 
recorded for every signal from the selection sys- 
tems. 

The axes of the showers recorded by the array 
fell in regions surrounding the selection systems.* 
In practice, the axes of showers with N=10° are 
distributed continuously along the enclosure up to 
a distance of 60 m from the chambers. Analysis 
of the hodoscope data is carried out by the usual 
method,’ and makes it possible to determine the 
total number of particles in the shower N and 
the distance R from the shower axis to the cham- 
ber. For a shower axis falling inside one of the 
hodoscope points (in an enclosure), the accuracy 
of determination of N amounts to 20%, and that 
of R to the order of 1 m.!° The accuracy be- 
comes worse with increasing distance of shower 
axis from the line joining the hodoscope points. 


RESULTS 


All recorded showers were individually ana- 
lized and classified according to the following 
groups with respect to the number of particles N: 


Neal 1042) 1 Ot NG S104, 93 10t UNG ae ale: 
1-108°< Ng <3-108; 3-10°<N, <1-10® and N, > 10°. 
The mean number of particles in each group 
was determined as follows: N, = 2 x 10‘4; N= 
5.6 x 104; Ny=2x10°; N;=5.7 10°. Showers 
of each group were then classified with respect 


*The size spectrum of showers selected by such systems 
and their lateral distribution are described in a number of 
articles (see references 3, 4, and 8). 


FIG. 2. Transition 
ionization curves for 
showers of group N,. 


& t, cm Pb 


to the distance of the axis of each shower from 

the chamber. A statistical analysis made it pos- 
sible to find the mean value of the particle den- 
sity under the lead absorbers of different thick- 
ness for each of the distance intervals 0 — 2; 
2—4; 4—6; 6—10; 10—15; 15—20; 20 —30; 
and 30 —50 m. Cascade curves for the above 
distance ranges were then constructed for each 
Nj. At a depth larger than 8t (where t is the 
radiation unit), the curves were constructed 
using a constant absorption coefficient for photons 
in lead (uy, = 0.24). A family of such curves for 
showers of the group N, is shown in Fig. 2. The 
curves were drawn so that, using a semi-logarith- 
mic scale, they run into straight lines smoothly at 
t=8.* The energy-flux density pr carried by 
the electron-photon component was determined - 
from the area under the curves. The integral de- 
termining was split into two terms 


foro} t—8 (oe) 
p, =\n(t)pdt = | n(t) Bde + | Ba(t = 8) exp(—pet) dt. 


The value of the first term was determined graph- 
ically by computing the area under the curves, and 


the second term from the value of density for t = 8. 


Data on the energy-flux density of the electron- 
photon component in showers with different values 


*This may, in principle, lead to an underestimate of the 
energy of the electron-photon component at small distances 
from the axis (in the range 0—2 m). 
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FIG. 3. Energy 
flux density of the 
electron-photon com- ‘ 
ponent in showers of 3 
the groups: ®—N;; 
V —N,; x—N,; 
o—N,; @— energy ail 
flux of the electron- 
photon and nuclear- 
active components 
in showers of the 
group N,. 
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of N as a function of the distance is given in 
Fig. 3. The role of the nuclear-active component 
and of » mesons is discussed below. 

The electron lateral-distribution function of a 
shower is independent of N, and its form has 
been well studied.!° Using the data on the energy - 
flux density and electron density, one can obtain 
the value of the mean energy carried by one elec- 
tron in a shower. The values obtained are given 
in Fig. 4. The values of the mean energy have, 
within the limits of accuracy, been found to be in- 
dependent of N, and the data were therefore av- 
eraged over all showers. 


fev 
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FIG. 4. Average 
energy per electron pease i 
at various dis- 
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If the energy~flux density is known, then it is 
possible to determine the value of the energy car- 
ried by the electron-photon component in a circle 
of a given radius: 


Ee-p(<R, N) = 2) eo, (ri, N)As:, 


where the summation is carried over all ranges 
of the smaller radius. In Fig. 5, the obtained 


100 t, 


100 ,m 
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FIG. 5. Energy of the electron-photon component: 
a—as a function of radius for a shower of the group 2 
N,;, b~in a circle with radius R=6m, for different 
number of particles in the shower. 


We 


Ee-p (<6 m) ev 


a, 


values of energy in a circle with radius R are 
given for showers of the group N; as a function 
of the radius. The value of the energy in a circle 
with radius 6 m for showers with different number 
of particles is also given in the figure. 

In determining the energy of the electron-photon 
component from ionization under various thicknes- 
ses of lead, it is necessary to account for the con- 
tribution of the nuclear-active and ~» meson com- 
ponents. The energy of the nuclear-active com- 
ponent in the central region of the showers is sub- 
stantially larger! than the energy of the electron- 
photon component. At distances of the order of 
2—4m from the axis, the energy density of the 
nuclear-active component is about five times 
larger than the energy density of the electron- 
photon component. For larger thicknesses of lead, 
a large fraction of the energy Ep, of the nuclear- 
active component is transferred tc uy mesons. 
Using assumptions analogous to those of reference 
10, this amounts to 0.03 E) for t = 4 cm Pb and 
to 0.08 Ey) for t=6cm Pb. However, the contri- 
bution of electrons produced by the 7° mesons to 
the total value of ionization is decreased by the 
fact that the cascades from 7° mesons have no 
chance of developing sufficiently in lead since 
they originate in the depth of the absorber, while 
the cascades from electrons and photons of the 
shower start on the boundaries of the absorbers. 
For the estimate of this factor, the average cascade 
produced by the first nuclear interaction in lead 
was calculated. Cascade curves of photons pro- 
duced by nm’ mesons were approximated, follow- 
ing T.'P.. Ivanenko,!! by the first three terms of 
the Laguerre polynomial series. This leads to 
approximations of the type 


n(t) = e—* (at + Ot? + ct®). 


Numerical values of the coefficients were taken 
from reference 11 for €) =118. It was found that 


5 10 jo orm Cee a 98 N 


the number of electrons in such a cascade, for 
thicknesses of less than 4 cm Pb, decrease by a 
factor of more than two compared with the num- 
ber of electrons in the electron-photon cascade 
of the same energy. Thus, for a lead thickness 
of 4 cm, only 1 to 1.5% of the energy of the nu- 
clear-active component will, on the average, be 
added to the electron-photon component deter- 
mined from the area under the ionization curve 
up to the depth of 4 cm. With increasing thick- 
ness of lead, the contribution of electrons from 
the nuclear cascade will increase, since the de- 
velopment of the nuclear cascade is much slower 
than that of the electron-photon cascade.’* For 
the estimate of the energy of the electron-photon 
component, only the data up to 4 cm Pb were used 
near the shower core. As has been mentioned, 
beyond 4 cm Pb the curves were drawn with a 
constant absorption coefficient. It may be seen 
from the calculation given above that the contri- 
bution of the nuclear-active component is then 
small (less than 10%, even for the central region 
of showers). 

The contribution of the ~ mesons component 
to the energy flux can be estimated in the follow- 
ing way: The total number of » mesons in the 
central region of the shower (R < 6m) amounts 
to 1% of the number of electrons. Hence, the total 
number of » mesons in a circle with radius 6 m 
will be 

6 


R= 
Ny = 107 \ OY oerdr = 7.3-10-4N, 
0 


where N is the total number of electrons in the 
shower, and k =2%x10~*. The average contribu- 
tion of » mesons to the energy determined from 
ionization is not larger than the total ionization 
energy loss of » mesons, i.e., the loss for the 
production of 6 electrons and for collisions with 

a small energy loss. For uw mesons of the shower, 
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(dE/dx)jon = 2 x 10° ev/g for lead. Up to the depth 


of 4cm, the » mesons ionization energy loss is 
therefore given by the formula 


AE’ = (dE /d2)jo, tNu- 


If one accounts for depths larger than 4 cm Pb, the 
energy lost by » mesons increases. For the 
depths larger than t=4cm, the curves were 
continued with a constant slope, and the contribu- 
tion of 4 mesons for such depths is therefore 
determined from the value of loss for t =4 cm. 
The total value of the energy due to ionization loss 
of 4 mesons amounts to Ey = 1.1 x 10° Nev. It 
may be seen from a comparison with Fig. 5 that 


AE, (<6m)~ 0.005 Ee.p(< 6m.) 


At a distance r ~ 50m, the relative number of yu 
mesons increases by a factor of about two, and the 
contribution to the ionization produced remains 
negligible. 


DISCUSSION OF RESULTS 


The data obtained (see Fig. 3) permits us to 
state that the form of the lateral distribution func- 
tion of the electron-photon energy flux is independ- 
ent of the number of particles in the shower. In 
the central region of the shower 1<r< 8m, the 
function may be approximated by a power law with 
an exponent n=1.5 +0.2, while at distances 
larger than 10 m, the exponent is n= —2+0.3. 
Using the log-log scale, the straight lines repre- 
senting the above relations given in Fig. 3. A 
comparison of the value obtained for the energy 
density with the results of the experiments*®* for 
showers with the same number of particles shows 
that the data of these experiments are, in this re- 
spect, in agreement with our results. 

In order to test the agreement of the results 
with the predictions of the cascade theory, the 
calculations of the lateral distribution function 
of the energy flux near the shower axis (0.5<r 
< 6m) were carried out by the method given by 
Guzhavin and Ivanenko.'? In reference 13 the in- 
tegral lateral-distribution functions of electrons 
of various energies are given for various values 
of the age parameter s, in addition to the lateral 
distribution functions of photons of various ener- 
gies (for s=1); fg (x, s) and fy (x, s), where 
x = Er/Eg, Eg = 21.3 Mev. This made it possible 
to calculate the mean energy of electrons (and 
photons ) as a function of r, obtaining 
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For an accurate determination of E, the lower 
limit of integration should be made equal to zero. 
However, the functions f are calculated neglect- 
ing ionization loss, and are therefore correct for 
E > B. However, a comparison of the electron 
lateral distribution function with E = 0 obtained 
by Nishimura’? and the curves with the distribu- 
tion functions of particles with E = Emjn shows 
that, in the central region of the shower (r <6m 
at sea level), the number of particles with E< 
Emin = 1 x 108 ev is not larger than 10%. Con- 
sequently, the contribution of particles with E < 
Emin to the energy flux carried by the electron 
photons in that region is smaller than 10%. One 
can therefore find the mean energy of particles 
with E=1x 10° ev at various distances and, 
using the known lateral distribution of electrons 
and photons with E =1x10® ev, find the distri- 
bution of the energy-flux density with the above 
accuracy as a function of distance. It should be 
noted that the values of the mean energy obtained 
will, in general, be higher. The above mentioned 
calculations were carried out for three values of 
Ss; s=1, s=1.3, and s=1.5. Since the form 
of the lateral distribution functions of photons for 
s #1 is not given, we assume then, for s =1.3 and 
1.5, that the ratio of the mean energies of elec- 
trons and photons for different values of s is the 
same as s =1l. 

It was found that, at distances 0.5=r<6m 
in a shower characterized by the value s =1, 
this function can be approximated by a power func- 
tion with the exponent n= —1.73. For s=1.3, 
the exponent is n = —1.6; while, for s = 1.5, it 
is n=-—1.45. One can therefore maintain that 
the data on the lateral distribution of the energy 
flux of the electron-photon component do not con- 
tradict the value of the parameter s = 1.2 ob- 
tained for the average shower from the form of 
the lateral distribution function. A comparison 
of the obtained data with the results of investiga- 
tions®»!? shows directly that the energy-flux dis- 
tribution of the nuclear-active component is much 
narrower than the energy flux of the electron- 
photon component. 

The value of the average energy given in Fig. 4 


was also compared with the results of our caleu- °— 
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lations (see above). It was found that, for s = Lise 
the average energy per electron as a function of 
distance in the same region of the shower can be 
described by a power law with an exponent n = 
—0.65. It was found experimentally that the aver- 
age energy changes at a slower rate, n ® —0.5, 
and that, the value of the average energy is mar- 
kedly less than that calculated for r=3m (bya 
factor of 2.5). However, as has been stated above, 
the average energy near the shower axis may be 
slightly underestimated, and the calculated value 
overestimated. 

To compare our results with those of Matano 
et al.,° Fig. 3 includes points (squares) corre- 
sponding to the total energy flux of the two com- 
ponents (nuclear-active and electron-photon ) 
near the axis of a shower with N= 2x10. Data 
on the energy flux of the nuclear-active component 
are taken from reference 10. The decrease of the 
total energy flux near the shower axis can be de- 
scribed by a power function with n = —2.0. The 
value of the energy obtained by us for r=5m 
agrees closely with the data of reference 5, but 
the increase of the energy density near the axis 
given there is steeper. However, Matano et al. 
did not carry out an analysis of individual showers. 
Instead, the axis location of showers was estimated 
from the value of the mean energy observed in 
each case. If a spread of energy values at a 
given distance existed in the real shower, then 
such a method would lead to steeper increase of 
energy near the shower axis. In our experiment, 
we determined the place of incidence of the shower 
independently, and therefore, in principle, ob- 
tained the average value of the energy at a given 
distance from the axis. 

The values of the electron-photon component 
in a circle with radius R=6m given in Fig. 5 
show that the energy flux is proportional to the 
total number of particles in the shower N. Data 
on the energy of electron-photon component in a 
circle with a radius of 50 m are also given in 
Fig. 5. However, only a little over half of the 
shower particles is contained in such a circle. 

It follows from Fig. 4 that the average energy 

per electron at distances larger than 50 m is 
smaller than 10® ev. Assuming that for large 
distances E = 8, we find that 70 — 80% of the total 
energy of the electron-photon component is con- 
tained in a circle with R=50m. If we represent 
the energy carried by the electron-photon compo- 
nent by the expression Ee-p = aN, then a 1.7 X 
108 ev = 2.58. 
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CONCLUSIONS 


1. The form of the lateral distribution function 
of the energy flux of the electron-photon component 
of EAS has been obtained. The function is a power 
law with the following exponents: 


n=—1.5+0,2 for lIm<r<8m, 
n= —2,03,073 tor 10m< 7 =< 50m. 


2. It was found that the lateral distribution func- 
tion of the energy of the electron photon component 
in showers with total number of particles N = 
104—10° is independent of the shower size. 

3. The lateral distribution of the energy flux of 
the electron-photon component is not in disagree- 
ment with the theoretical distribution obtained 
from the cascade theory for s = 1.2. 

4. About 75% of the total energy of the electron- 
photon of EAS is contained in a circle with 50 m 
radius. 

The authors would like to thank S. N. Vernov 
and G. T. Zatsepin for their great help, and I. P. 
Ivanenko for discussion of the results obtained. 
They would also like to thank V. I. Artemkin, 

L. A. Dikarev, V. N. Sokolov, K. I. Solov’ev, and 
D. S. Stel’makh, who took part in the measure- 
ments and in the analysis of the data. 


1k. Greisen, Progress in Cosmic Ray Physics 
3, Amsterdam, 1956. 

2G. Cocconi, Handbuch der Physik 45, 1958. 

3 Ivanovskaya, Kulikov, Rakobol’skaya, and 
Sarycheva, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 358 (1958), Soviet Phys. JETP 6, 276 (1958). 

4Danilova, Dovzhenko, Nikol’ski¥, and Rakobol’ - 
skaya, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 541 
(1958), Soviet Phys. JETP 7, 374 (1958). 

5 Matano, Miura, Oda, Suga, Tanahashi, and 
Tanaka, Nuovo cimento 8, Suppl. 2, 668 (1958). 

6 Bekkerman, Dmitriev, Molchanov, Khris- 
tiansen, and Yarigin, [Ipu6oppi u Texanka 9kCNepumMeHTa 
(Instruments and Meas. Engg.), No. 4 (1958). 

’ Magee, Bell, and Jordan, Rev. Scient. Instr. 
23, 30 (1952). 

8 Dmitriev, Kulikov, and Khristiansen, Nuovo 
cimento 8, Suppl. 2, 587 (1958). 

9 Abrosimov, Goryunov, Dmitriev, Solov’eva, 
Khrenov, and Khristiansen, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 34, 1077 (1958), Soviet Phys. 

7, 746 (1958). 

10 Abrosimov, Dmitriev, Kulikov, Massal’skil, 

Solov’ev, and Khristiansen, J. Exptl. Theoret. 


; 
708 ELECTRON-PHOTON COMPONENT OF EXTENSIVE AIR SHOWERS 
Phys. (U.S.S.R.) 36, 751 (1958), Soviet Phys. 13.7, V. Guzhavin and I. P. Ivanenko, Dokl. Akad. 
JETP 9, 528 (1959). Nauk SSSR 113, 533 (1957); 115, 1089 (1957), Soviet 
117. P, Ivanenko, Dokl. Akad. Nauk SSSR 107, Phys. “Doklady” 2, 131 (1957); 2, 407 (1957). 


819 (1956), Soviet Phys. “Doklady” 1, 231 (1956). 

12 Zatsepin, Krugovykh, Nikol’skif, and Murzina, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 298 (1958), Translated by H. Kasha 
Soviet Phys. JETP 7, 207 (1958). 197 


SOVIET PHYSICS JETP 


VOLUME 36(9),,NUMBER 4 


OCTOBER, 1959 


DETERMINATION OF THE IONIZATION POTENTIAL OF URANIUM BY A SURFACE 


IONIZATION METHOD 


I. N. BAKULINA and N. I. IONOV 


Leningrad Physico-Technical Institute, Academy of Sciences U.S.S.R. 


Submitted to JETP editor September 18, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1001-1005 (April, 1959) 


A method is described for determining the difference in ionization potentials for two differ- 
ent atomic species which are ionized simultaneously on a heated metal surface. The method 
has been verified by measuring the ionization potentials of sodium and lithium. The method 
has been used to measure the difference in ionization potentials of uranium and lithium. The 
ionization potential of uranium is found to be 6.08 + 0.08 volts. At high temperatures the 
positive ion currents for sodium, lithium, and uranium are found to vary in accordance with 
the theoretical expressions for surface ionization. 


De most precise values of the ionization poten- 
tials of atoms (V) are obtained from atomic spec- 
tra. In a number of cases, however, for instance 
the rare earths and uranium, atomic spectroscopy 
has not yet furnished reliable values of V. In the 
present paper we describe a method for determin- 
ing the difference in ionization potentials for any 


two atomic species which can be ionized on a heated 


metallic surface. The method is based on a com- 
parison of the ion currents of the two elements 
which are ionized simultaneously on the same 
heated surface; this scheme has been used by us 
earlier! for determining the difference in electron 
affinities for atoms which are capable of forming 
negative ions by means of surface ionization. 
Usually surface ionization is investigated with 
heated polycrystalline filaments of refractory 
metals. It is known that the surfaces of such fila- 
ments exhibit an inherent nonuniformity in work 
function — different grains have work functions 
which differ significantly.2_ The adsorption of 
contaminating atoms on the surface may lead to 
an increase in the nonuniformity in contact effects 
at the surface. If the intensity of the electric 
field E which extracts ions from the surface is 
sufficient to compensate for the contact field of 
these localized regions the ion emission of the 
surface is the simple sum of the ion currents for 
all such localized regions.* The work function of 


*We start from the considerations of Langmuir, who 
assumes that the work function 4, of a region of the k-th 
type is constant over the surface of the region and changes 
discontinuously at the boundaries of the region. For our 
purposes the exact distribution of the work function p(x, y) 
over the surface is not important. 


all the regions lies within the limits g, min and 
?kmax- It has been shown,? that if the following 
condition is satisfied: 


e(V—9, 4, — VeE) kT (1) 


the surface ionization coefficient 6 of such a non- 
uniform surface is 


B = nt /n = Aexp{(e/kT)(VeE —V)} 
<>) fe exp (en / RT). (2) 
Rk 


Here n is the number of atoms which strike 
the surface per second, n* is the number of posi- 
tive ions which are extracted from the surface per 
second; A is the ratio of the partition functions 
of the ions and atoms; fx is the area of all regions 
of the k-th type which have a work function @k; 

T is the temperature of the surface and ¢€ is the 
charge of the electron. 

Assuming that two atomic species are ionized 
simultaneously on the same surface, using Eq. (2) 
we obtain the ratio of ion currents I = en” 


I, [Ty = (Ayn / Agta) exp {((¢ / RT) (V2 — Vi)} (3) 
or 
log (I; / f2) =10g (Ait / Aete) + 5040 (V2—V,)T. (4) 


If the condition in (1) is satisfied the ion-current 

ratio I,/I, is independent of the state of the sur- 
face and the intensity of the ion accelerating field 
EK. 

Equations (3) and (4) may be used to determine 
the difference in ionization potentials AV = V2-V4 
of two elements. Knowing the ionization potential 
of one of the elements it is then possible to deter- 
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mine the ionization potential of the other. Two 
methods can be used for this purpose: the ratios 
n,/n, and I,/I, can be determined experimen- 
tally at different values of T and the quantity 
AV = V,-—V; calculated from Kq. (3) or the quan- 
tities n, and n, can be held constant throughout 
the experiment and the function log l/l, =f (1/T) 
determined, thereby making it possible to deter- 
mine AV from the slope of the curve. The quan- 
tities A, and A, remain essentially constant for 
small variations of T and are known for the ma- 
jority of elements. 

Equation (2) can also be written in the form 


I = enA* exp [(¢* + VsE — V)e/kT], (5) 


where A* = AZxgfx exp [(€/KT) (9k-—g*)] isa 
weak function of T. For small variations of T 
the quantity A* is essentially constant. In this 
case the curve log I =f(1/T) should be a straight 
line, the slope of which should yield the quantity 
or + Vex = Villf y* is the same for ionization 
of different elements on the same surface the con- 
dition in (1) is actually satisfied. 


METHOD OF MEASUREMENT 


In order to make separate measurements of the 
ion currents for the two atoms and to exclude ef- 
fects due to easily ionized contaminants the ex- 
periments are carried out in a magnetic-sector 
mass spectrometer. The filament on which sur- 
face ionization is investigated serves as the ion 
source of the mass spectrometer. 

The atoms of the elements being compared 
are directed onto the filament H (Fig. 1) through 
symmetrically arranged slits S,; and S, from 
two evaporators E; and Ey. Slits S; and S, 
can be closed independently by means of slides. 
The ions from the filament are accelerated by 
means of an electric field (the potential difference 
between the filament and the accelerating electrode 
is 600 —1,000 volts) in the direction of the input 
slit (S) of the mass spectrometer and the ion 
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beam, which is mass resolved in the magnetic 
field, strikes the detector. The ion currents are | 
measured with a type EMU-3 electrometer ampli- 
fier, sometimes in conjunction with a secondary- | 
electron multiplier. During the measurements the i 
vacuum in the device is never worse than 10° mm 
Hg. Before the measurements are made the fila- || 
ment is baked; the filament temperature is meas- | 
ured with an optical pyrometer. 

In order to check the method AV was meas- 
ured in sodium and lithium, the ionization poten- 
tials of which are well-known (5.14 and 5.40 volts | 
respectively). Since it is possible that (1) is not | 
satisfied for ionization of Na on W, the ionization | 
of sodium and lithium was studied on tantalum fila- 
ments. Having convinced ourselves from this work. 
that the method was satisfactory we then deter- 
mined the difference in ionization potentials for 
uranium and lithium. The effect was studied with 
tungsten filaments in the latter elements. 

The reason for using tungsten instead of tanta- 
lum to measure the ionization potentials for lith- 
ium and uranium is the following. Uranium is 
rather strongly adsorbed by surfaces and remains > 
on these surfaces even when heated to 2300°K and 
higher. When tantalum or tungsten is covered by 
uranium the work function of these materials is 
reduced sharply. In order to guarantee the maxi- 
mum purity of the surface for the range of values 
of T it is necessary to carry out the measure- 
ments of I=f(t) at the highest possible temper- 
atures. When tungsten is used it is possible to 
raise T up to 2800°K To reduce contamination 
of the surface by uranium in the operating tem- 
perature range it is convenient to reduce the num- 
ber of uranium atoms which strike the filament; 
however this procedure obviously leads to a re- 
duction in ion current. By using an electron mul- 
tiplier as a preamplifier the sensitivity is in- 
creased by two orders of magnitude; in some of 
the experiments this increase allows us to make 
a corresponding reduction in the intensity of the 
molecular beams from the ovens. 

We have not studied ionization in the pure 
metals, but rather in halogen salts NaCl, LiCl, 
LiF, UCl, and UF,, which are simpler for ex- 
perimental purposes. It is assumed that at the 
operating temperatures complete reduction of 
the metals obtains at the surface. A great deal 
of attention is given to the problem of making the 
intensity of the molecular beams constant. The 
evaporating ovens have a thermal intertia and the 
heating elements are supplied by high-capacity 
storage batteries. Before the measurements the 


DETERMINATION OF THE IONIZATION POTENTIAL OF URANIUM (a a | 


ovens are pre-heated for long periods of time. 

The measurements are carried out by the 
following two methods. 

First method. The oven temperature is estab- 
lished at 2250°K for tantalum and 2650°K for tung- 
sten. Successive measurements are made of the 
current of F ions for ionization of LiF and UF, 
(the molecular beams are shut off by the oven 
slides) or the chlorine isotopes in the case of 
NaCl—LiCl and LiCl—UC],; the additivity of the 
currents when both slides are opened and the sta- 
bility of the currents are checked. In making the 
calculations, in accordance with Eq. (4) it is as- 
sumed that the ratio n,;/ng is equal to the ratio 
of the negative ion currents of chlorine for the 
NaCl—LiCl case or ', of the ratio of the negative 
ion currents for UCl,—LiCl and UF,—LiF. Then 
the magnetic and accelerating electric fields are 
reversed and at the same temperature T meas- 
urements are made of the positive ion currents 
I, and I,. In all the subsequent measurements 
at other values of T the stability of the molecular 
beams is checked periodically at 2250°K for tan- 
talum and 2650°K for tungsten. 

Second method. In this case measurements are 
made of the dependence of the positive ion currents 
on T and graphs of the function log (I, /l) = 
£(1/T) are plotted. The values of ny and ny 
and the intensities of the molecular beams are 
monitored by measuring the currents of positive 
ions at T equal to 2250°K for Ta and 2650°K 
for W; the currents are measured before and 
after the measurements at each temperature. 


RESULTS OF THE MEASUREMENTS 


Curves of the function log (Ip/Ig959) = f (1/T) 
are shown in Fig. 2 for ionization of Li and Na 
on tantalum; it is apparent from these curves that, 
in agreement with Eq. (5), the experimental points 
lie on a straight line in the temperature range 
from 1700 to 2375°K. From the slope of the 
straight lines we find p* + VeE —V is 0.53 volts 
for Na and 0.83 volts for Li. In both cases this 
gives agreement with the limits of experimental 
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accuracy for the values of y* + VEE (to 4.61 
and 4.57 volts). 

All the lines have been. plotted from the ex- 
perimental data, using a least-squares fit. Ap- 
proximately 85 determinations were made of the 
differences in ionization potentials of lithium and 
sodium V[i-VNa by the first method in differ- 
ent samples of tantalum for values of T between 
1600 and 2115°K (with different values of the in- 
tensities of the molecular beams of NaCl and 
LiCl). The spread in the values of AV is found 
to lie between 0.23 and 0.28 volts while the mean 
arithmetic value of 85 determinations yields 
VLi— VNa = 0.25 + 0.02 volts. 

In addition two series of measurements were 
made by the second method in the temperature 
range between 1700 and 2375°K. An example of 
a curve log (i /I,) =f (1/T) is shown in Fig. 3. 
The values of AV calculated from ten curves lie 
between the limits of 0.19 and 0.32 volts. The 
average of all the values is found to be VLi-VNa 
= 0.26 + 0.05 volts. The results obtained by both 
methods are in agreement with the spectroscopic 
data for these elements. 

In making a comparison of the ion currents 
U-—Li we cannot use the first method because of 
the difficulty of making an accurate determination 
of the ratio of ion currents Ipy/ILji in this case. 
In determining Ipy/ILj it is necessary to make 
corrections for the difference in the ion-electron 
emission coefficients for U* and Li* at the first 
dynode of the multiplier and for the difference in 
the transmission of the mass spectrometer in the 
passage of ion beams which differ so greatly in 
mass. 

In Fig. 4 we show the function log (Ip /Igg59) = 
£(1/T) for Li and U for ionization of the salts 
LiF and UF, on tungsten in the temperature re- 
gion between 2100 and 2800°K. In all cases the 
straight lines reproduce the behavior of the ex- 
perimental functions. In Fig. 5 is shown the curve 
log (Ini/Iy) =f£(1/T); the slope of this curve can 
be used to calculate Vy —-VLi. 

Varying the experimental conditions we carried 
out five series of measurements of the tempera- 
ture dependence of the ion currents in the ioniza- 
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tion of UF,—LiF and one in the ionization of 
UCl, -— LiCl; the appropriate curves were plotted. 
The differences Vy—Vyj determined from the 
slope lie between 0.57 and 0.83 volts while the 
average value if Vy—V {ji = 0.68 + 0.08 volts. 
Whence the ionization potential of the uranium 
atom is 


Vu = 5.40 + 0,68 = 6,08 + 0.08 V. 


The uncertainty in the determination of AV stems 


from the estimate of the accuracy of the determina- 


tion by Eq. (4). Actually the ratio of the ion cur- 
rents in the mass spectrometer is measured with 
an accuracy which is probably no better than 
10 —20%. The basic reason for the reduction in 
the accuracy of the current measurements is the 
small uncontrollable shift of the filament with re- 
spect to the input slit of the mass spectrometer 
as the temperature is changed. The molecular 
beam intensity is maintained with an accuracy of 
several percent during the experiments. The ac- 
curacy in the measurement of T, which is car- 
ried out by means of an optical pyrometer, is 
2—3%. 

Our assumption as to the complete dissociation 
of the molecules of the alkali-halide salts on tung- 
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sten and tantalum surfaces is rather well justified 
by all of the work which has been carried out on 
the surface ionization of these salts. The reduc- 
tion of the uranium and certain other rare metals 
from the halogen salts at high temperatures is 
used in metallurgy in order to obtain pure metals. 
The agreement of the experimental relations 
I=f(T) in Figs. 2 and 4 with Eq. (5) appears as 
additional evidence for the complete dissocation 
of the salts used in the present work. 
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The frequency of production of strange particles by the collision of high energy protons 


with photoemulsion nuclei is examined. 


A study of the dependence of the frequency of 
production of strange particles on the energy of 
the primary particles was undertaken in the labo- 
ratory of the Joint Institute for Nuclear Research. 
The preliminary results of this work are given 
below. 

The emulsion stack, consisting of 100 pellicles 
of type BR-450, was bombarded with 9 Bev protons 
in the proton synchrotron of the Joint Institute for 
Nuclear Research. The volume of the emulsion 
chamber was 10 X10 x 4.5 cm. The pellicles 
are scanned by areas, and nuclear disintegra- 
tions caused by the primary protons are located. 
For the detection of hyperons and K mesons, 

one observed the tracks of singly-charged par- 
ticles found among the disintegrations. The in- 
dicated tracks were traced up to their stopping 
point, decay, nuclear interaction, or exit from 
the chamber. The identification of strange par- 
ticles was made by their characteristic appear- 
ance in decay and nuclear capture. 

The comparatively small dimensions of the 
stack prevented the investigation of particles with 
long ranges outgoing at large dip angles: To study 
high-speed particles the initial nuclear splittings 
were chosen near that edge of the stack which was 
turned toward the primary current. Secondary 
particles satisfying the following three conditions 
were traced: 

(a) The outgoing particle is in the forward 
hemisphere. (This does not cause the loss of 
strange particles, because they, as will be later 
evident, are fundamentally outgoing in the forward 
direction. ) 

(b) The length of the horizontal component of 
the track in one pellicle is = 3 mm, correspond- 
ing to a dip angle <7.5°. (This condition also 


*On leave from the Tbilisi State University. 
+On leave from the Institute of Physics of the Academy of 
Sciences of the Georgian S.S.R. 


713 


excludes a large quantity of slow protons and deu- 
terons formed in the decay of excited nuclei. ) 

(c) The ionization is not less than 1.6 times 
the ionization of the primary proton. (From this, 
the velocity of the particle B < 0.64.) 

When the above conditions are-satisfied, the 
probability of recording the decay of a hyperon 
inside the stack is = 85%. In such a manner, 
1920 stars were got in thirty pellicles from the 
center part of the stack, and 670 tracks of second- 
ary particles were traced. Six strange particles 
were found, three hyperons and three K* mesons. 
In addition, one ovserved in one case a sharp 
break (about 160°) in the track of a strongly 
ionized particle, which might have corresponded 
either to the large-angle scattering of a proton 
or to the decay of a hyperon to a proton. The 
absence of a change of ionization before and after 
the break and also the insufficient length of the 
track (~ 2200) prevented identifying the par- 
ticle. The results of these tracings are the fol- 
lowing: 


Total number of measured prongs 670 
Prongs without visible events at their ends 494 
Strange particles 6 
7 * mesons 19 
Number of secondary reactions* 53 
Number of tracks leaving the stack 94 


It can be seen that, on an average, one strange 
particle corresponds to 100 secondary particles. 
Just such a magnitude was got in the work of 
Edwards et al.! carried out with m mesons hav- 
ing energies ~4.5 Bev. In references 2 and 3, 
covering work done with cosmic rays, one strange 
particle appears, on an average, for every 250 or 
300 ordinary particles. However, a rigorous 


*Al] the tracks of secondary particles were followed to 
their stopping place or exit from the stack. No strange parti- 
cles were found in these cases. 
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comparison of the various results is not possible 
due to some differences in the conditions of ex- 
amination and choice of the particles. 

The large magnitude of the ratio of the number 
of strange particles to the number of m* mesons, 
(N5 K /N,+) ~ ve is remarkable. In an analo- 
gous work? the ratio ~%). It must be emphasized 
that these numbers refer only to the slow second- 
ary particles outgoing in the forward direction. 

For the evaluation of the cross section for pro- 


duction of slow strange particles by the photoemul- 


sion nuclei, it is essential to know the cross sec- 


tion for star-formation and the frequency of appear- 


ance of strange particles, calculated for one star. 
In Fig. 1 the distribution of stars according to the 
number of black and gray prongs is depicted, both 
for stars found by track scanning (solid lines) 
and for those found by area scanning (dotted 
lines). The comparison of the solid and dotted 


histograms allows one to make a small correction, 


connected with the unobserved small-angle disin- 
tegrations, to the number of prongs. 
the frequency of appearance of the strange par- 
ticles, it is necessary to know the spatial distri- 
bution of particles having velocities B < 0.64 
and a range, 1=> 3mm. If we suppose that this 
is of the form 1+acos zy, it follows from the 
experimental data that a~ 1. Under these con- 
ditions the frequency of appearance of strange 
particles (for B < 0.64 and 7=>3 mm) is about 
0.042 per star. From the composition of ele- 
ments in the NIKFI emulsion‘ and from the mag- 
nitude of the free range for the inelastic interac- 
tion of protons of energies ~ 9 Bev with photo- 
emulsion nuclei, one gets a magnitude of ~ 460 
millibarn for the star-formation cross section. 
This leads to the cross section for the production 


To determine 
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of slow strange particles, oy K ~ 20 millibarn. 

Besides the method described for distinguish- 
ing hyperons and heavy mesons, other events 
which could be strange particles are located in 
the area scanning: two-pronged stars, decays of 
various types and nuclear captures. The corre- 
sponding particles were traced in the reverse 
direction to find their parent disintegrations. In 
such a way 24 strange particles were found, a 
large part of which were formed in stars pro- 
duced by primary protons. The collected data 
for all the strange particles found are given in 
Tables.I and II. 

From the tables it follows that the majority of 
strange particles are outgoing in the direction of 


the forward hemisphere. We note also that all the 


mt mesons formed in the decay of a Z hyperon in 
flight are outgoing backwards in the center of 
mass system (except for hyperon No. 8, whose 
parent star was produced by a neutral particle). 
Stars formed by primary protons and contain- 
ing slow strange particles, found in the area 
search, have a somewhat increased number of 


gray and black prongs, Np. In fact, for this group _ 
of stars we have <Np> = (12.54 2.1) and <ng> 
= (2.9 + 0.5); for the same time for ordinary stars, 
<Nh> = (8.3 + 0:5) 


formed by primary protons, 
and <ng> = (3.4+0.1).° This fact evidently 
means that the production of hyperons and heavy 
mesons stems predominantly from the heavy 
nuclei of the photoemulsion. An analogous re- 
mark was made in a series of other papers (see, 
for example, reference 6). 


In the stars containing strage particles, all the 
other prongs were also traced. The production of 


a second strange particle was observed in three 
cases, in one of which a pair of K mesons (K* 


TABLE I. Heavy mesons 


Produc- Produc- 

¥ Dae Type of tion an- } K meson Par- | Type of | tion an- K meson 

©. | ticle | Parent | gleofK | range, No. | ticte | Parent |gleof K | range, 

star meson, Mev star meson, Mev 
deg deg 

41 Kt 5+3 p 54 14 103 K+ j| 41+0 p == he Bales 
22 Kt | 22-43 p 8 56.6 1414 Kt 6+1 p 49 Dual 
3 K+ | 14+7 p 48 2200 42 a? | 24-64 p 72 12.8 
4 Kt 4+4 p 441 4.4 AS s+ | 24+0 p 44 10s 7 
5 Kr 710 n — D4 145 K- 6+1 p 20 50.6 
63 K+ | 440 p* a 59 aa) Kt | Entered the stack from below 
ui Kt 6-+5 p 86 50.4 16 K+ | Entered the stack from below 
88 K+ | 3+0 p* — hee 17 K+ | Entered the stack from below 
9 Kt+ | 1444 p 941 D26o 


‘Formed in a pair with hyperon No. 4 (see Table II). 

*Formed in a pair with hyperon No. 5 (see Table II). 

*Stars with p* produced by secondary charged particles. 

‘Formed in a pair with K meson No. 14. 

°The method adopted for the strange particle search does not guarantee that 
the ratio obtained for the number of K+ and K” mesons corresponds to reality. 


| 
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TABLE II. Hyperons 


Primary Secondary 
Length 
Type of | Produc- Cent f 
No. | Particle | parent tion an- BEY: Energy | Particle Range, meee Got 
star gle, deg park, fmt ie angle, deg 
4 2a 413 p 42 Doe 247 fom ils) 3) 168 
2 Suge 21-44 p 84 16.5 96 mt Be 4113 
3 pase 18-+5 p 89 0.80 ~42 mt = ~124 
4 at o-+3 p 20 28.6 800. ar 105 154 
5 ae 22+-3 p 29 16.8 sees) Te Soe 155 
6 yt 244 37 10.6 ~67 x =e ~120 
7 st 1244 p 94 4.4 a7 nt ze 54 
8 * 8+0n — 4.8 ~55 mt — ~82 
9 x | 1546 p 41 4.5 ~90 me = ~102 
10! ne 18+-2 p 3 0.164 140 — — = 
fae ANE -- 133 — 20 — — = 
Ae A° _— 102 — 36 — _ ss 
132 A° = 19 — 112 — _— == 
142 A° —_ 77 — 35 — a == 
ie Hf 14+4p 90 0.020 —- — _ a 
164 Af 22+-3 p 63 0.284 ao — = == 
*Decayed beside parent star. 
*The production angle of the A° hyperon changed relative to the direc- 
tion of the primary protons. 
*Mesonic decay. 
“Non-mesonic decay. 
and K”) was formed. In the other two, a hyperon 10000 


and K* meson were found. 

The kinetic energies and production angles were 
measured for all 2 hyperons formed in stars pro- 
duced by primary protons. The corresponding 


points are plotted in Fig. 2, which shows also the > 
limiting curves for energies and angles of 2 hy- a 
perons formed in the reaction B 
q 

P+N=>34+K+N. (1) we s 
The solid curve corresponds to a rigid target nu- SN7 
cleus, the dotted one takes into account internal 
nuclear motion. The possibility of producing vari- 
ous numbers of m mesons in reaction (1) can be 
accounted for only by the restriction that limiting 
curves for such reactions must lie within the solid 02040) a0 100 010 30 50 0 Hes 
and dotted curves shown in Fig. 2. Therefore, the FIG. 2 FIG. 3 
presence of the points distributed outside of the 
limiting curves shows that the production of the Actually, a kinematic analysis shows that, taking 
hyperons considered must be connected, at least into account the intranuclear motion of the target 
partly, with reactions more complicated than re- nucleon, both cases of pair production of a = 
action (1). Here two possibilities must be con- hyperon and a K* meson agree with the scheme 
sidered: 

(a) The hyperons are possibly formed by some Moe Ns LER: (2) 

kind of secondary particle, for example, a 7 
meson, in its interaction with nucleons of the On the other hand, it is apparently impossible to 


parent nucleus (see, for example, reference 6). connect the formation of hyperons no. 2, 3 and 7 

(b) The hyperons are originally formed in a with reaction (2). In Fig. 3 the limiting curves 
type (1) reaction but in their further passage for =’s formed in réaction (2) are given. The 
through the parent nucleus they can experience solid line again corresponds ae) a rigid target mu 
interactions leading to changes of energy and cleus, the dotted line includes intranuclear moa. 
direction of motion. The energy of the + meson chosen is 8 Bev, which 


Apparently both these possibilities are realized. corresponds to the maximum possible energy for 
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tT’s produced by protons with E ~ 9 Bev.* The 
direction of production of the am is calculated as 
coinciding with the direction of motion of the pri- 
mary proton (see reference 7). It follows from 
Fig. 3 that hyperons 2, 3 and 7 fall outside the re- 
gion enclosed by the limiting curves. It is natural 
to suppose that they experienced interactions in- 
side the parent nucleus. ft 

Analogous reasoning can be carried out for A 
particles, some of which are observed to be pro- 
duced at such large angles as 133° and 152°. The 
corresponding data, together with their limiting 
curves, is shown in Fig. 4 for the reaction 


*When the 7-meson energy decreases, the regions enclosed 
by the limiting curves shrink. The same applies to the reac- 
tions of the type 7+ N>X+K+n7. 

+Of course, the formation of hyperons through the absorp- 
tion of slow K mesons inside the parent nucleus is not ex- 
cluded. 


KOSTANASHVILI and O. A. SHAKHULASHVILI 


PLN SAV (3) 


are formed through intermediate pions of high en- 
ergy (close to 8 Bev), then even in this case the 
formation of A’ particles 11 and 12 is kinemat- 
ically impossible. 

The authors thank M. I. Podgoretskii for his 
guidance, V. I. Veksler and M. Ya. Danysh for 
their participation in discussions, and also Z. P. 
Golovin, T. A. Zhuravlev, A. M. Kucher, T. N. 
Mikheev, and N. A. Protsenko for their part in 
the scanning and measurements. 
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® MEASUREMENT OF THE NEUTRON HALF-LIFE 


am. N. SOSNOVSKII, * P. E. SPIVAK, Yu. A. PROKOF’ EV, I. E. KUTIKOV, and Yu. P. DOBRYNIN* 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1012-1018 (April, 1959) 


The half-life of the neutron was measured and found to be equal to 11.7 + 0.3 minutes. 


1. INTRODUCTION 


Bae free neutron is the simplest beta-emitting 
nucleus, and a quantitative knowledge of its half- 
life can give useful information in the explanation 
of the form of the beta interaction. Interest in 


this question has increased lately, and demands 


have arisen for accurate determinations of the 
half-life of the neutron. However, a more accu- 
rate measurement of this important constant in- 
volves considerable experimental difficulties, 

and up to now it has been measured to an accuracy 
of only 10 —15%. The present work was under- 


taken with the goal of significantly improving 


this accuracy. 

Determinations of the half-life of the neutron 
have been carried out in the U.S.A.'~3 and in the 
U.S.S.R.* In these works the slow decay protons 
formed in the powerful neutron beams of a nu- 
clear reactor were accelerated to 10 —15 kev 
and were detected either directly?» or by their 
coincidences with decay electrons.!** In all these 
cases the accelerating electrode was placed near 
the beam, and the decay protons were “drawn out” 
of it by a field. For the determination of the half- 
life it was necessary to calculate what part of the 
total number of protons being created in some 
particular part of the beam were detected in the 
experiment. However, the result of the calcula- 
tions was also determined, under the conditions 
of the experiment, by the spectrum of the decay 
protons. Experimentally, this spectrum is still 
insufficiently known,‘ and its theoretical form 
depends strongly on the possible choice of the 
beta interaction, which is also still insufficiently 
checked by experiment. 
with an accelerating electrode alongside the beam 
the half-life measurements have a systematic 
uncertainty, connected with the poor knowledge 
of the proton spectrum, which significantly de- 
creases the accuracy of these experiments. 

Such experiments at first produced rather 
rough estimates of the half-life. Thus Snell, 


*Deceased. 


Therefore, in experiments 


Pleasonton, and McCord gave values from 10 to 
30 min,! Robson reported 9 to 25 min,” and 
Spivak and Sosnovskit reported 8 to 15 min.* In 
later work Robson got 12.8 + 2.5 min® and Spivak 
and Sosnovskif 12.0 + 1.5 min.‘ The latest values 
were obtained by an arrangement in which the 
beam was located in the field accelerating the 
protons, as before; the experiment was set up, 
however, so that the number of protons picked 

up by the detector were exactly equal to the num- 
ber of protons created ina rigorously determined 
part of the beam. The half-life found in this ex- 
periment was free from the uncertainty connected 
with the proton spectrum. 

In the present work the half-life is also deter- 
mined by directly-measured quantities and by 
purely geometrical factors which can be accounted 
for exactly. This was possible thanks to the fact 
that the decay protons, before coming into the 
accelerating field, passed through a system of 
diaphragms. Although the number of protons Np 
picked out by these diaphragms was only a small 
part of the whole quantity formed in the effective 
part of the beam, these protons enter the acceler- 
ating field with small angular dispersion. This 
allows one to fully focus them on the entrance 
aperture of the detector with relatively little ef- 
fort. Therefore, in the formula for the half-life 
of the neutron, 


T =kJ In2/Np, (1) 


where J is the integral of the neutron density 
over the beam cross-section, the coefficient k 
depends only on the geometrical conditions of the 
experiment and the distribution of neutrons in the 
beam. 


2. DESCRIPTION OF THE APPARATUS 


The measurements were carried out on a 
beam of neutrons from the RFT reactor. A lon- 
gitudinal section of the apparatus is displayed in 
a schematic diagram (Fig. 1). A well-collimated 
neutron beam with a diameter of 80 mm passed 
through the vacuum chamber 1, in which a vacuum 
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FIG. 1. Schematic diagram of the appara- 
tus. 1 — apparatus shell, 2 — diaphragm, 
3 — diaphram with grid, 4 — spherical grid, 


5 — proportional counter, 6 — high voltage 


2y2'| Concrete 


Lead 


Paraffin 


of 4 x 107-§ mm is maintained. A hollow electrode 
6, which was given a positive potential of 20 kv, 
was placed in the chamber. The decay protons 
appearing in the beam opposite to diaphragm 2 
(diameter, 78 mm) passed through into this 
electrode (in which a field existed) and up to 

grid 3 (diameter, 100 mm). The diaphragm 2 

and the grid 3 were distant, respectively, 13.6 and 
82.1 cm from the axis of the beam. Beyond grid 3 
the decay protons came into a region where the 
electric field between the grounded spherical grid 
(3 cm radius) and the high-voltage electrode ac- 
celerated them and focussed them onto detector 
window 5. The accelerating field was very nearly 
spherical so that the motion of the protons in it 
could be easily calculated. The calculations showed 
that a potential of just 10 kv ensured that all the 
protons passing through diaphragm 3 were col- 
lected at the detector window. The characteristics 
of the focusing system were examined in special 
trials in which one investigated the dependence of 
the number of protons both on the size of the 
charge and on the placement of detector 5 and the 
dimensions of the entrance window 3. The results 
of these trials affirmed the calculation and pro- 
vided full confidence in that, for 20 kv — the po- 
tential which was actually used, to assure a better 
relation to background effects — all the decay 
protons coming into the focusing field were defi- 
nitely collected at the detector window. 

For the proton count one used a Geiger-pro- 
portional counter, whose construction and char- 
acteristics are described in detail in reference 4. 
The counter window (16 mm diameter) was cov- 
ered by a thin film of collodion (0.07 thick), 
which was backed from the vacuum side by a tung- 
sten grid (wire diameter, 2.5u; spacing, 0.5 mm). 
A second grid (wire diameter, 20y, spacing, 0.9 
mm) was placed on the other side of the film to 
shield the effective volume of the counter from 
charges collected on the film. 

Since four grids were placed between the cre- 


electrode, 7 — diffusion pump outlet, 
8 — monitors, 9 — reactor shield. 


ation point of the decay protons and the counter 
effective volume, part of the protons were ab- 
sorbed by them and did not reach the counter. If 
the counter recorded np protons, then 


lig = ONG, ? 

where Np is the quantity of protons hitting 
counter 3, and a is the transmissivity of all 
the grids. 

Grid 3, covering the entrance window of the 
focusing system, was made out of wires of 20u 
diameter in a square mesh 4 mm on a side. The 
geometrical transmissivity of such a grid is close: 
to 0.99. In actuality it was even closer to unity 
because of the “hanging” of the field onto the 
relatively coarse mesh. Therefore we did not 
take into account the absorption in this grid, in- 
cluding it instead in an increase of the error in 
a. The geometrical transmissivity (for normal 
incidence) of the spherical grid 4 was 0.913, and 
those of the grids at the counter window were 
0.950 and 0.978. From this, the transmissivity 
of all grids for normally incident protons was 
0.848. The value for the largest possible angles 
of inclination of the protons from the normal was 
a bit smaller than this, 0.838. Since the protons 
were incident on the grids at angles spread be- 
tween these two extreme values, the value a = 
0.843 + 0.006 was taken for the general transmis- 
sivity of all the grids. 


3. MEASUREMENT OF THE BEAM NEUTRON 
DENSITY 


The neutron density was determined by the ac- 
tivation of sodium targets, whose cross section 
follows the 1/v law,°® and by the activation of gold 
targets, applying corrections for the neutron reso- 
nance effect. 

The absolute number of 6 electrons for Au!®8" 
gotten by the 4m counter method, was a supporting 
measurement for both methods. The neutron den- 


sity measurement by activation of gold was car- 
ried out with two targets, one of which was pre- 
pared by evaporation in vacuum, in the form of a 


thin layer of gold (0.06 mg/ cm?) on a metallized 


collodion film. The other, thicker one (40 mg/ 
em?) consisted of precisely weighed gold foil. 

| The absolute number of decays from the thin 

_ target, measured by the spherical counter, and 
_the relative activity of both targets, measured by 


| the gamma radiation on a scintillation counter, 


_ made possible the determination of the neutron 

density, after making the corrections for neutron 

resonance. The corrections were got by the 

' measured cadmium ratio values for goid and the 
1/v detector; they were 2.84 and 23.4, respec- 

}ytively. 

| The determination of the neutron density by 

activation of the sodium target was made by 

_ measuring the intensity of its emitted gamma 

; rays with a scintillation counter; the coefficient 

of proportionality between the neutron density p 


and the measured velocity of the gamma rays was 


found by a separate experiment. In this experi- 


ment the sodium target was placed in a collimated 
beam of thermal neutrons, whose density had been 


_ found by the absolute number of decays as de- 


scribed above for gold. The relation of the meas- 


ured neutron density to the gamma activity of the 


sodium target, measured by the same scintillation 


counter, gave the value of the constant of propor- 
tionality. 

In this experiment the correction for the neu- 
tron resonance effect in gold was insignificant 
(0.7%), since the cadmium ratios, measured 
with thermal neutrons for Na and Au, were 4000 
and 150. So one could be confident that the error 
in the neutron density determined by the sodium 


activation was fixed only by the errors in the gold 


cross-section, dapsg = (98 + 1.5) x 107% cm? 
(reference 7) for E = 0.025 ev, and by those in 
the absolute measurements with the 4m counter 
(40.5%) and in the relative measurements with 
the scintillation counter (+0.5%). The error for 
the gold cross-section includes 0.5 x 10~*4 cm? 
for deviation from 1/v. 

The results of the neutron density measure- 
ments by the activation of gold and sodium in the 
center of the same beam in which the half-life 
measurements were made coincided within limits 
of +0.5%. These density measurements gave a 
value of p = 2.17 x 10° neutrons/cm’, +1.8%. 

The integral of the density J, which enters in 
relation (1), was determined by the activation of 
the gold foil, which was placed across the beam, 
completely blocking it. The foil, therefore, was 
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completely cut to pieces and the scintillation de- 
tector miscounted its activity. Therefore the re- 
lation of these pieces to the specific activity of 
the central piece was determined. The applica- 
tion of this relation to the value of the neutron 
density p in the center of the beam gave the 


_ wanted vaiue of the integral of the neutron den- 


sity, J = (7.68 + 0.15) x 104 neutrons/cm. 


4. DETECTION OF THE DECAY PROTONS 


As already mentioned, the decay protons were 
detected with a proportional counter, the end of 
which was covered by a thin film. The counter 
was filled with pure carbon tetrafluoride at a 
pressure of 10 mm of mercury, so that the range 
of protons with energies about 20 kev was con- 
tained within the counter. 

The decay protons were counted directly but 
did not coincide with the number of electrons, so 
that their number was determined as the differ - 
ence in count when the accelerating potential was 
turned on and then off. One had to reckon with 
the fact that the inclusion of the accelerating po- 
tential led to some increase of the count even in 
the absence of the neutron beam. Investigation 
of this effect showed‘ that it was caused by the 
detection of Hj ions coming from the apparatus. 
Polishing and oxidizing the aluminum high-voltage 
electrode and other parts, measures prompted by 
the experience of past work, allowed us to make 
this effect much smaller than the count of the 
decay protons. 

The count of Hj ions fell slowly as the equip- 
ment stood under vacuum, but such ions were 
always observed in a freshly pumped-out appa- 
ratus; using this fact, it was possible to carry 
out a series of controlled experiments. It was 
found primarily that the magnitude of the effect 
depended neither on the degree of irradiation of 
the apparatus nor on whether the neutron beam 
passed through the chamber or was shut off from 
it. This allowed us to determine, for the shut-off 
beam, the effect of the Hj ions as the difference 
in counts with and without accelerating potential. 

Besides this, when the number of Hj ions was 
large, one could construct — for a chosen multi- 
plier — an integral curve for the distribution of 
momenta and set the discriminator level to a 
value corresponding to the plateau of this distri- 
bution (Fig. 2, dotted line). In counting the decay 
protons, the number of protons and, even more so, 
the number of Hj ions was not large and the 
scheme previously set up (for the Hj ions) was 
repeated and periodically checked with the aid of 
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FIG. 2. Integral distribution of pulse amplitudes of H* 
ions — dotted curve; dependence of the background on the dis- 
criminator level — solid curve; 0 — decay protons (control 
values). 


alpha particles from a source (Am"4!) that could 
be moved within the vacuum chamber. This was 
also convenient because it appeared that the inte- 
gral curves of the momentum amplitude distribu- 
tion for alpha particles and Hj ions coincided 
with good accuracy, if for the alpha count the 
amplifier strength was decreased as necessary. 

The gas multiplication factor of the counter 
was preserved unchanged through the long hours 
of the experiment by the use of a grid to shield 
the charges on the film, by stabilizing the supply, 
by the nature of the gas used, and by the large 
ballast volume joined to the counter. 

Since the measurements were rather lengthy, 
two extra ionization chambers, their stability 
controlled by the activation of copper targets, 
were used to detect fluctuations in beam intensity. 
The counting procedure for the decay protons is 
illustrated in the table, where several measure- 
ment cycles, each consisting of four short trials, 
are shown. Twenty-five measurement cycles were 
carried out, and the decay proton count was found 
to be 29.6 + 0.4 protons/min. This value was 
reconciled with the results of the monitor cham- 
bers, with which the beam neutron density was 
determined. The deviations of the results of the 
individual cycles are in good agreement with the 
statistical error for the average values. 

The measurements were carried out for dis- 
criminator levels somewhat higher than necessary 
to count all the decay protons, but the background 


effect correlation was much more favorable for 
this setting than for a lower discriminator level. 
The results obtained, together with some con- 
trol values measured for large biases are shown 
in Fig. 2. From this figure it is evident that the 
extrapolation to zero bias could be done rather 


exactly, since the error, (1.5 + 0.5)%, was small. | 


The extrapolated value for the number of protons 
was Np = 30.0 + 0.4 protons/min; taking into ac- 
count the transmissivity of the grids (a = 0.843) 
we get Np = 35.6 + 0.54 protons/min. 

As to systematic errors, notice must be taken 
of the danger involved in the circumstance that 
the decay protons have to travel a rather long 
distance, about 80 cm, before they enter the ac- 
celerating field. However, loss of protons in this 
way, by scattering and charge exchanges in colli- 
sions with residual gas molecules — pressures 
were 1 or 2X 10° mm of mercury (measured 
directly in the chamber) — could take place only 
for the insignificant soft part of the proton spec- 
trum, even for the worst conceivable cross-sec- 
tion value; the proton loss can hardly have ex- 
ceeded several tenths of a percent. 

Besides, the protons scattered into small 
angles on the: sides of the electrode could hit the 


aperture of diaphragm 3 and raise the count some-- 


what, but only if this effect was not compensated 

for by proton charge exchange during scattering. 
The measurements described above were car- 

ried out with a large quantity of thin diaphragms 

placed inside the electrode between diaphragms 

2 and 3. We repeated the measurements, using 


the same accuracy, with the diaphragms removed, 


when the potential scattering surface for the pro- 
tons was almost a hundred times greater. The 
agreement of the results showed that the effect 
discussed actually did not occur. 


5. DETERMINATION OF THE COEFFICIENT k 


The value of the coefficient k in formula (1) 
is determined by the geometrical conditions of 
the experiment and by the neutron density distri- 
bution in the plane perpendicular to the beam 
axis. 


Neutron beam on Neutron beam off 
Number of counts in 20 min Number of counts in 20 min Number of 
eee i decay pro- 
Accelerat- Accelerat- ecay Pro- | Accelerat- | Accelerat- tons in one 
3 It- ; It ton and 5 i : i Hydro- : 
g vo ing vo hydrogen ing volt ing volt : min 
age on age off cane age on age off Bons 
864 280 584 81 47 34 PAT 5) 
874 249 625 66 04 KZ 30.65 
917 263 654 80 62 18 ars) 
859 | 280 579 08 58 0 28,95 
823 213 610 80 06 24 29.3 
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To carry out the calculation, involving a nu- 
merical integral, the effective volume of the beam 
was cut up into 900 elements in the form of long 
parallelopipeds along the beam, each having a 
transverse cross section in the form of a square, 
0.3 x 0.3 cm. The number of decay protons inci- 
dent on the aperture of the focusing system from 
the i-th element is proportional to the product 
Pili, where Pj is the neutron density of the 
i-th element and Lj its geometrical “weight.” 
The total number of protons incident on the counter 
from the whole beam volume is proportional to 
XPjLj. This quantity, referred to ZPj, is the 
unknown. 

The “weights” Lj, which depend only on the 
geometrical conditions of the experiment, were 
calculated with an electronic computer. 

The neutron density distribution was determined 
from the activation of a gold foil. For this, the 
gold foil was cut up into 900 squares, which coin- 
cided with the cross sections of the volume ele- 
ments used for the numerical integration, and 
the specific activity of each, which was propor- 
tional to Pj, was determined. Figure 3 illus- 
trates the neutron density distribution in the beam. 


f,rel. units 


FIG. 3. Neutron 
density distribution 
over the beam diam- 
eter. 
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The coefficient k was determined with the 
help of a computer and found to be 7.87 x 10° cm. 
The value of d depends only insensitively on the 
form of the density dependence. For example, 
changing the density distribution by substituting 
a similar one for a somewhat smaller beam diam- 
eter (70 mm) leads to a value k = 7.84 x 10° 
em. The error in the calculation of k was found 
to be due, in the main, to the inaccuracy in the 
given geometry of the apparatus and did not exceed 
some tenths of a percent. 


6. RESULTS OF THE MEASUREMENTS 


Substitution of the values of J, Np, and k in 
Eq. (1) give for the half life of the neutron the 
value* 

T =(11.740.3) min. 


*Here, as in all the other cases, the reduced mean-square 
error is used. 


The reduced lifetime of the neutron is thus fT = 
1180 + 40.* 

For tritium, a value fT = 1132 +40 (refer- 
ence 9) was cited in the literature until recently. 
Not long ago the mass difference for H® and He® 
was measured, and from those data it follows that 
for tritium, fT = 1132 + 40 (reference 10). Thus 
it appears that the fT of the neutron and that of 
tritium are, with good accuracy, identical. If 
use is made of the conection between the quantity 
{T and the ratio of the constants Gq yp and Gr, 
then comparing the fT of the neutron and of of! 
fT = 3103 + 62 (reference 11), we get 


Gar Gr = 1/42 20,08. 
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The value p = 0.72 + 0.10 was obtained for the Michel parameter by analyzing available 
data on the spectrum of low-energy positrons emitted in u*-e* decays in photographic 


emulsions. 


In the study of the anisotropy in the directions of 
emission of positrons from the 1*-y*-e* decay!» 
some indications appeared for low-energy posi- 
trons (< 20 Mev) ofa yu-e correlation which was 
larger than predicted by the two-component neu- 
trino theory.’ Because of this the study of the 
positron distribution in the low-energy region of 
the spectrum became of interest. It should be 
noted that in this region those radiative correc- 
tions to the spectrum are of greatest importance 
which depend on the covariant involved in the decay 
interaction and they affect the spectrum shape as 
well as the yp-e correlation. Consequantly this 
low energy region of the spectrum may be a source 
of information on the type of covariant involved in 
the p-e decay interaction. However this region 
of the spectrum is poorly known. If measurements 
are carried out by electronic methods and the me- 
sons are stopped in a layer of dense matter, the 
spectrum of slow electrons will be strongly dis- 
torted by initial energy losses and by scattering. 
In photoemulsions or in chambers, where the en- 
tire electron track from the decay point is avail- 
able for study, the above mentioned difficulty does 
not occur; however the statistical accuracy of such 
measurements is usually low. _ 

Vatsenberg et al.! measured the spectrum of 
1100 positrons by their multiple scattering in 
emulsion. Analogous spectra,‘ published in re- 
cent years, contain a total of 1850 particles. Thus 
data is available on 2950 positrons where the en- 
ergy of all the positrons was measured by the 
same method under approximately the same con- 
ditions, and therefore this composite spectrum 
may be studied in the low energy region. Such a 
study permits a relatively accurate determination 
of the Michel parameter p. This is possible be- 
cause the low-energy region is most sensitive to 
the value of this parameter. From the expression 
for the positron spectrum as given by the four- 
fermion interaction 


P (e) de ~ 48” [3 (1 — ©) + 2p (4/38 — 1)] de (1) 
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(here ¢ is the positron energy in units of maxi- 
mum energy) it is easy to show that as p varies 
from 0 to 0.75 the relative number of low energy 
particles 


| 
| 
| 
| 
| 


g 
Ne, =\P()de (€<0,3—0.4) 

0 
changes by approximately a factor of two. On the 
other hand those characteristics of the spectrum 
that are determined by high energy particles de- 
pend on p only slightly. Thus, for example, the 
above-mentioned change in p changes the average 
energy of the decay electrons merely from 0.6 to 
0.7. Another circumstance favorable to the deter- 
mination of p is the fact that the low-energy re- 
gion is least affected by the spread in the scatter- 
ing measurements and by bremsstrahlung in the 
emulsion. This can be seen from the figure, 
where we show the positron spectrum for p = 0.75, 
and the same spectrum washed out by the spread 
in the measurements and by bremsstrahlung in the 
emulsion under our experimental conditions. For 
€ less than 0.3 —0.4 the two spectra differ by very 
little. 


Positron spectrum from the 
pt > et decay for p = % (e— 
positron energy, p(s) —decay 
probability): 1 — theoretical 
spectrum, 2—same spectrum 
washed out by instrumental 
errors. 


The experimental data are shown in the table. 
The second column gives the total number of par- 
ticles in the spectrum and the fourth column gives 
the number of particles in energy intervals near 
the beginning of the spectrum. These data are 
subject to two corrections. In the first place, 
low-energy electrons are strongly scattered and 
leave the emulsion, so that the number of tracks | 
of a given length depends upon the energy. This 
effect was estimated by Davies et al.® and by 


LOW ENERGY POSITRONS FROM THE pe =e" (DECAY 723 
Number of Number of low Number of 
Reference | particles in PE nerey energy particles after ° 
spectrum Particles corrections 
0—0.1 Dy 
0.4—0.2 16 o4 0.69+0. 
[2] 1100 0.2—0:3 46 ‘ eae 
0.3—0,4 96 71 0,48+0,14 
| 405 0—0.26 Diy 18 0.41+0.30 
0—0.4 2 
0,4—0.2 14 42 0,95+0,42 
[66758] 1164 0,.2—0.3 36 
0.3—0.4 88 71 0.60+0,13 
O—0.14 3 
0,14—0, 24 8 15 0.83+0.23 
| 286 0.24—0,33 8 
0,33—0. 43 18 15 0,94+0.24 


Bramson et al.,’ and using their results we de- 
duced the relevant corrections; they are not greater 
than a few percent in magnitude for the very lowest 
energies. Secondly, there are corrections due to 
the “washing out” of the spectrum (see figure). 
For our measurements in the energy interval from 
0 to 0.4 this correction amounts to nearly 20%. 
The same correction was applied to the measure- 
ments of the other authors. This is justified by 
the smallness of the correction as well as by the 
fact that for low energies this correction should 
be approximately the same in all measurements, 
performed by the same method, of tracks of ap- 
proximately the same distribution in length. 

After integration we obtain from Eq. (1) the 
following expression for p: 


(2) 


In the sixth column of the table we give p, calcu- 
lated in this manner, for the indicated energy in- 
tervals. The values of p lie in the interval from 
0.41 to 0.95. However, as can be shown by apply- 
ing the x? test, they are in sufficiently good agree- 
ment with each other. Indeed, the extreme values 
of p are accompanied by large statistical errors. 
The average value, weighted according to the error, 
is p =0.72 + 0.06. 

Beside the statistical error one must consider 
the uncertainty in the determination of the scatter- 
ing constant for electrons is emulsion. The ex- 
isting data permit us to conclude that this con- 
stant is known accurate to 2 or 3%. A three-per- 
cent change in this constant corresponds to a 
ten-percent change in the value of p. Another 
source of error is to be found in the corrections 
that were applied. This error, however, is not 
too important since it amounts to only half the 
statistical error. Consequently the indicated 
statistical error should be multiplied by about 


p = 3(4— 3e)/8(1 —e) — 3y,, /8 (e® — &*). 


1.5 to take into account the uncertainty in the 
scattering constant. In conclusion we obtain 


0 = 0,72 0,10. 


This value of p agrees well with the most pre- 
cise determination known" in which, however, the 
main contribution comes from particles at the 
high energy end of the spectrum. Therefore it 
may be said that in the low energy region which 
we studied the spectrum shape is in agreement 
with that predicted by the two-component neutrino 
theory, which in the absence of radiative correc- 
tions gives the value 0.75 for p. 
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Resonance absorption of infrared light in nickel has been detected by a magneto-optical 
method. The resonance wavelength of 4 +0.5y corresponds to the reorientation energy 


of the electron spin magnetic moment in the exchange field of a ferromagnet. 


R ECENT measurements of the magneto-optical 
characteristics of nickel in infrared, visible, and 
ultraviolet light!~* have made it possible to detect 
resonance effects in the region of 1 and 5yu. The 
first of these resonances is due, apparently, to 
electron transitions between the 3d and 4s bands. 
Such a possibility was predicted theoretically in 

a formulation of the quantum theory of magneto- 
optical phenomena.!* 

More interesting is the second resonance, ob- 
served at 5yu. Firstly, such low-energy transi- 
tions cannot be investigated by the x-ray method 
or by the method of discrete electron energy los- 
ses. Secondly, the natural frequency of this reso- 
nance corresponds to the energy of spin flip in the 
molecular field of the ferromagnet, and we may 
be dealing here with exchange resonance. We 
therefore undertook more precise measurements 
in the region of second resonance. 

In this investigation we measured, as previously, 
the change in the intensity of reflected light upon 
reversal of magnetization of the ferromagnet. The 
principal apparatus used for such measurements 
is described in reference 2. Light, polarized in 
the plane of incidence (p wave) is reflected from 
the specimen and strikes one of the junctions of a 
vacuum thermocouple. A portion of the light from 
the same source is aimed with a system of mirrors 
onto the second, compensating junction of the ther- 
mocouple. Before each measurement, the intensi- 
ties of the two beams are equalized. When the 
magnetization of the specimen is reversed, the in- 
tensity of the first beam changes by an amount 2AI, 


*In connection with this, it would be desirable to find an 
analogous resonance at ultraviolet frequencies, where the 
presence of inter-band electron transitions in nickel were es- 
tablished by the x-ray method and by the method of discrete 
electron energy losses. However, progress in the ultraviolet 
region down to 0.3 p is still insufficient to observe the ex- 
pected resonance with certainty. ° 


which is registered by an M21/4 galvanometer 
connected to the output of an FEOU-15 photoelec- 
tron-optical amplifier. Knowing the intensity of 
the light reflected from the specimen, we obtain 
the relative change in the intensity of the light 
during magnetization, 6 = AI/I. 

The specimen was a mechanically polished 
plate of electrolytic nickel, 40 x 40 x 3 mm, 
placed between the poles of a small electromag- 
net. The specimen was magnetized to saturation, — 
i.e., the so-called equatorial magnetization was 
produced. This effect can be analyzed phenom - 
enologically by assuming the ferromagnet to be 
a gyrotropic medium. The dielectric-constant 
tensor is then 


Es) Oe. 
[ce] = lieM € (0) 
0 0 £5 


For a gyromagnetic medium, the magnetic per- 
meability has a similar form. The magneto- 
optical parameter M = M,;,—iM, is a constant 

of the substance and determines the magnitudes 
of all the magneto-optical effects. M, and M, 
can be determined from two independent meas- 
urements made on any magneto-optical effect for 
light of a given frequency. In reference 1 the 
following formula was obtained for the relation 
between 6 and M, and M, 


6 = 2sin 29(M,A—Mb.B) / (A? + B?), (1) 


where A= €, cos? p -q, B=e, cos? y —l1+p, 
p = €; sin? g/(n2+k?)*, q = €, sin? y/(n2 +k?)?, 
€,=n’—k’, ©, = 2nk, and ¢ is the angle of in- 
cidence. Bonetti et al.° considered the general 
case of a bi-gyrotropic medium and obtained an 
analogous formula for a gyromagnetic medium. 
Figure 1 shows the measured values of 6 for 
nickel at various angles of light incidence. Each 
point on the curve was obtained by averaging 40 
readings. The mean-squared measurement er- 
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FIG. 1. Variation of the intensity of reflected light during 


magnetization of nickel, for various angles of incidence: 


@ — 85°, A ~ 80°, x — 75°, W — 60°. 


ror, which was determined for all cases, is shown 


for only one of the curves. 

A singularity is observed on these curves in 
the region from 4 to 8u: the effect reverses its 
sign and reaches a considerable magnitude. This 
is particularly interesting since, according to 
(1), 6 is inversely proportional to n? and k?, 
while n and k increase strongly with increas- . 
ing wavelength. 

Figure 2 shows curves of M,; and Mg, cal- 
culated by formula (1) for the values of 6 ob- 
tained at g = 75° and g = 85°. The values of 
n and k used in these calculations were deter- 
mined from the curves for ¢€,; and €,, obtained 
in reference 6. This is the principal source of 
the possible systematic errors, since the optical 


constants of our specimen may differ greatly from 


the foregoing ones. As a check, measurements 
were made on less pure, non-electrolytic nickel, 


and the results, although lower, were qualitatively 


the same. As can be seen from the curves of 
Fig. 2, the resonance region is clearly shown, 
although the error in the determination of M, and 
M, increases with increasing A. The resonant 
frequency can be determined from the position of 
the maximum of Mbp, i.e., it equals 4+0.5y. At 
this frequency M, apparently reverses its sign. 
The origin of the observed resonance is still 
not clear. One can assume that it is due either 


to electronic transitions between 3d and 4s bands, 


or to spin reorientation in the volume under the 
influence of the light wave. The first explanation 
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FIG. 2. Real and 
imaginary components 
of the magneto-optical 
parameter of nickel in 
the infrared region. 


is generally accepted and the theory based on it 
gives the required order of magnitude for the 
magneto-optical effects .* However, the value of 
the transition energy in our case is ~ 0.3 ev, 
while theoretical estimates of this energy, made 
from the widths of the energy bands, give a value 
of several electron volts. The second explanation 
leads directly to a correct numerical value of 
the resonant frequency,! but no further compari- 
son with experiment can yet be made for lack of 
a theory. The calculation of the exchange reso- 
nance on the base of a model of two interacting 
“sublattices” of s and d electrons gave too 
small a value for the effect,' and exchange reso- 
nance in a ferromagnet with one sublattice is 
generally considered impossible.’ But it has been 
shown recently® that resonant absorption of light 
should be observed at the exchange frequency in 


INS 3 n R A, we n Rk 
4 246 5.3 3.0 4.7 ataliste} 
Ave, 2.9 6.0 4.0 4.8 13.4 
1,4 owl 6.7 4.5 4.8 41550) 
1.6 Baw 1.3 OO 4.9 47-6 
1.8 3.6 sd 5.0 Baill 19.0 
2,0 an Uf 8.5 6,0 5.4 20.6 
D22- | BQ) 9.2 6.5 5.8 Palate: 
250 4.0 9,3 Gee 6.4 23.0 
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any ferromagnet. Further calculations will show 
whether this mechanism can ensure the observed 
value of the effect in the infrared region. If this 
is so, then it is possible, with the aid of the ob- 
served effect, to study the exchange interaction 
in the ferromagnets, and, in particular, to meas- 
ure the exchange integral by direct methods. 
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We have studied the interaction of an electron beam with an independently formed plasma, 
an interaction leading to an appreciable change in the electron energy and to the excitation 
of plasma oscillations. The observed data can qualitatively be interpreted by assuming 
that the electrons form clusters and that these clusters interact coherently with the plasma. 


itr phenomenon of the so-called anomalous scat- 


tering, which consists in that electrons passing 
through a plasma experience a strong interaction 
leading, in particular to the occurrence of anoma- 
lously fast electrons, was already described by 
Langmuir.! In a careful study Merrill and Webb? 
established the connection between this phenome- 
non and the plasma oscillations and in a number 
of later papers further experimental studies of 
this effect were made*~® or attempts were made to 
interpret Merrill and Webb’s experiments.'~'° 
Notwithstanding the progress made in both direc- 
tions, this problem has not lost its urgency and a 
further elucidation of it is not only required as 
far as an additional analysis of the physical phe- 
nomena is concerned, but also with respect to ob- 
taining new experimental data. 

The method applied in the present research 
enabled us to analyze more thoroughly the elec- 
tron beam which passes through the plasma. It 
was also more flexible since it allowed us to 
change independently the plasma parameters and 
those of the electron beam passing through the 
plasma. This possibility was, for instance, al- 
ready present in the work of Polin and Gvozdover 
and of Looney and Brown,® but was not used in the 
direction in which we are interested. 


11 


THE METHOD 


The apparatus studied was a glass tube T 
(Fig. 1) which had a lateral branching tube O. 
Using a liquid-mercury cathode and a system of 
anodes, one can form a plasma in the mercury 
vapors along the tube T. By changing the current 
Iq in the circuit of one of the anodes, we could 
change the concentration of charges of this plas- 
ma, usually within the range from 1 x 10° to 1.5 X 


TOR 


FIG. 1. Diagram of part of 
the experimental apparatus. 
E — oxide heater cathode; 
PA — probe analyzer; G and 
C — grid and collector of the 
probe analyzer. 


10!! cm73. We took care that that part of the ap- 
paratus which contained the liquid-mercury cath- 
ode was removed from the plasma region studied; 
the liquid cathode was in the coldest position and 
at constant temperature, so that condensation of 
mercury at other, hotter places was avoided; the 
mercury vapor pressure was p © 1073? mm Hg. 

As an electron source we could use a tungsten 
filament, a tantalum heater cathode, or an oxide 
heater cathode E. In that part of our research 
which is described here we used mainly an oxide 
cathode. By applying an appropriate potential dif- 
ference between the anode and the emitter E, we 
could introduce an electron beam into the plasma. 
The notation used in the following, for instance, 
E =50v, means that the cathode potential rela- 
tive to the anode was —50 v; the energy of the 
electrons entering the plasma was in fact less 
by 2 v (anode drop). 

In all similar investigations the analysis 
of the velocity of the velocity of the electrons pass- 
ing through the plasma was performed by plotting 


1,2,4,5,11 


728 M. D. GABOVICH 


the normal probe characteristics. Since in that 
case the division between the fast primary elec- 
trons and the “plasma electrons” is impeded and 
since at high energies of the primary electrons a 
strong distortion may arise due to the secondary 
emission from the probe, we employed for such 
an analysis a modulation of the electron beam in 
conjunction with use of probe-analyzer PA. The 
latter consisted of a collector C anda grid G 
(diameter 1.5 mm, wire diameter 10y, width of 
the square mesh of the grid 50u) which screened 
it from the plasma. A relatively small negative 
grid potential Uac produces an overlap of it 

with the ionic film and a delay of the main flow 

of the plasma electrons. A sufficiently large 
positive collector potential (for instance +100 v 
relative to the grid) does not allow the positive 
ions from the plasma to fall upon the collector; 
the collector potential was so chosen that a change 
in it did not produce a change in the collector cur- 
rent. On the collector may impinge: fast primary 
electrons which cannot be delayed by the grid for 
a given potential Uae, a small fraction of the 
plasma electrons, and some fraction of the sec- 
ondary electrons knocked out of the grid. The 
last two components of the collector current are 
weakly affected by the characteristics, and even 
less in the case of a modulation of the electron 
beam. The above-mentioned low-frequency modu- 
lation was realized in such a way that the cathode E 


periodically, during 1/40 sec, was at a chosen nega- 


tive potential, and during the next 1/40 sec at a 
potential close to the plasma potential. The cur- 
rent in the collector circuit was in that case meas- 
ured by means of a narrow-band smplifier (fre- 
quency 20 cps, band width 2 cps) and all effects 
connected with the unmodulated plasma in the 
main discharge were not affected by the charac- 
teristics. In Fig. 2, curves 1 and 2 show the de- 
pendence of the collector current on the retarding 
grid potential PA-—Uge obtained for a small value 
of the electron beam current Ie, when there is no 
anomalous scattering. The fact that the collector 
current becomes equal to zero for a potential less 
than 50v can be explained by the contact potential 
difference between the grid and the oxide cathode. 
The drop in potential between the loops of the grid 
was estimated, and in the most unfavorable case 
was not more than 1 or 2v. For small retarding 
potentials of the grid (Uae < 20v) the behavior 

of the characteristic was discontinuous, for obvi- 
ous reasons. The probe-analyzer with a grid of 
the given geometry could therefore not be used 
for small beam energies. In that case, and also 
in other cases when the PA cannot be used for 
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20 30 40 
FIG. 2. Dependence of the current in the collector (PA) cir- 
cuit on the potential of the grid of that probe (Ig = 0.5 amp, 
E=50v, 1=50 mm). 1—I, = 0.05; 2—I, = 0.8; 3 — Ie = 1.23 
4 Ie = 1.65; 5 — Ie = 2.25; 61s 13/8547) lg =O 
8 —I. = 13 ma. 


different reasons, one can use a normal cylindrical 
probe P with simultaneous modulation of the elec- — 
tron beam. The modulation by itself allows us to 
separate the probe current of primary electrons 
(more exactly, the current of the primary beam 
and the modulated components of the plasma cur- 
rents ) from the probe current, which is connected 
with the unmodulated plasma of the main discharge. 
To indicate the oscillations and to measure 
their frequency, it was most useful to use a double- | 
wire line connected to the cylindrical probe P | 
(length 5 mm, diameter 150). The latter served 
also for a measurement of the plasma parameters. 
In conclusion we note that both probes were 
movable and could be placed at any point in space, 
and their position could be fixed with an accuracy 
of 0.2 mm. By means of a small motor one could 
give the probe P a continuous, uniform motion 
and determine the spatial distribution of the in- 
tensity of the oscillations by an EPP-09 recording 
instrument with a synchronized moving tape. 


ANOMALOUS SCATTERING. THE LIMITING 
CURRENT 


In Fig. 2 the delay characteristics are given for 
different beam currents Ie (E = 50v, Ig = 0.5 amp) 
corresponding to a particle concentration n = 1.6 
x 10!” in the plasma. The ordinates of all curves 
are normalized at the point Uae = 40v. The probe- 
analyzer was at a distance 1=50 mm from the 
cathode. When the beam current is small, say 
Ie = 0.05 — 0.8 ma or less, all curves lie on one 
another (curves 1, 2). When, for the same beam 
currents, the particle concentration in the plasma 
of the main discharge is increased to n ~ 1 X 1054 
the form of the characteristics is not changed. 


SCATTERING AND THE EXCITATION OF PLASMA OSCILLATIONS 


Only beginning with the above-mentioned maximum 
concentration can one notice in the characteristics 
a small increase in-loss, which can be assumed to 
be the result of a diffractive scattering connected 
with Coulomb interaction, as an estimate shows. 
More important effects were observed when the 
beam current was increased. As is clear from 
Fig. 2, starting from some value of the current 

I, (curve 3), there appear electrons undergoing 
a large loss and also electrons with an energy ap- 
preciably higher than their original energy (Lang- 
muir’ was the first to show that these effects set 
in at large beam currents ). 

The strong interactions observed at large cur- 
rents Ie are accompanied by a diffractive scatter- 
ing of the beam. The particular curves of Fig. 2 
were treated as follows. The dependence on the 
beam current of the ratio of the probe currents 
for a value Ugc near the threshold and one some- 
what less [for E = 50v, the ratio Ig (Uge = 47v) 
to Ic (Uae = 40v)] was determined. Starting with 
some value of the beam current Ig, the value of 
this ratio rises steeply and the corresponding 
value of Ig is a limiting current jm. It is of 
interest to determine the dependence of the limit- 


ing current on the beam parameters and the param- 


eters of the plasma with which the beam interacts. 
The data obtained are given in the table. These 
data correspond to an electron energy E = 50v. 
The most important consequence of this table is 
the independence of the limiting current on the 
charged-particle concentration in the plasma. We 
note that for a cathode diameter of 5 mm and E = 
50v a beam with a current Ig = 1.0 ma produces 
along its track a plasma with a concentration of 
charges n ®& 5 X 10° cm™3, so that the independ- 
ence of Ijjm from Ig, which we have established, 
corresponds to a wide range of values for the 
charged particle concentration in the plasma. The 
table discloses some dependence of the limiting 
current density on the cathode diameter, but since 
the measurements were performed only on cath- 
odes of three different diameters, it is premature 
to insist on this sort of dependence. An analysis 
of similar curves shows that the magnitude of the 
limiting current increases approximately linearly 
with the electron energy. 

The problem of the spatial location of the re- 
gion where the observed anomalous scattering 
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takes place is of interest. We cannot use the 
probe-analyzer in that case, since near the cath- 
ode it shows a strong perturbing action on the 
plasma. We therefore used the probe P simul- 
taneously with modulation of the electron beam. 
By taking the probe characteristics at different 
distances from the cathode, we could plot 

Ig (55)/Ig (40) =£(1), where Ig (55) and Ig (40) 
are the currents at the probe for grid potentials 
Uae of 55 and 40v respectively (electron energy 
E = 50v), and J is the distance from the cathode. 
Such a dependence is given in Fig. 3 for different 
beam currents Ig, all above the limiting current. 
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FIG. 3. Dependence of the relative number of anomalously 
fast electrons on the position of the probe (I, = 0.5 amp, 
E=50v). 1—Ie= 1.6;:2 —I, =3.8; 3-1, =7.4; 4=—Ic= 
12.4, 5~— I. = 30 ma. 


It follows from this figure that an increase of the 
electron energy occurs in a certain zone. When 
the beam current Ie is increased, this zone ap- 
proaches the cathode and its width decreases. We 
could detect this zone by a somewhat different 
method and establish that it possesses a structure, 
for instance, it may consist of two separate zones. 
The foregoing characteristics of the delay due 
to the observed diffractive scattering of the beam 
enable us to analyze the electrons only as far as 
the normal velocities are concerned and cannot 
serve to determine the total energy losses of the 
electrons. A specially developed method, which 
will be described elsewhere, made it possible to 
determine that for electron beam energies E = 50 
to 125v and for a current larger than the limiting 
value the average total energy loss of the electrons 
through the interaction with the plasma is 10 to 20%. 
In conclusion we note that when the beam cur- 
rent is larger than the limiting value, one can ob- 
serve an increase in the noise level in the plasma. 


Type of |I,=0.05 amp, n= 1.6-10°/ Iqg70.5amp, n= 1.6:10°°| Ig=5Samp, n= 1.6-10% 
cathode and |_2 : z 
its diameter, | 1j;,,, ma |, jtim, ma/em?| ollim, M4 |Jlim ma /cm Ijim, ma | Jlim» m4 
mm 
Oxide. 3/0.9—1.1| 12.7—15.5 | 0.6—0.8 | 8.5—41,3 | 0.5—0,7 79.9 
Bolts 1264 | 0.81.2 |) 448.4 1,1-1,6 | 5.68.2 
ae RE, guy =zo 8,9—14.5 6—8 7.6—10 6.66.6: | 17 6=240 
Ta 50,741.41 3.6—5,6 (Sh eho. (Ey ee are 
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It was impossible to establish “monochromatic” 
oscillations in the general case. 


EXCITATION AND QUENCHING OF PLASMA 
OSCILLATIONS 


The occurrence of anomalously fast electrons 
can be explained by the production of microwave 
oscillations. However, in the general case one 
does not succeed in establishing monochromatic 
oscillations, as was mentioned above. To find 
such oscillations the condition Ie > jm is nec- 
essary, but not sufficient. Only by an appropriate 
choice of Ie and E one can find such conditions 
that monochromatic oscillations are produced. In 
those cases one observed an easily expressed os- 
cillation zone, the position and width of which de- 
pend both on the beam current (this was estab- 
lished in reference 2) and on the charged-particle 
concentration in the plasma of the main discharge. 
In Fig. 4 we show the spatial distribution of the 
intensity of the oscillations for different beam 
currents, and in Fig. 5 similar curves for differ- 
ent currents in the main discharge, Ig, In the 
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legends to the figures we have also given the rela- 


tive intensities of the peaks (Iogc). It is clear 
that an increase in the beam current strength as 
well as an increase in the current of the main dis- 
charge causes the vibration zone to come closer 
to the cathode and also to become narrower. A 
complete analogy with the influence of these pa- 
rameters on the width and position of the scatter- 
ing zone (see Fig. 3) was observed. It follows 


from Fig. 5 that an increase in the charge-particle 


concentration leads to a decrease in the intensity 
of the monochromatic oscillations produced. In 
Fig. 6 we have given the dependence of the inten- 
sity of the vibrations and their wavelength on the 
current of the main discharge Ig. This figure 
shows the quenching of the oscillations when the 
plasma is intensified and at the same time veri- 
fies the correspondence of the observed wave- 
lengths (experimental points) with the ones cal- 
culated from the equation A = 2mc/w, where 


w = {(4ne? /m) (n+ npi)}, (1) 


and (Np +Np}) denotes the concentration meas- 
ured while the beam passed through the plasma. 
If we substitute in Eq. (1) the concentration of 
charged particles measured without the beam we 


FIG. 4. Spatial distribution of the oscillation 
intensity for different electron beam currents 
(la = 10 ma, E = 40 v). a — beam current I, = 
13.5 ma, oscillation intensity Ig9gc = 200; 
b — I, = 33 ma, Ipgc = 300; c — 1, = 68 ma, 
Iosc = 100. 


FIG. 5. Spatial distribution of the oscillation 
intensity for different currents in the main dis- 
charge (I, = 13.5 ma, E = 40 v). a—I, = 100 ma, 
Igpsc = 60; b — I, = 400 ma, Ipge = 12; c-I, = 
600 ma, Ipsc = 2. 
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FIG. 6. Dependence of the wavelength and the oscillation 
intensity on the current of the main discharge (Ie = 20 ma, 
E = 28 v). 

FIG. 7. The radial distribution of the oscillation intensity 
in the beam passing through the plasma for different currents 
of the main discharge (I, = 20 ma, E = 28 v). 1-—I, =0.01; 
2—I, =0.1; 3 —1, = 0.5 amp. 


obtain the curve for A(np}). If the concentration 
were determined by the plasma produced by the 
beam itself, the line A (np) would be obtained. 

In Fig. 7 we show the radial distribution of the 
oscillations for different currents of the main dis- 
charge. It is clear that the oscillations are 
strongly damped in the direction of the periphery 
of the beam. 


INFLUENCE OF AN EXTERNAL MAGNETIC 
FIELD 


The application of an external magnetic field 
parallel to the direction of the electron beam re- 
duces somewhat the magnitude of the limiting cur- 
rent. For instance, at H=0, E=75v, Ilim = 
1.4 ma, and at H = 100 to 200 oe, Ilim ~ 0.6 ma. 
If prior to application of the magnetic field condi- 
tions were such that oscillations with a well de- 
fined wavelength were observed, the field causes 
a steep decrease in the intensity of these oscilla- 
tions, until it is totally impossible to observe 
them for H ® 30 —50 oe. 


DISCUSSION OF THE RESULTS 


The facts stated above, together with those al- 
ready known, make it possible to give the follow- 
ing picture of the interaction of the beam with a 
plasma. 

In accordance with the prevalent point of 
view2»»»8 we shall imagine that near the emitter E 
at the boundary of the plasma there is a localized 


3 R, mm 


modulating voltage of amplitude AU. According 
to the simplest klystron theory the velocity modu- 
lation of the electrons leads to a localization of 
electron clusters at the position 


losc™= MU} / ewAU = muh / InceAU, (2) 


where vg is the initial electron velocity, w the 
modulation frequency, and A = 27c/w the meas- 
ured wavelength of the electromagnetic oscilla- 
tions. To verify the applicability of Eq. (2) to our 
case we plotted the dependence of the position of 
the localization of the center of the oscillation 
zone Iggg on the wavelength 2». Such a plot is 
given in Fig. 8; to obtain this we varied A by 
changing the main-discharge current Ig. Here 
is also plotted the dependence of the position of 
the scattering zone on A (curve 2). As also in 
the experiments of Merrill and Webb,’ the oscil- 
lation zone is slightly shifted with respect to the 
scattering zone. In Fig. 9 we have given the de- 
pendence Jpgc =f{A); to obtain this we varied A 
by changing the beam current. In all cases one 
could observe a linear dependence Ipgc = f(A), 
corresponding to Eq. (2). A comparison of the 
slope of these curves with (2) enables us to esti- 
mate the unknown AU. From Fig. 8, AU =3.9v 
(E = 28v); from Fig. 9, AU=3.7v (E = 28v) 
and AU=5.7v (E=41v). As we have stated, 
there exists a complete analogy between the be- 
havior of the oscillation zone and the scattering 
zone in those experiments where no monochro- 
matic oscillations are produced. Using our data 
on the anomalous scattering, one can construct 
the dependence of the distance from the cathode 


FIG. 8. The depend- , _ 
me 2mm 

ence of the position of 
the oscillation zone (1) 7 
and of the scattering 
zone (2) on the wave- 
length of the observed 
electromagnetic oscil- 
lations (Ie = 20 ma, G 
E = 28 v). 
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FIG. 9. The dependence of the position of the scattering 

zone on the wavelength for electron energies of (1) E=41v 
and (2) E = 28 v. 
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to the scattering zone 1, on the quantity eq = 
2mc/w where w is the frequency of the plasma 
oscillations; the latter, and hence Aeg can be 
evaluated using Eq. (1) from the experimentally 
determined particle concentration in the plasma. 
The result of such a treatment is given in Fig. 
10. The slope of the straight line enables us to 
determine AU=5.lv (E=50v). The value of 
AU cannot be determined in our experiments in- 
dependently. We can only refer to reference 12 
where, by direct measurements, the existence of 
a variable microwave field with an amplitude of 
several volts was proved. It seems to us to be 
incorrect to compare AU with the spread in the 
electron energy determined at large distances, 
as was done in reference 5. 
pap FIG. 10. The depend- 
ence of the position of 
the scattering zone on 
the wavelength which is 
equivalent to the given 
plasma concentration 

(le =5 ma, 3 = 50 v). 
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From the data stated above we conclude that 
the ideas of the importance of phase focusing can 
be applied to all cases of anomalous scattering, 
independent of whether or not monochromatic 
oscillations are observed. In either case the 
modulation of the electron beam takes place near 
the cathode with a frequency equal to the natural 
frequency of the plasma and a consequent forma- 
tion of clusters leading to a strong interaction 
(vide infra). The difference between them con- 
sists only in the fact that when monochromatic 
oscillations are observed the phase relations 
are satisfied and the necessary inverse coupling 
is maintained constantly, whereas in the other 
case this does not occur. The quenching of the 
monochromatic oscillations described above 
(spreading of the frequency spectrum ) can be 
explained by a disturbance to the necessary feed- 
back and of the phase relations occurring when a 
sufficiently intensive plasma is introduced. 

This quenching of the oscillations occurring 
when an intensive plasma is introduced is, ap- 
parently, connected with the influence of the 
latter on the modulating layer in front of the 
cathode. We shall show in another paper that 
the separation of the region of the modulation 
of the beam from the region where the beam in- 
teracts with the plasma makes it possible to ob- 
serve in the plasma not the quenching of the os- 
cillations, but their amplification and plasma 
resonance. 
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The experimental data given here show that 
a strong interaction occurs in the region where 
the electrons bunch into clusters. It is well 
known!? that when a particle of charge q and | 
mass M passes through a plasma it undergoes | 
an energy loss which can be evaluated from the | 
formula 


4.23 mo®M | 
; ae (3) 
ge (m+ M) 


de wg? 

ax oP In 
where w is the plasma eigenfrequency, vy the 
particle velocity (the formula in this form is valid 
for vy < eq/h). If we assume, for instance, w = 
1x10! sec-!, and q=e=4.8 x10 %esu, M=m, 
Vy = 2.5 X 108 cm see™!, then de/dx = 3.5 10° 
ev cm !, The individual interaction of the elec- 
trons with the plasma can thus not explain the ex- 
perimentally observed loss. 

If we assume that in these experiments a co- 
herent interaction with the plasma occurs! of 
clusters containing a charge q = Ne, where N 
is the number of electrons in a cluster then the 
change in energy per electron will be described 
by the formula 


| 
| 
| 


dz _ ot®N , 1.23 mo? 
dx re ve 0 New i 


(4) 


The number of electrons in a cluster can be esti- 
mated as N =1jS/ew where j is the beam cur- 
rent density and S the cross section for coher- 
ently interacting particles in the cluster. If we 
take jS ¥ im © 1 ma and w=1%x10" then 

N = 2x10, and the quantity de/dx turns out to 
be comparable with the experimentally observed 
magnitude (de/dx ~ 600 ev em"). 

The extension of the scattering zone we shall 
take to be equal to the wavelength of the plasma 
oscillations Ax * Ap] © 2mv)/w. The change in 
the electron energy can then be estimated as fol- 
lows: 


Nees (5) 


If S>Se, where Sg is the cathode surface area, 
the quantity w°*NAp) =f(w). The quantity Ac 
turns thus out to be independent of the particle 
concentration in the plasma. This is in accord- 
ance with the independence of the limiting current 
on the plasma intensity, established by us. Ex- 
pression (4) enables us to explain also the increase 
of the limiting current with increasing initial en- 
ergy of the particles. 

The numerical comparisons given here cannot, 
of course, pretend to give a quantitative explana- 
tion of the observed facts. Indeed, the phenomenon 
is very complicated and can, in particular, not be 
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considered to be uniform; this is illustrated by our 
observations with a probe and visually of an angu- 
lar divergence of the beam (for Ig > I]jm) behind 


the spot where the clusters are localized and by 


the splitting of the beam into separate rays.!® How- 
ever, it seems to us that the considerations given 
above enable us to combine a large number of ex- 
perimental facts into one idea about the importance 
of a bunching of electrons in clusters and about the 
coherent interaction of the latter with the plasma. 


The authors express their gratitude to N. D. 
Morgulis for discussions of the results of this 
paper. 
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Systems are described which permit the attainment and maintenance of temperatures below 
1°K through pumping on He® vapor. Temperatures down to 0.3°K have been obtained over 
a volume of approximately 1 cm? within a transparent glass system. Temperatures of 
0.5°K and higher have been maintained in the presence of a heat influx of 7 x 10-4 W in 

a continuously-operating metal apparatus containing 140 em? of liquid Het. 


As is well-known, experiments at temperatures 
between 1 and 4.2°K are carried out in cryostats, 
Dewars of liquid He* subjected to pumping being 
customarily used for this purpose. At tempera- 
tures below T, = 2.18°K, however, helium be- 
comes a superfluid, and a film of liquid helium 
begins to flow rapidly along the Dewar walls to 
the region of higher temperatures, where.-it evap- 
orates. This circumstance complicates greatly 
the attainment of extremely low temperatures by 
pumping on the helium vapor. The record low 
temperature for He’, 0.71°K, was reached by 
Keesom! in 1932, using for removal of the vapor 
a pump of 675 I/sec capacity. Ten years later 
the same result was obtained by Lazarev and 
Esel’son,? who pumped away the He’ vapor through 
a diaphragm having a very small aperture (0.05 
mm in diameter), using for this purpose a pump 
of relatively small capacity, 15 J/sec. Tempera- 
tures below 0.7°K have not been obtained at all 
by these means. 

The extremely rare helium isotope He® does 
not become superconducting even at the lowest 


temperatures; its use in systems for the attain- 
ment of low temperatures by vapor pumping is 
therefore highly effective. 

At the present time there are, both here and 
in other countries,*** a number of low-tempera- 
ture establishments in which He® is used as a 
working substance for obtaining temperatures 
substantially below 1°K. The present paper is 
concerned with the description of two such sys- 
tems in use at the Institute for Physical Problems. 

The first of these systems is represented 
schematically in Figure 1b, together with the ap- 
paratus for the production of low temperatures. 
This same apparatus is illustrated separately 
in Figure la. The system consists of the double 
Dewar 1 filled with He*, within which is situated 
a smaller, transparent glass Dewar 2, containing 
liquid He® and having a volume of approximately 
3 cm’. The He® vapor is pumped off through a 
thin-walled steel tube 3, 15 mm in diameter, which 
is joined to the inner Dewar by means of the copper 
seal 4. A screen 5, in contact with the liquid He4 
bath, is placed inside the copper coupling to pro- 


He? 


vide shielding against radiation from above. 

Pumping is provided by means of a DRN-50 
mercury diffusion pump (Fig. 1b), of 30 I/sec 
capacity, operating with a forepressure of 25 — 30 
mm Hg. A cold trap cooled with liquid nitrogen is 
connected to the input of the DRN-50. The output 
of the pump is coupled to a coiled tube 6 immersed 
in the liquid He* bath and connected through the 
valve 7 with the innermost Dewar. The coil passes 
in succession through the outer and inner He’ De- 
wars in which temperatures of 1.5 and 1°K, re- 
spectively, are maintained with the aid of separate 
pumps. Due to the low temperature of the He4 
bath, the DRN-50 mercury pump can be operated 
without a forepump, having at its output a pressure 
approximately equal to the vapor pressure of He® 
at 1°K; i.e., 8—10 mm Hg. For use in the attain- 
ment of limitingly low temperatures, as well as in 
the event of a high temperature in the surrounding 
bath, a mechanical mercury Toepler pump NT as 
developed by Danilov’ is connected in series follow- 
ing the diffusion pump. A mercury manometer M, 
permitting measurement of the He? pressure up to 
200 mm Hg is installed at the output side of the 
DRN-50. The He®, condensed and cooled to 1°K 
in the coil, is transferred as needed into the He® 
Dewar 2 through the valve 7. At the end of the ex- 
periment the He® is pumped into a gas cylinder, 
the DRN-50 and mechanical mercury Toepler 
pumps being used for this purpose. Control of 
the quantity of He® collected is accomplished with 
the aid of a mercury manometer M, having a 760 
mm Hg scale. The system containing the He® is 
carefully tested for vacuum-tightness. 

The lowest temperature reached with this ap- 
paratus was 0.3°K (p= 0.002 mm Hg). The tem- 
perature of the liquid He® was determined by 
means of a resistance thermometer R of 30u 
phosphor-bronze wire. The thermometer was 
calibrated in advance against the He® vapor pres- 
sure as measured with a MacLeod gauge. In the 
lowest temperature region the resistance ther- 
mometer was calibrated against the magnetic sus- 
ceptibility of potassium chrome alum. For the 
temperature determinations we employed the 
scale of Sydoriak and Roberts.’ The possibility 
of periodically adding liquid He® made it feasible 
to work uninterruptedly with this system at a low 
temperature for a period of 8 —10 hours, using 
a single charge of gaseous He® (approximately 
3 1). With the pumps shut down, the warm-up of 
the liquid from 0.3 to 1°K occupied no less than 
three hours. 

The second type of system, used for obtaining 
low temperatures over a greater volume, is illus- 
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trated in Figure 2. The layout of the system is 
fundamentally similar to that shown in Figure 1b, 
with the exception that the Toepler pump is re- 
placed by a NVG-2 oil pump® developed at NIVI. 
The gaseous He® condenses in a coil 1 (2 x 0.3 
mm in diameter, 5 m long) situated in the liquid 
He‘ bath, and is introduced through an opened 
valve 2 and a smaller coil 3 into the He® collec- 
tor 4. The coil 3 is formed from a 200 mm length 
of 0.2 mm i.d. capillary tubing. 

The He® flowing through the smaller coil is 
further cooled by the vapors from the liquid evap- 
orating below. The valve 2, in contact with the 
surrounding bath, serves at the same time as a 
shield for radiation coming from above. The He? 
collector 4 is in the form of a copper vessel sol- 
dered to a thin-walled stainless steel tube 12 x 
0.2 mm in diameter and 100 mm long. The upper 
end of the tube is soldered into the body of the 
apparatus. To the bottom of the He® container 
is soldered a strip 5 of copper 5 mm wide and 0.3 
mm thick, in the form of a spiral with a spacing 
of 0.2 mm between the turns. This increase in 
the surface area of the collector in contact with 
the boiling He® is needed for better transfer of 
cold from the coldest surface layer of the He? 
to the walls of the collector. (In the first version 
of the apparatus, without this increased surface 
area, sudden increases in the temperature were 
observed as the He® was cooled, due to boiling up 
of the lower layers of the liquid). The volume of 
the cylindrical portion of the collector was 2.5 
cm’. A copper bulb 6 of approximately 200 cm?: 
capacity was soldered to the He® collector. Liquid 
He! was transferred from the bath into the bulb 6 
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through a valve 7 and a German silver tube 8 (2 x 
0.3 mm in diameter and 160 mm long). The He? 
collector and bulb were isolated from the helium 
bath by means of a vacuum jacket 9. Copper-glass 
seals 10, with platinum wires (0.3 mm in diameter ) 
sealed into the glass, and connected to each other 
with 0.1 mm diameter constantan wire, were used 
to carry twelve electrical leads through the vac- 
uum jacket. 

A screen 11 containing activated charcoal (1.5 
gm) was fastened to the outer wall of the bulb, 
within the vacuum jacket. The jacket was filled 
with Het at a pressure p = 0.5 mm Hg, at room 
temperature, and then sealed off. The presence 
of He* within the jacket reduced the cooling time 
for the bulb and He® collector. At a low tempera- 
ture the He‘ in the jacket was adsorbed by the 
charcoal. The time required for cooling the bulb, 
from the moment pumping was begun on the Het 
bath (T = 4.2°) until a temperature T= 0.5°K 
was reached, including the filling of the bulb with 
He! and the condensation of the He?, did not ex- 
ceed one hour. The time for cooling the He® col- 
lector and the bulb, with the latter containing liquid 
He‘, from T=1.15°K to T=0.5°K, was 5—10 
minutes. 

Pumping on the He® vapor was carried out with 
the aid of the DRN-50 mercury diffusion pump and 
an NVG-2 forepump. The temperature of the bulb 
could be set at 0.5°K or higher by adjusting the 
rates at which the He® was introduced and its 
vapor pumped away, with the aid of the valve 2. 
With continuous circulation of the He’, work could 
be continued as long as the liquid in the outer bath 
was not completely boiled away (5—10 hr). When 
the bulb was cooled down without liquid He‘, the 
temperature could be reduced as far as 0.35°K. 
The principal leakage of heat into the bulb came 
from the bath, through the helium in the tube 8. 
The temperature of the helium bath was main- 
tained at 1.15°K. It should be noted that if an 
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additional valve is installed on the bulb 6 and the 
tube 8 is evacuated, then for small heat inputs it 
is possible to obtain a temperature of 0.35°K with 
the bulb completely filled with liquid He*. The 
temperature within the bulb 6 was determined 
from the He® vapor pressure with the pump shut 
off, and also from the resistance of a thermom- 
eter of 30 phosphor bronze placed inside it. The 
resistance thermometer was calibrated in advance 
against the He® vapor pressure and the magnetic 
susceptibility of potassium chrome alum, and, 
over the temperature range 0.3 —1.1°K, had a 
practically linear temperature dependence. In 
addition, the superconducting transition points of 
wires of pure aluminum, 50y in diameter, and 
cadmium, 67 in diameter, connected in series 
with the thermometer, served as standard points 
with which the temperature measurement could 
be checked each time. 

The systems described above make it possible 
to experiment conveniently over the temperature 
region from 0.3 to 2°K. 
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The resistance of a number of single crystals of tin of various purity has been measured. 
The resistance was deduced from the moment of the forces acting on the specimen in a 
rotating magnetic field. The anisotropy and temperature dependence of the resistance 
between 4.2 and 3.73°K was measured and the residual resistance determined. For the 
purest specimen the residual resistance was about 3.7 x 1071! ohm-cm, which corresponds 


to an electron mean free path of about 3 mm. 


VEER of the residual resistance of 
metals at low temperatures is widely used as a 
convenient method of checking the overall impurity 
concentration, especially when other methods be- 
come insufficiently sensitive (“spectrally-pure” 
metals ). 

The residual resistance method is in turn lim- 
ited in sensitivity because electrons are scattered 
at lattice defects which are not connected with the 
chemical impurities. 

Electrons are scattered: 1) by inter-crystallite 
boundaries if the specimen is not a single crystal; 
2) by dislocations and other lattice imperfections; 
3) by the external boundaries of the specimen. If 
the metal consists of a mixture of several isotopes, 
there must also be an “isotopic” residual resist- 
ance due to the change of zero-point vibrations of 
the lattice produced by the randomness of the iso- 
tope distribution. 

If single crystal specimens of large enough 
dimensions are used, the first source of scatter- 
ing is absent and the third can be considered a 
small correction. The experimental determina- 
tion of the contributions to the residual resistance 
of the second and, especially, the last scattering 
mechanism is a much more difficult problem. 

Measurements on specimens of the highest pur- 
ity, such as those described below, make it possible 
to set an upper limit to the magnitude of these ef- 
fects. We also determined the temperature varia- 
tion of resistance for tin at helium temperatures, 
and its anisotropy. 


EXPERIMENTAL METHOD 


The usual de potentiometric method of measur- 
ing resistance was not suitable for the extremely 
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small resistivities to be measured. Also, fixing 
the leads would have introduced impurities and 
deformed the specimens. 

We adopted a method which does not require 
the fixing of contacts, but depends on the measure- 
ment of the moment of the forces acting on a spher- 
ical specimen in a rotating magnetic field. 

This method has been developed by Regel’! who 
used a frequency of 50 kes for the rotating field. 
For our experiments the frequency had to be much 
less because at 50 kes the field penetration depth 
in our samples would only be tenths of a milli- 
meter, which is small compared both with the 
specimen size and with the electron mean free 
path. This would complicate the calculations and 
reduce the accuracy of the measurements. 

The apparatus used is shown schematically in 
Fig. 1. The spherical specimen 1, of diameter 
12.6 mm, was hung on the torsion balance by a 
quartz fiber. In most of the experiments the 
torsion constant of the fiber was 0.17 dyne-cm. 
The lower part of tube 9, which housed the bal- 
ance, was enclosed by the liquid helium bath. The 
vapor pressure of a small quantity of liquid helium 
at the bottom of tube 9 served to measure the spe- 
cimen temperature. The specimen was in a hori- 
zontal magnetic field, produced by the Helmholtz 
coils 14, which rotated about a vertical axis. 

The magnitude of the field has to be chosen so 
that neither the Hall effect nor the magneto-re- 
sistance effect have any influence. For the purest 
specimens the field was 1.5 to 2.5 oe, and the ef- 
fect of the magnetic field on the results only be- 
came noticeable beyond 5 oe for these specimens. 
Two Helmholtz coil systems (not shown in the 
figure) compensated the earth’s magnetic field. 
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FIG. 1. 1 — specimen; 2 — quartz cups; 3 — mirror; 4 — win- 
dow and lens; 5 — quartz fibre; 6 — spring protecting the 
quartz fibre from breaking under shock; 7 — torsion head; 

8 — lining of soft material; 9 — glass tube, protecting the bal- 
ance from convection currents in the liquid helium; 10 —liquid- 
helium Dewar; 11 — liquid-nitrogen Dewar; 12 — layer of black 
paper for shielding the specimen from radiation; 13 —thin 
aluminium shield; 14 — Helmholtz system of coils on a rotating 
table. 


The whole apparatus was carried on a massive 
foundation, with the Dewar vessel and rotating 
coil separately supported. 

It can easily be shown! that if the frequency 
of rotation of the field is sufficiently small for the 
field in the specimen to differ little from the ex- 
ternal field, the resistance of an isotropic spher- 
ical specimen is given, to a first approximation, 
by the simple relation 


0 = 10-°(4n?/ 15) (R5H2/ TM), (1) 


where p is expressed in ohm-cm, R is the 
sphere radius incm, H the rotating field strength 
in oersteds, T the period of rotation of the field 
in seconds and M the moment of the forces act- 
ing on the specimen, in dyne-cm. This approxi- 
mation is valid for 56> R, where 6=V10%T /27 
is the field penetration depth. The error is less 
than 1% below R/6 = 0.7. 
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In our experiments the period of rotation was 
400 to 500 sec and R/6 was not more than 0.5 
for the specimens with the smallest resistance. 
We verified experimentally that the moment M 
varied linearly with the speed of rotation over 
the range of speeds used. 

Although the condition of slow rotation speed, 
required for applying Eq. (1), was fulfilled, this 
equation was only suitable for rough calculations 
in our case because A) the specimens were single | 
crystals and therefore had anisotropic properties 
and B) the electron mean free paths were large 
at helium temperature (~1 mm). The relevant 
corrections were made in the following way. 

A. One must first take into account the aniso- 
tropy in the electrical resistance of tin, the re- 
sistance parallel to the fourfold symmetry axis 
p|j, being greater than p,, the resistance in any 
direction perpendicular to the axis (tin has a 
tetragonal lattice). 

Allowance must also be made for the departure | 
of the specimen from a spherical shape due to 
anisotropy of the coefficient of thermal expansion. 
Single crystal specimens cast in a spherical glass- 
former which departed from sphericity by less 
than 5u, became slightly flattened ellipsoids of 
revolution on cooling to helium temperature. 

If the field rotates sufficiently slowly the cal- 
culation is straightforward. For an ellipsoidal 
specimen with semiaxes a, b, and c (b=c), 
in which the principal axes of the resistance ten- 
sor coincide in direction with the axes of the 
ellipsoid, and dH/dt is perpendicular to a, the 
moment of the forces becomes 


4n?a5H? = Qk 
M = 10°52 = eee eee (2) 
where k=b/a. If p|j| =p, this formula, after 
slight rearrangement, agrees with the relation for 
isotropic ellipsoids of revolution found by Gans.’ 
For our specimens k=1+¢€, where 0<¢€ «1. 
As ¢€ is small we obtain the approximate relation 


- 4x2 ai? 
p= 10° ar (+ 4e)— ep, (3) 


where p = (p||+p1)/2. With our method of meas- 
urement this quantity is the most convenient pa- 
rameter for comparing one specimen with another. 
In determining the moment M, which enters into 
Eq. (3), the fourfold axis of the crystal was placed 
vertical, i.e., parallel to the axis of the balance. 
Besides the essential quantities H, T, and M, 

it is also necessary, for applying Eq. (3), to know: 
a) the lengths of the semi-axes of the specimen at 
helium temperature, and b) the magnitude of pj, 
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| although it can be seen from (3) that the accuracy 
required in p is not very great. 

a) The specimen dimensions at helium tem- 
perature were determined from measurements at 
room temperature (the accuracy was +2) and 

data on the coefficient of expansion of single crys- 
tals of tin at room temperature,*** which were ex- 
trapolated to low temperatures according to Griin- 
eisen’s rule (according to the temperature de- 
pendence of the specific heat). It was assumed 
that the ratios of the expansion coefficients along 
different axes are independent of temperature. 
As an example, these calculations gave for spe- 
cimen No.5 axial lengths 12.619 and 12.526 mm 
fe = 7.4% 10). 

The value of € at helium temperature can also 
be obtained directly with the apparatus, if the spe- 
cimen is made superconducting. As a magnetic 
field does not penetrate into a superconductor, a 
mechanical moment will act on an ellipsoid in an 
external steady field. Naturally, the field must 
not destroy the superconductivity. If the specimen 
is fixed to the balance so that the fourfold axis is 
horizontal, then the moment of the force is a max- 
imum, M$yax, when the angle between the field 
direction and the axis is 45°. If «<«l1 


8 = Minax / 0.15 H?a°. (4) 


The value of €, obtained in this way, agreed 
well with the extrapolation method described. For 
the same specimen No.5, Eq. (4) gave €=7.7 x 
707, 

b) The measurement of p| was made, ina 
rotating magnetic field, with the specimen hung 
in the same way as for determining €¢€, i.e., with 
the axis horizontal. The deflection of the mirror 
is then not constant, since the angle between the 

_ field and the fourfold axis varies with the rotation 
of the field. The suspension system carries out 
oscillations with a period T/2. The largest de- 
flection occurs when the field is perpendicular to 
the specimen axis. The currents then flow every- 
where perpendicular to the axis, and p| can be 
derived from the greatest deflection of the mirror, 
using the equation 


4n? aH? 
15 TM. 


4n? a> HfA 
10 
Pa 15 TM ax 


=107° 


(14+4s). (5) 


The deflection is a minimum when the field is 
parallel to the axis and is then equal to the sta- 
tionary deflection in the case of the axis being 
vertical, as it should be since Eqs. (2) and (3) 
hold for Mypjn- 

In determining p, we neglected the effect of 
the inertia and damping of the balance, in a mag- 


netic field, on the amplitude of oscillation of the 
suspended system. For our conditions, when the 
period tT of free oscillation in zero field was 
only 0.05 T and the damping in the magnetic field 
was near critical, the error involved is small. 

By solving the differential equation for the motion 
of the balance in a rotating magnetic field, this 
error is found to be proportional to (T/T)? and 
is only 1 or 2% of the amplitude of oscillation of 
the pointer in the rotating field. 

B. The corrections for the long electron mean 
free path, 1, were made in the following way. As 
the scattering of electrons at the boundaries of the 
metal appears to be diffuse, a surface layer of the 
specimen, with thickness of the order of 1, has 
a higher effective resistance peg than the inte- 
rior of the specimen. It is not difficult to solve 
numerically the problem of the magnetic moment 
of a sphere, for which p depends on R, placed 
in a slowly rotating field. As 1«R, Sondheim- 
er’s formula" for a plane can be used for Peff (R). 
We neglected the anisotropy in conductivity and 
took pl =1.05 x 107!! ohm-cm for tin from 
Chambers’ data.» 

The corrections calculated in this way are con- 
siderable (8 — 14% for the purest specimens) as a 
result of which the large mean free path is the 
greatest source of error in our measurements. 
The overall accuracy in the absolute values of 
p are about 5%, while the random errors in indi- 
vidual measurements (due to irregularities in 
rotation of the field, vibration of the balance etc) 
are less than 0.5%. 


MEASUREMENT RESULTS 


Table I shows the results of measurements of 
the resistance of a number of single crystal spe- 
cimens of increasing purity. The resistances of 
the purest specimens, Nos. 4—6, depend appre- 
ciably on temperature in the helium region (see 
Table II). 

For specimen No. 6 py°C /p4.2°K Was 1.0 x 10°, 
but 29°C /P3.75°K = 1-4 * 10°. Owing to the super- 
conducting transition at 3.73°K, the residual re- 
sistivity of these specimens could not be deter- 
mined. The values of residual resistivity given 
in Table I, were obtained by extrapolating the 
temperature dependence of resistance to T = 0. 
Over the range of our measurements (4.2 to 
3.73°K) the dependence of p on T fits the re- 
lation p =p) +bT" with n=5 (see Table II). 

If we take n=5 and derive the values of py 

and b by the method of least squares, the scatter 
of the points from the curve is not more than 
0.2%. If n is taken as 4, the corresponding de- 
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partures reach 0.5 to 0.6% and take on a syste- 
matic appearance. Van den Berg” has found that 
the resistance of single crystals of tin obeys the 
relation p =p) +bT° between 4.2 and 10°K, but 
the value of b which he found is 35% greater than 
ours. It is possible that this difference is due to 
a difference in crystal orientation, which was not 
determined by van den Berg. 

From our measurements of pij/p, for speci- 
mens Nos. 5 and 6 at 4.2 K (see Table I) it fol- 
lows that the anisotropy in b is considerable, with 
by /b, = 1.5 to 1.6. At room temperature pi /p, = 
1.45 (Bridgman*). The value p)/p, =1.3 for the 
least pure specimens (Nos. 1 and 2) presumably 
represents the anisotropy of the residual resist- 
ance for these specimens. Faber and Pippard?® 
found (p) /p,))9 = 1.14 for tin with indium im- 
purity. The difference from our data for speci- 
mens No. 1 and 2 must presumably be ascribed to 
the different impurities. 

The value of py which is given in Table I was, 
for all our specimens, calculated on the basis of 
the data for specimen No.5, given in Table II. 

The accuracy with which pp) can be determined 
is, clearly, small in view of the uncertainties in 
the theory of the temperature dependence of re- 
sistance. If we assume that there is also a term 
proportional to T? in the expression for the re- 
sistivity (due to electron-electron collisions ), 
and its upper limit is determined from the pos- 
sible errors of measurement, then we obtain an 
uncertainty in py for specimens No.4 and 5 of 
about 10 to 15%. For specimen No.6 the uncer- 
tainty in py reaches 20 to 30%. It would be dif- 
ficult to obtain values of py of any reliability for 


tin specimens of even lower resistivity, using 
this method. 

Returning to the causes of the residual resist- 
ance in our specimens, we should point out that 
lattice defects, unconnected with impurities, 
make no significant contribution in specimens 
1—5, since specimen No.6 was produced with 
a significantly lower residual resistance. 

We carried out special experiments to make 
sure that accidental damage to the specimen did 
not influence the results. For example, dropping 
a specimen onto the floor from a height of 1.5 m 
produced no noticeable increase in py). In general, 
mechanical deformation did not affect py appre- 
ciably. We give in Table III some values of p 
for a specimen initially shaped with a chisel, then 
recrystallized, hammered and turned in a lathe 
and finally heated. It can be seen from the table 
that the maximum increase in pg is not more 
than a factor of ten. 


TABLE III. Influence of various treatments 
on resistance (in 1071? ohm-cm ) 


Po/Po Single 

Specimen treatment crystal 
Initial shaping 3-05 
Single crystal i 
Violently hammered and 

turned at 20°C 9.5 
After 40 hrs at 20°C 8.2 
Heating for 8 hrs at 220-— 

225°C. (The specimen 

consisted of 10—20 crys- 

tals with dimensions 

4-8 mm) 1.8 


RESISTANCE OF HIGH PURITY TIN AT HELIUM TEMPERATURES 741 


The residual resistance of specimens 1 —5 
must, therefore, be due to chemical impurities. 
In the last column of Table I we give rough values 
for the total impurity concentration C in parts 
per cent, using the relation C © 20p)/po°c, 
which is based on data in the literature for the 
residual resistance of tin with small impurities 
of In, Bi, and Sb, and also for some specimens 
with known total impurity concentrations (see 
Fig. 2). This calculation only gives an upper 
limit to the impurity concentration in the purest 
specimen, No.6, since a significant fraction of 
its residual resistance could be due to “non- 
chemical” lattice imperfections. The possible 
imperfections are vacancies and other defects, 
produced in the lattice as a result of thermal 
motion at high temperatures and retained on 
quenching the specimen (see Lazarev and Ov- 
charenko,!® who studied the residual resistance 
of quenched gold and platinum wires), and also 
isotopic disorder, mentioned above. It is diffi- 
cult to evaluate the part played by these factors 
with sufficient accuracy. As tin has a high boil- 
ing point (~2500°C) and a low melting point, we 
may expect the concentration of vacancies on our 
specimens to be insignificant (1074 to 10 °%, 
according to rough calculation if we take the heat 
of formation of vacancies to be /, the heat of 
vaporization, as found by Lazarev and Ovcha- 
renko). It is not impossible that such a vacancy 
concentration has a noticeable effect on the re- 
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FIG. 2. The dependence of the residual resistance of tin 
on impurity concentration C (in % by weight). e—Sn+ In, 
A—Sn + Sb, O—Sn + Bi, 0, + — upper limit of concentration 
according to the suppliers’ analysis or from the conditions of 
preparation (+ — our measurements on specimen No. 2). The 
numbers against the points indicate the literature references. 


sistance of specimen No.6. This is even more so 
for the isotopic source of resistance. Natural tin 
consists of a mixture of many isotopes with atomic 
weights ranging from 112 to 124. Pomeranchuk!" 
has given a theoretical estimate of the electron 


mean free path in an isotopically impure metal, 


and for tin this comes to 1— 10 mm, while in 
specimen No.6 the mean free path at 0°K is 3 mm. 

We would like to express our thanks to N. N. 
Mikhaflov, director of the Technical Department 
of the Institute for Physical Problems, who car- 
ried out the purifications, to I. Ya. Pomeranchuk 
for informing us of his results prior to publica- 
tion, and to A. I. Shal’nikov for his interest and 
valuable advice. 
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The short-lived y -radiation produced by pulsed irradiation of 43 elements with 14.5-Mev 

neutrons was investigated. Nine isomer activities with half-lives ranging from 1073 to 

107! sec were detected in Mg, Al, Ge, As, Y, In, Pb and Bi. The half-lives and y -ray 

energies were measured and in some cases the isomer production cross sections were | 
estimated. Besides the Pb??™™ and Bi?°®™ activities all other isomer activities were 
produced in the neutron reactions for the first time. As a result it has been possible to | 
identify a number of the isomers and to discuss the possible decay schemes. 


1. INTRODUCTION 


Tis present paper is concerned with a search for 
and preliminary investigation of nuclear isomers 
with half-lives of 107? to 107! sec produced in re- 
actions with 14-Mev neutrons. Part of the experi- 
ments described below was designed to establish 
or make more accurate measurements on the types 
of reactions which could explain the y radiation 
with millisecond half-lives observed earlier.'~® 

We carried out experiments on the lighter ele- 
ments, for although the existence of isomer states 
is theoretically possible in several of these only a 
few have actually been found. The heavy and me- 
dium elements are of interest because the reaction 
(n, 2n) at 14-Mev neutron energies has a large 
cross section and therefore the mechanism where- 
by this reaction takes place should provide a large 
yield of isomers.! 

We investigated the following 43 elements (Li, 
Gond, My-eAl, 5, Ca, Se, Ti. V, -Mn,. Co, \Ni; 
Zn, Ga, Ge, As, Se, Br, Rb, Cu,. Fe, Sr, Y, Zr, 
Nb; .Mo, Pd, Cd, In, Sn, Te, La, Ce, Ta, W, Au, 
Hg, Tl, Pb, Bi, Th, U) and the effect was found 
for eight (Mg, Al, Ge, As, Y, In, Pb and Bi). 
The energies and the half-lives of the activities 
were measured and an estimate was made of their 
production cross-sections. The negative results 
obtained with 35 elements cannot be considered 
final and the measurements should be continued 
under improved experimental conditions and better 
measurement methods. 


2. APPARATUS AND METHODS OF MEASURE- 
MENT 


1. Neutron monitor, determination of y -radi- 


ation energy and half-lives of the isomer activi- 


ties. The experiments concerned the y -radiation 
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spectra and the half-lives of the isomers produced ~ 
in reactions with neutrons, and an estimate was 
made of the cross sections of several reactions 

that produce neutrons. The y-radiation was re- 
corded during the intervals between neutron pulses _ 

Neutrons were obtained from the reaction 
T(d, n) He* using 500-kv accelerating system 
previously described.* The unsorted ion beam 
was incident upon a thick tritium-zirconium tar- 
get. The neutron pulse was produced by applying 
a square wave pulse of anode voltage to the ion 
source. The square wave was obtained by dis- 
charging a capacitor through a shaping circuit 
consisting of four resonant networks. The capac- 
itor discharge circuit was closed by a photoelec- 
tric relay operated by a light signal from the low 
voltage end of the accelerator. The pulse repeti- 
tion frequency was about 1 pulse per second. The 
target received a rectangular pulse of ion current 
with a duration of 1.3 milliseconds and amplitude 
up to 2 ma; under these conditions 2 x 10? neu- 
trons were emitted per current pulse. 

The neutron monitor consisted of a type FEU- 
19M photomultiplier tube with scintillation screen 
sensitive to neutrons (ZnS on Plexiglas). Pulses 
obtained from the photomultiplier were applied to 
the input of the PS-10,000 (“Floks”) apparatus. 
The average pulse count rate, controlled by the 
neutrons, was of the order of 10 per second (10 
pulses for 1 pulse of ion current). Pulses due to 
possible discharges in the accelerator could in- 
terfere with the measurements, so that for this 
reason the “Floks” scaler was shut off by a spe- 
cial circuit’ and was switched on for 8 millisec 
by means of a photo relay operating from the 
same light signal as the photo relay of the ion 
source. It was during this time interval that the 
ion current pulse took place. The “Floks” sensi-’ 
tivity was set so as to discriminate against pulses 
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caused by Co® y radiation. This made it pos- 
sible to control the sensitivity of the equipment. 
With such a choice of sensitivity, discrimination 
was had also against pulses associated with the 
long period activities produced in the scintillation 
material when it was radiated with neutrons dur- 
ing the period of continuous operation of the ac- 
celerator. The ratio of yield for the reactions 
studied and for the reaction Cu®(n, 2n) Cu® to 
the monitor count was reproducible within limits 
of +10%. The absolute calibration of the neutron 
beam, required for an evaluation of the reaction 
cross section, was carried out with copper indi- 
cators using the yield from the reaction 

CuS8 (n, 2n) Cu®, the cross section for which is 
known.® The copper cross section was taken equal 
to 500 millibarns. 

Measurements of the y radiation from the 
isomers were carried out by means of a NalI(T1) 
crystal (diameter, 29mm, h=13mm ina 
standard duraluminum container) with a type 
FEU-S photomultiplier. Pulses from the multi- 
plier were applied to an analyzer with a grey 
wedge.? This device made it possible to obtain 
a photograph of the amplitude distribution of the 
pulses in a relatively short time interval. The 
resolving time of the device was 3 x 10°° sec, 
the linear portion of the oscilloscope screen 
being 40 mm long. At the maximum sensitivity, 
input pulses with amplitude of 1 v produced a 
deflection of about 40 mm on the screen. 

In addition, the pulses from the FEU-S were 
applied to a single channel amplitude analyzer, !° 
which made it possible to count the pulses in a 
chosen portion of the amplitude spectrum. The 
resolving time of the analyzer was 0.8 x 107° 
sec. The amplifier, which was linear up to 120v, 
had a rise time of 5 x 1078 sec. The bandwidth 
could be changed in several steps from 0.5 to 3v. 
By means of this analyzer we obtained the spec- 
tra of the isomer radiation produced after pulsed 
irradiation of the samples by neutrons. The re- 
sults of these measurements were utilized to es- 
timate the isomer yield cross section. 

To determine the half-life of an isomer, the 
analyzer was set to the photo peak of the inves- 
tigated line, so as to reduce the contribution of 
the background to the total count. The shaped 
pulses arriving from the amplitude analyzer were 
fed to a 16-channel time analyzer." The channel 
bandwidth was variable from 0.1 to 4 x 10~° sec 
and the resolving time of the channel was 0.8 x 
107° sec. The time analyzer was switched in by 
the leading edge of the ion current pulse of the 
accelerator, and the count was started in the first 
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channel with the particular time delay with re- 
spect to this leading edge chosen for each experi- 
ment. The photomultiplier, which was normally 
cut off by a negative voltage on its first focusing 
electrode, was switched in during the measure- 
ments. As a result, the photographs obtained with 
the grey wedge show a spectrum of the pulses, 
whose time distribution was studied, with a re- 
duced contribution from the pulse background. 

The equipment was carried out by means of 
y lines of known energy: Zn®— 1.118 kev, Cs/*4 
— 800 and 600 kev, Cr*!— 323 kev, Hg? — 279 
kev, and Ce!4!— 144 kev. With the crystal and 
photomultiplier used in this work, resolution of 
the Zn® line was 7%. The position of the light 
peak was found not to vary with the intensity of 
radiation, right up to counting speeds of 3 x 104 
pulses per second (integrated count). The in- 
tensity did not exceed this value in our experi- 
ments. 

With pulsed operation, when the FEU-S was 
shut off and then turned on for definite periods 
of time after intensive pulsed neutron bombard- 
ment of the crystal and specimen, we observed 
a change both in sensitivity and resolution of the 
photomultiplier. When the photomultiplier was 
exposed for 300 usec, the resolution became 
somewhat worse but for a period of exposure 
equal to about a millisecond and more the reso- 
lution did not change. 

When determining the energy of the radiation 
studied, the source calibration lines were obtained 
either under the same conditions of photomulti- 
plier operation as for irradiation of the samples, 
or simultaneously with the photomultiplier opera- 
tion, so as to be able to account for possible 
changes of sensitivity in the operation of the FEU 
under pulsed conditions. The sensitivity of type 
FEU-S photomultiplier, when operated continu- 
ously after being turned on, was increased approx- 
imately 10% by the light from the crystal irradi- 
ated by the y-source, and after 20 or 30 minutes 
reached a value that remained constant to within 
1 or 2% during its subsequent operation. After 
cessation of the radiation, the sensitivity of the 
photomultiplier did not change significantly over 
a period of an hour. 

A block diagram of the equipment is given in 
Fig. 1. The entire apparatus enabled us to meas- 
ure the half-lives of isomers with a duration from 
2 milliseconds up to 1 second and energies from 
100 kev to 1.5 Mev. 

The arrangement of the target, sample, and 
crystal is shown in Fig. 2. The tritium target 
was placed on the bottom of a steel cup (thick- 
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FIG. 1. Block diagram of the equipment: 1—pulsed radi- 
ator, 2—photorelay, 3— pulsed ion source, 4—linear accelera- 
tor, 5—delay network,,6—photomultiplier FEU-S with cathode 
follower[Nal(Te) crystal], 7—sixteen-channel time analyzer, 
8—sixteen scalars, 9—circuit for shutting off FEU-S, 10- 
analyzer with gray wedge, 11—amplifier, 12Q—single channel 
differential discriminator, 13—scalar type PS-10,000, 14— 
photorelay and circuit for turning the ‘‘Floks’’ on, 15—photo- 
multiplier FEU- 19M with cathode follower (scintillation - 
screen — ZnS on Plexiglass), 16—scalar PS-10,000, ‘‘Floks.”’ 
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FIG. 2. Experiment geometry. 


ness of walls and bottom 1 mm) and the samples 
were placed between the target and the crystal 
used to detect the y radiation. The distance 
from crystal to sample (x,—x3) was 3.0 cm, the 
distance x3 from the target to the crystal was 
varied from 5.5 to 9 cm, depending on the inten- 
sity of the radiation being studied. In the vicinity 
of the target the amount of scattering materials 
was reduced to the least amount possible. In the 
first experiments, we observed intense y radia- 
tion with E = 470 kev, T,/ = 20 millisec, due, 
as further experiment showed, to aluminum and 
producing a background which interfered with the 
study of other materials. For this reason, alu- 
minum parts of the equipment were replaced by 
steel and Plexiglas wherever possible. A typical 
background spectrum is shown in Fig. 3. During 
operation a shutter could be set over the tritium 
target to cut off the current reaching the target. 
In this case the current pulse started the record- 
ing equipment but no neutrons were present. Ex- 
perimental conditions were chosen such that the 
equipment recorded only the pulses associated 
with neutrons (x-rays, background due to stray 
electrical pickup, etc.). 

Experiments were performed in the following 
order. The background y -radiation was meas- 
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FIG. 3. Background spectrum in absence of sample, obtainek 
by starting the exposure 4 millisec after start of neutron pulse. 
Monitor count, 11,600. 
ured with the gray-wedge analyzer with no spe- 
cimen between target and crystal. The sample 
was then set in place and the y -radiation spec- 
trum was again obtained under the same condi- 
tions as the background spectrum. If new lines 
(other than those of the background) appeared, 
their energy was measured. After this, by means 
of the single channel amplitude analyzer, we se- 
lected a section of the spectrum containing the 
new line and, using the time analyzer, measured 
the time distribution of pulses both with the 
sample and without it. To obtain satisfactory 
statistics, several hundred neutron pulses were 
used. By analysis of the time distribution of y - 
radiation pulses we obtained the half-lives for 
the isomer activities. 

As has been pointed out above, y-radiation 
spectra were obtained for a number of elements 
with the aid of the single-channel amplitude ana- 
lyzer. In these experiments the exposure times 
of the FEU-S were chosen in accordance with the 
half-life to permit the measured activity to decay 
completely during the measurement time interval. 
The amplitude analyzer channel was switched over 
automatically after the monitor had counted a defi- 
nite number of pulses. Recording was accom- 
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_ plished by means of 16 scalers which were simul- 
taneously switched in when an analyzer channel 
was switched over. 

2. Estimates of the Isomer Production Cross 
Sections. We carried out additional experiments 
on some elements to enable us to evaluate isomer 
production cross sections. In view of the fact that 
the mean neutron yield was not large (~ 10" neu- 
trons per sec over a solid angle of 47), we used 
samples of rather large dimensions and placed 
them near the tritium-zirconium target. In this 
case, the dimensions of target, samples, and 
crystal were comparable with the distances be- 
tween them. Cylindrical specimens were used in 
these measurements (2R=4.5 cm and 2R = 10 
cm). The formula for the cross section was de- 
rived by relating the number of neutrons passing 
through a circular section of specimen of thick- 
ness dx atadistance x from the target, with 
the number of pulses at the photopeak due to the 
y quanta emitted by this layer. The first of these 
quantities was measured by means of a copper 
indicator (copper foil 33.6 mg/cm”, diameter 2R, 
located at a distance x from the target during 
irradiation by neutrons); the second was deter- 
mined by model experiments in which the irra- 
diation of the layer dx was, represented by the 
y radiation of a thin y emitter of known power 
located in the same position between sheets of 
the material under study. Here we measured the 
effectiveness of the spectrometer: « (x, E) at 
the photopeak, with allowance for specimen ab- 
sorption. By integration of the effects produced 
by each layer dx we obtained the full count n 
of peaks in the spectra of the isomer radiation, 

a count connected with the cross section o for 
isomer production through the following formula: 


Xe ° 


3 = o¢ynMB (x2 — %) | vP\ E(x)e(x, E)dx. (1) 


xy 


Here ocy is the cross section for the 

Cu® (n, 2n) Cu® reaction, M is the molecular 
weight of the specimen, P the weight of the spe- 
cimen taking into account the isotopic composition, 
vy the mcnitor count when the sample is irradiated, 
B a factor that accounts for the decay in isomer 
activity, x, and x, are shown in Fig. 2, and é (x) 
is a function that accounts for the number of neu- 
trons that have passed through the layer dx: 


E(x) = NouMcu Bou/YouP cuts (2) 


where ncy is the reading of counter AC-2, around 
which a copper foil was wrapped to count the posi- 
trons of the Cu®* decay after pulsed irradiation by 
neutrons, 7 is a factor that accounts for the ab- 
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sorption in the foil and the absorption in the counter 
walls (44.5 mg/cm? aluminum), p is a geometrical 
factor (we assumed the solid angle of the counter 
to be equal to 27, therefore » =0.5), the rest of 
the quantities being those of Eq. (1) but refering 
to experiments with the copper indicator. & (x) 
was measured for several distances x for two 
values of 2R. A graph of these results is given 
in Fig. 4. 
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FIG. 4. The function €(x). 
The abscissa gives the dis- 
tance from the tritium target 
to the copper indicator. A — 
sample diameter 10 cm, 0 — 
sample diameter 4.5 cm. 
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For the measurement of «(x, E), thin y-ray 
sources of diameter 2R were required. By means 
of a counter with a known dependence of sensitivity 
on y-radiation energy,'” supplied to us by V. N. 
Sakharov, we measured the power of Ce!*!, Hg??3 | 
cr*!, Au, Zn°® compounds, which could be con- 
sidered as point sources in the measurements. 
After this, the activities of the sources were uni- 
formly distributed in thin layers around circles 
of diameter 2R. The completed compounds were 
placed between sheets of Mg, Al, In, and Pb at 
various distances from the crystal in a manner 
such as to retain the geometry of Fig. 2. The 
value of €(x, E) was determined as the ratio of 
total count at the peaks to the number of y quanta 
emitted by the source. Figure 5 shows the spec- 
trometer effectiveness for E = 0.411 Mev (Au!) 
for an aluminum sample. Values of ¢(x, E), in- 
terpolated by energy, were substituted in the inte- 
gral of formula (1). For the heavy elements we 
used here the results of measurements of ¢€(x, E) 
on In and Pb, while for the light elements we used 
the measurements on Al and Mg. 

In evaluating the cross-section we did not take 
into account the dependence of oCy on neutron 
energy. Work was carried out on an unsorted 


FIG. 5. Spectrometer é(z)-10° 
effectiveness at the Au'%® 6 | 
line (Ey = 9.411 Mev), 
taking into account the ab- 4 
sorption in (x, —x) cm of 
aluminum. Point 0 corre- 
sponds to a distance of 3 
cm to the crystal. Abscissa 
is (x, —x), em Al. 
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Specimen Ecrey ot Yreys: Belie Cross- Suggested reaction 
Mev millisec section, 
Mg 0.47+0.04 20+1 0.08 | Mg24(n, p) Na 
Al 0.47+0.04 20+1 0.04 | AP? (n, a) Na” 
Ge 0.47+0.01 1644 0.3 — 

As 0.28+0.01 47+4 0.13 | As? (n, n’) As®™ 

Y 0.24+0,01 14+14 = Y89 (n, n’) Y°%" or 
Y8° (n, 2n) Y58™ 

In 0.32+0.04 4Q+2 0.8 In445 (n, 2n) Int!4 

Ph  |0.48+0.01; 0.94+0.02 5+0.5 == Pb208 (n, 2n) Pb205™ 

0.58+0.01; 1.04+0.03] 8-108+1.5-102 | 1.5 Pb28 (n, 2n) Pb? 

Pb? (n, n’) Ppt 

Bi 0.48+0.01; 0.86+0.02} 2.70.3 0.6 Bi2 (n, 2n) Bir 


deuteron beam of unknown composition. The 
errors in the quantities entering into the cross- 
section formula were: & (x) — around 10%, 

€ (x, E) — around 10% for Ey ~ 1 Mev and around 
15% for Ey ~ 100 kev; the ratio of the photopeak 
areas to the monitor count, with allowance for 
some arbitrariness in separating the peaks of the 
pulse spectrum, could be repeated with an accu- 
racy up to 10 to 15%. The factor B in formula (1), 
for Ty, on the order of several milliseconds, was 
known to an accuracy of 10%, while for the long 
half-lives the accuracy was 1 to 2%. The probable 
maximum error in the cross section was 40 to 50%. 
It is for this reason that we consider our measure- 
ments of cross-section as estimates. 


3. RESULTS OF MEASUREMENTS 


The results of our measurements are given in 
the table. 

Bismuth. To check the accuracy of our equip- 
ment, we investigated the isomer activity known to 
us from previous work in our laboratory, which in- 
volved the bombardment of bismuth by 14 Mev neu- 
trons.! In reference 1 the measurements of y - 
radiation energy were quite rough, and we there- 
fore first made a more accurate measurement of 
this quantity. The radiation spectrum of a sample 
of bismuth (weight 962g, diameter 100 mm, dis- 
tance to the tritium target 24 mm) was obtained 
by an analyzer with a gray wedge. The photomul- 
tiplier was exposed for 24 millisec, 4 millisec 
after the start of the neutron pulse. One of the 
spectrum photographs obtained is shown in Fig. 6. 
Two y lines are clearly visible. The energies 
of these lines, determined from several photo- 
graphs, are 0.48 + 0.01 and 0.86 + 0.02 Mev. 

The results presented here and below are aver- 
aged over several experiments, while the errors 
are the mean deviations from these results. 

The half-life was determined by means of the 
time analyzer, with the single channel discrimi- 
nator set to each of the two y lines of the spec- 


0 as 3 Mev 

FIG. 6. Spectrum of Bi specimen. Two lines are seen, cor- 
responding to energies of 0.48 and 0.86 Mev. The photomultiplie2 
was exposed for 24 millisec, 4 millisec after start of neutron 
pulse. 
trum. Measurements on both lines gave T,/ = 
2.7 + 0.3 millisec. To ascertain whether the 
0.48-Mev line belongs to the bismuth spectrum 
and is not the sum of a background 0.47-Mey line 
and a Compton-effect 0.86-Mev line, we performed 
the following experiment. The channel of the pulse 
analyzer was first set to that point in the pulse 
distribution at which there is a Compton peak 
with energy 0.86 Mev, and then to the 0.48-Mev 
line. A count was taken for equal monitor indica- 
tions. At these same conditions, we measured 
the background radiation. It turned out that the 
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difference in count caused by the radiation of Bi 
_ was twice as great at the 0.48-Mev line as at the 
Compton peak, which proves the actual existence 
of two y lines. 

The results obtained agree with the data in pre- 
viously published papers. In the bombardment of 
bismuth by fast neutrons,' radiation with TiA= 
2.4 millisec was found and ascribed to i208” In 
the irradiation of bismuth by y quanta in the 
24-Mev betatron,' an isomer activity was found 
with Ey = 500 + 20 and (930 + 30) kev and 
Ti2 = (2.7 + 0.3) millisec. On bombarding bis- 
muth with 20-Mev protons? an activity was found 
with Tip = (3.0 + 1) millisec. In the same work, 
upon bombardment of lead by protons, radiation 
was observed with E,, = 0.7 Mev and with ap- 
proximately the same Tip = (2.0 + 0.5) millisec. 
According to our measurements, carried out on 
the 0.86-Mev line, the cross section for the bis- 
muth isomer production was estimated to be 
0.6 x 10°*4 em*. This comprises ~0.3 of the 
cross section for the reaction Bi2°?(n, 2n) Bi2%, 
for which statistical theory gives 2.2 x 10 *4 cm’. 
An estimate of the multipole nature of the transi- 
tions based on the Montalbetti!® nomogram, for 
the measured energies and periods, does not de- 
termine which of these transitions is the first in 
the cascade. Thus, for a transition energy of 0.48 
Mev, an M3 transition is possible (the nomogram 
yields for this energy T, /2~ 45 Xx 1078 sec, which 
in view of the low accuracy of the nomogram, is 
close to the measured period). For an energy of 
0.86 Mev, the same M3 transition is possible 
(Ti. ~ 107° sec). In view of the fact that M3 
transitions are the most common for odd-odd 
nuclei, it is possible to suggest that in this case 
the first transition to take place in the cascade is 
M8. Here, regardless of which transition takes 
place in the ground state, the difference in mo- 
ments of the ground and first excited state cannot 
be greater than 3. To explain the large probabil- 
ity of isomer production in the reaction 
Bi (n, 2n) Bi™ and the small yield of this isomer 
in the reaction Pb(p,n) Bi™ observed in refer- 
ence 2, we can assign, for exarmple, a spin of 9 
to the (480 + 860) kev level. 

The possibility of the Bi?™ isomer produc- 
tion was not analyzed in detail, but existing re- 
sults make it possible to assign a lower proba- 
bility to this possibility. 

Magnesium and aluminum. For a number of 
light alloys with A < 30, in which filling of the 
P3/2 and ds3/2 shells occurs, two odd nucleons 
give rise to a configuration with a large value of 
spin in the ground state [for example Bi!® (3*), 


Na” (3*), Na@4(4*), Al2@(5*), Al28(3*)]. If 
low lying excited levels with moments 0 and 1 
exist for these configurations, these states will 
be isomeric. Indeed, a long-lived isomer of 
Al?6™ has recently been found.!4 Existence of 

a millisecond Na#™ isomer is also theoretically 


_ possible. However, many experimental attempts 


to find the isomer Na”* have so far led to nega- 
tive results.4 

In view of the great interest presented by the 
possibility of the existence of isomers in so many 
light nuclei, we investigated Na*4™, which can be 
obtained either by the radiative capture of slow neu- 
trons by Na?’, or in the reactions Al?’ (n, a) Na”4 
and Mg"4 (n, p) Na”, 

A sample of metallic aluminum (weight 159g, 
diameter 44 mm, distance from target 58 mm) 
was irradiated in the direct neutron beam. In 
the y-radiation spectrum we found a line of 
(0.47 + 0.01)-Mev line with a measured half-life 
of (20 +1) millisee. The cross-section for the 
production of a 0.47-Mev level was estimated to 
be 0.04 x 10-74 em?. 

The found y line was ascribed to an isomer 
state Na**™, In view of the fact that the cross 
scction for the reaction Al?’ (n, aw) Na*4 is 0.12 
x 10°*4 em?,8 the ratio of the cross section for 
production of an isomer state to the reaction 
cross section is ~ 0.3. 

To check the correctness of the isomer iden- 
tification we irradiated metallic magnesium 
(weight 100g, diameter 44 mm) under the same 
conditions. The measured half-lives were the 
same as in the case of aluminum. The cross- 
section for Mg is 0.08 x 107-4 em?. 

In reference 15, Na*4™ was identified through 
study of the decay of Ne*4 (Ey = (472 + 5) kev, 

5 = Ti = 50 millisec). 

These results, as well as the circumstance 
that a 0.47-Mev line is observed in the irradia- 
tion of Na”? by thermal neutrons,'® confirm our 
assumption that the observed y radiation is asso- 
ciated with the production of the Na™4™ isomer in 
the (n, a) and (n, p) reactions with Al and Mg. 

Germanium. Pulsed irradiation of a specimen 
of metallic germanium (weight 17g, thickness 
3 mm, distance to tritium target 27 mm) was ac- 
companied by y radiation with Ey = (0.17 + 0.01) 
Mev anda Ty, = (16 +1) millisec. In spite of the 
intense background, the line that appears during 
the irradiation of germanium in the spectrum ob- 
tained by means of an analyzer with a gray wedge, 
is distinctly visible. The cross section for pro- 
duction of a 0.17-Mev metastable level is esti- 
mated to be 0.3 x 107*4 cm?. 
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FIG. 7. Spectrum of As. The 0.28 Mev line, not found in the 
background spectrum, is quite pronounced. The photomultiplier 
was exposed for 134 millisec, 4 millisec after start of neutron 
pulse. Monitor count — 21,400. 


We assume that the radiation found, as well as 
the radiation observed previously in the irradia- 
tion of Ga by protons,? belong to one of the isomers 
of Ge or Ga. 

Arsenic. Among the elements with atomic num- 
bers from 60 to 80, a considerable number of isom- 
ers is known. For this reason, an investigation of 
millisecond isomers, for a number of such nuclei, 
is of particular interest. 
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Upon irradiation of a sample of metallic arsenic} 


(weight of sample, 43g, distance to tritium target, | 
40 mm), we observed a short-lived y activity | 
with an energy of 0.28 + 0.01 Mev. This spectrum 
is shown in Fig. 7. Along with the new line 0.28- 
Mev line, a background line is also seen at 0.47 
Mev. Half-life measurements for the 0.28-Mev 
line gave Ty/2 = (17 +1) millisec. The graph 
for the determination of the period is given in 
Figzo- 

An estimate of the cross section for the pro- 
duction of isomers in this reaction gave a value | 
of 0.13 x 10°24 em*. The spectrum obtained with | 
the one-channel differential discriminator used | 
to estimate the cross section is shown in Fig. 9. | 
The found y activity apparently belongs to As, 
which is formed by the reaction Ago i(nens) Noe 
in good agreement with the results obtained by 
other authors. As a matter of fact, it has been 
shown in reference 18 that the y radiation with 
Ey = 0.28 Mev, which accompanies K capture 
by Se”, is a delayed radiation with T, /2 = 
(18 +).5) millisec and may be ascribed to the 
isomer As®™, 

In the irradiation of As in a 24 Mev betatron, 
an activity was obtained with Ey = (305 + 15) kev 
and Ty, = (12 43) millisec. The y-radiation 
found? upon irradiation of Ge by 20-Mev protons 
with Ty. = (17.5 + 2) millisec and Ey = 0.31 Mev 
evidently also belongs to As®™, which is produced 
in the Ge'®(p, 2n)As®™ reaction. 

Yttrium. A sample of yttrium oxide Y,O3 
pressed into the shape of a disc with diameter 44 
mm (weight 20g, distance to tritium target, 
~20 mm) was irradiated. At first an attempt 
was made to find the well known isomer Y®M 19,4 
with T,/, = 0.37 millisec and Ey = 393 kev How- 
ever, we did not succeed in finding it since the 
minimum delay after the start of neutron pulse 
could not be made less than 2 millisec (the neu- 
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tron pulse did not have a sufficiently steep trail- 
ing edge), and our equipment did not allow us to 
measure activities with so short a period. 

For photomultiplier exposure times of ~ 100 
millisec it was possible to find activities with 
Ey = (0.24 + 0.01) Mev and Ai ee) alli - 
sec. This same isomer activity (Ey = 0.2 Mev 
and Ti/, = 13 millisec) was evidently observed 
earlier, when yttrium was irradiated by fast pro- 
tons.? From an analysis of the cross reactions it 
follows that this is either the isomer Y®™ ob- 
tained in inelastic scattering of neutrons and pro- 
tons, or the isomer Y®™ obtained by us in the 
reaction Y®(n, 2n) Y®™ and by Letpunskif et 
al.® in the reaction Y®®(p, pn) yY8™, From Mon- 
talbetti’s nomogram it follows that the E3 tran- 
sition corresponds to this isomer. 

The assumption that the observed y radiation 
belongs to Y°8™ and that the 240-kev level in the 
scheme of reference 17, shown in Fig. 10, has a 
moment (1*), evidently is in disagreement with 
reference 19, since it is difficult to explain the 
absence of 8 decay of Zr® at this level. More- 
over, another unexplained fact is the absence of 
this activity in the irradiation of strontium by 
fast protons [Sr® (p,n) y8]° and of yttrium by 
y quanta [ Y® (yn) Y®].‘ If, on the other hand, 
we assign to the 240-kev level of Y®™ a moment 
(7*), then these difficulties disappear: the 8 de- 
cay of Zr® is strictly forbidden at this level, 
while the probability of exciting the (7*) level 
in the reactions Sr®*(p,n) Y® and y*®(y,n) y® 
is small because the Sr® spin is 0*, while the 
Yy® spin is 34>. In this case we can also explain 
the relatively large yield of isomers in the (n, 2n) 
and (p,pn) reactions: the average moment of the 
residual nucleus may be = 4, which will lead to 
a large probability of transitions to the 7” level. 
For this reason, it seems to us that the assump- 
tion about Y®™ deserves serious attention and 
shouid be very thoroughly studied. 

Indium. Upon irradiating a sample of indium 
(weight 54g, diameter 40 mm, distance to target 
24 mm) we observed a y -activity with energy 
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FIG. 10. Level scheme for Y*®. 


(0.32 + 0.01) Mev and a half-life (42 + 2) milli- 
sec. The cross section estimated from the meas- 
urements with the single-channel analyzer comes 
to 0.8 x 107-4 em. 

The following circumstance is of interst. A 
known regularity is noted when we study the tabu- 


lated data on the decay of the odd-odd isotopes of 


indium. In In!° and In!!? we observe an M3 
isomer transition, while in In'!* and In!® the 
transition of the E4 type. If we plot log (TA?) 

as a function of Ey for this type of transition, 

the experimental points will in general lie on a 
straight line. If we pass such a straight line 
through the points for In!!° and In!!?, we find 

that there may be an M8 type transition in In!!4 
with energy 0.3 Mev and a half-life of some tens 
of millisec. Bearing this in mind we can assume 
that we have observed the radiation of In! which 
is obtained from the reaction In‘! (n, 2n) In!!4, 
The experimental point fits rather well the straight 
line drawn through the known points for In!” and 
In!!2_ To explain the large isomer -production 
cross section one should assume fhat the y tran-— 
sitions from the highly excited states which have 

a large moment after emission of two neutrons 
take place, basically, at the 8* isomer level which 
is 320 kev away from the known 5° level.!" 

The assumption that the observed radiation 
belongs to In!!4 is confirmed also by the results 
of other workers. When Cd was irradiated by 
20 Mev protons, a y-activity was observed? with 
Ey = 0.28 Mev and Tip = (47 +10) millisec. 

An analysis of thresholds shows that the most 
probable reaction is Cd!!(p,n) In!"4. 

As a result of a photonuclear reaction, an ac- 
tivity was produced? with Ey = (0.312 + 0.01) Mev 
and Ty/, = (49 + 10) millisec. Evidently the re- 
action that took place was In!15 (yar) loge 

In conclusion, let us note that the magnitude of 
half life estimated from the Montalbetti nomogram 
for In!!4 and the M8 transition, is equal to 25 x 
10 2 see and is sufficiently close to the one ob- 
served by us. 

Lead. During irradiation of a metallic lead 
specimen (weight 1448 g, diameter 100 mm, dis- 
tance to target 24 mm) we observed a short-lived 
activity with a complicated spectrum. To deter- 
mine the nature of this activity we obtained the 
y -radiation spectrum of lead for various delays 
after the start of the neutron pulse. If the photo- 
multiplier is exposed for 60 millisec and a 4-mil- 
lisec delay is used, we can distinguish in the 
spectrum of Fig. 11 four y lines: Ey, = (0.48 + 
0.01) Mev; Ey, = (0.58 + 0.01) Mev; Ey, = (0.94 
+ 0.02) Mev and Ey, = (1.04 + 0.03) Mev. How- 
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FIG. 11. Spectrum of Pb. Photomultiplier exposed for 60 
millisec with 4 millisec delay after start of neutron pulse. 


ever, if we expose the photomultiplier for the 
same period of time but use a delay of 35 millisec 
(Fig. 12), we can see clearly only two lines, yp» 
and y,, which belong to the known lead isomer 
Pp2? (Ty: = 0.8 sec). The intensity of the y, 
and y3 lines is greatly reduced in this case and 
therefore they have considerably shorter half- 
lives than y, and yy. 

Measurements of the half-lives showed that 
the lines with E= 0.48 and 0.94 Mev have 
Ti/2 = (5 +0.5) millisec, while the lines with 
Ey = 0.58 and 1.04 Mev have a half-life of 
(0.8 +15) sec. The latter result is in good agree- 
ment with the data in the literature pertaining to 
the study of the Pb?"’"™ isomer (for example, in 
reference 20, Ey = 0.50 and 1.0 Mev and Tip = 
0.9 sec). To decide whether the 0.48-Mev line 
belongs to lead and whether it occurs in the cas- 
cade with the 0.94-Mev line, we performed an ex- 
periment similar to the one described above for 
bismuth. The measurements showed that both 
lines, with an activity of 5 millisec, have approx- 
imately equal intensities. 

Let us note that this activity has not been ob- 
served previously in lead bombarded by neutrons. 
In reference 2a y radiation with energy ~ 0.9 
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FIG. 12. Spectrum of Pb. Photomultiplier exposed for 60 
millisec with 35 millisec delay from start of neutron pulse. 


Mev and a similar period (T,, = 6.5 millisec ) 
was noted upon irradiation of Tl by protons. 
Comparing these data, we ascribed the isomer 
activity to Pb? obtained in our work from the 
reaction Pb?" (n, 2n) Pb?%™ and obtained in ref- 
erence 3 by the reaction T12% (p,n) Pp, 

The existence of the Pb?™- isomer was pre- 
dicted by Pryce”! as the result of a theoretical 
computation of the Pb?" levels, based on the 
shell model. The energy predicted for the tran- 
sition, 0.4 + 0.2 Mev, and the half-life of several 
milliseconds do not contradict our data, but ac- 
cording to Pryce’s calculation this transition must 
take place at a level of 703.3 kev with a moment of 


Vir and, therefore, is accompanied by y radiation 


of this energy or less. 

From our estimates, the cross. section for the 
production of isomers with 0.8 sec activity, at the 
1.04 Mev line, is 1.5 x 107%4 em?. 

In conclusion we consider it our pleasant duty 
to express our gratitude to O. I. Lefpunskif for 
his significant aid to the work, to O. B. Likin, 

N. M. Meleshin, N. K. Parshenkov, V. A. Shaba- 
shov for the development and the adjustment of 


the equipment, and also to Yu. Ya. LapitskiY, A. V. 


MILLISECOND HALF-LIFE ISOMERS 


Gusev, V. S. Ionov, and D. F. Veprintsev, for fault- 
less operation of the pulsed-neutron equipment. 
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The magnitude of the shift of the Curie point due to pressure and spontaneous deformation 
of the lattice is computed from the data on the measurement of the temperature dependence 
of magnetostriction in an alloy close to Fe3Pt. It has been found that these quantities de- 
crease with atomic ordering in the alloy. It is concluded that atomic ordering in the Fe3Pt 
not only changes the magnitude of exchange interaction but also the nature of its dependence 


on the interatomic distance. 


le The alloys of the system Fe-Pt are character- 
ized by a number of extremely interesting mag- 
netic properties. Compounds close to Fe3Pt dis- 
play unusually sharp ferromagnetic anomalies in 
the thermal expansion coefficient! and strong mag- 
netostrictive properties .” The manner in which 
both these properties manifest themselves depends 
on the heat treatment the alloys are subjected to, 
because atomic ordering takes place in this proc- 
ess. At the same time, a considerable change 
occurs in the Curie temperature. In alloys con- 
taining a large amount of Pt, i.e., those close in 
composition to FePt; and having suitable atomic 
ordering, antiferromagnetism is observed.’ All 

of these considerations make the Fe-Pt alloys 
extremely interesting subjects in which to study 
the effect of atomic ordering in the lattice on the 
character of the exchange interaction. 

We have undertaken in the present paper an in- 
vestigation of the influence of atomic ordering on 
magnetostriction which accompanies the paraproc- 
ess in alloys close to Fe3Pt in composition. In 
an earlier paper one of the authors showed! that 
on the basis of an investigation of this magneto- 
striction (especially in connection with measure- 
ments made in the vicinity of the Curie point) it 
is possible to obtain information on the character 
of the dependence of the exchange interaction on 
the interatomic distance. For this reason the 
main attention in our work has been directed to 
the magnetostriction of the paraprocess in the 
alloy indicated, without going into all its other 
magnetic properties. 

2. For this investigation, we chose an alloy 
containing 58% of Pt by weight, 42% Fe by weight, 
close in its stoichiometric composition to Fe3Pt. 


The Kurnakov point for this alloy occurs in the 
vicinity of 900 or 1000°C. 

The alloy was prepared, in the form of a small . 
rod of length 150 mm and diameter 3 mm in an in- 
duction furnace, by pulling the melt in a quartz 
tube in vacuum. The rod was subjected to a hom- 
ogenizing anneal at a temperature of 1020°C with 
subsequent water quench, which fixed the non- 
ordered state. The ordered state was produced 
by annealing at 600°C (below the Kurnakov point ) 
with various periods of heat treatment (20 min- 
utes, 1 hour 20 minutes, 4 hours 20 minutes, 12 
hours ). 

After each anneal, magnetostriction vs. tem- 
perature curves were obtained by using a remote 
wire strain gauge, which has been previously de- 
scribed in detail (see, for example, reference 4). 
Curves of the magnetization as a function of the 
temperature were also obtained. The precision 
of magnetostriction and magnetization measure- 
ments was +5% and +2% respectively. 

3. Figure 1 shows the curves of magnetostric- 
tion as a function of the temperature for a sample 
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FIG. 1. Dependence 
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alloy of 58% Pt, and 

42% Fe (by weight) in 
the quenched condition 0 | 
(in water at 1020°C). 
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in the ordered state (water quenched at 1020° C) 
obtained in various magnetic fields. The appear- 
ance of these curves is characteristic for the mag- 
netostriction of the paraprocess: as the tempera- 
ture increases the magnetostriction of the para- 
process increases and reaches a maximum in the 
vicinity of the Curie point. As the degree of or- 
dering increases (with various durations of an- 
neal at 600°C) the character of the curves changes 
(see Figs. 2 and 3). Along with the magnetostric- 
tion of the paraprocess, magnetostriction appears 
as a concomitant to the processes of displacement 
and rotation; the latter is reduced monotonically 
with an increase in temperature and practically 
approaches zero at the Curie point. Superposition 
of both types of magnetostriction leads to a “saddle 
shaped” type of curve which is quite evident in 
Figs. 2 and 3. As the degree of ordering increases 
the magnetostriction of displacement and rotation 
becomes predominant while the magnetostriction 
of the paraprocess is reduced. Simultaneously 


_ the Curie point moves up from 70° to 170°C. 


In Fig. 4 we have the curves of magnetostric- 
tion as a function of the square of the specific 
magnetization for an alloy annealed over a period 
of 1 hour 20 minutes at 600°C. It is evident that 
in the region of the paraprocess 2 is a linear 
function of o?. An analogous dependence is ob- 
served in the sample for other degrees of order- 
ing as well as in the non-ordered state. Curves 
of this shape make it possible to determine not 
only the magnitude of the spontaneous magnetiza- 
tion dg (by extrapolating the straight portions 
of the curves in Fig. 4 down to the abscissa) but, 
as has been shown in reference 5, we can also de- 
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“0 4—at 1920 oersteds. 


0 50 100 150 ~ 20046 


FIG. 3. The same as in Fig. 1 after anneal at 600°C (12 
hours). 
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termine the magnitude of the spontaneous defor- 
mation of the lattice Ag (by the extrapolation of 
the straight portions of Fig. 4 to the ordinate axis 
— see dashed lines). Figure 5 shows Ag asa 
function of oe. Both quantities A, and o% were 
determined by the method given above. The re- 
sults of the measurements correspond to conclu- 
sions drawn from thermodynamics (see refer- 
ence 6), according to which 


hs = V6 192, (1) 
where y is the coefficient for the spontaneous 
deformation of the lattice. It follows from Fig. 5 
that the largest value for y is obtained for an 
alloy in the non-ordered state. The coefficient y, 
and therefore the magnitude of the spontaneous 
lattice deformation, become smaller as the degree 
of ordering in the alloy increases. 

4. Making use of the thermodynamic theory for 
ferromagnetic transformation® and data obtained 
from measurements on the magnetostriction as 
a function of temperature in the vicinity of the 
Curie point, we can compute the magnitude of 
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FIG. 5. Spontaneous lattice deformation as a function of 
the square of the spontaneous magnetization in an alloy con- 
taining 58% Pt by weight, 42% Fe by weight, for various 
degrees of atomic ordering: 1— quenched condition, 2— anneal 
for 20 min., 3— anneal for 1 hour 20 min., 4— anneal for 4 hours 
20 min., 5— anneal for 12 hours. 
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FIG. 6. Thermodynamic coefficient « as a function of the 
temperature in the vicinity of the Curie point for an alloy con- 
taining 58% Pt and 42% Fe (by weight), for various degrees 
of ordering: 1— quenched condition, 2— anneal for 20 min., 
3—anneal for 1 hour 20 min., 4—anneal for 4 hours 20 min., 
5 —anneal for 12 hours. 


the temperature shift of the Curie point as a 
function of the pressure: 


d0 /dP = — 1/ a. (2) 


Here y can be determined from relation (1), and 
Q@@ is the derivative of the thermodynamic coeffi- 
cient a with respect to temperature obtained 
from the curves of the true magnetization in the 
vicinity of the Curie point (see, for example, 
reference 6). Figure 6 shows the curves of a(T) 
obtained for our alloy for various degrees of order- 
ing. The quantity a@ may be determined by pass- 
ing a tangent to the curve for @(T) as the point 
a=0. Substituting y and a@ in formula (2) we 
can determine the value of d@/dP for our speci- 
men. In Fig. 7 we note that d@/dP falls off asa 
function of ordering, while © itself increases. 

5. The value of d@/dP can serve as a quanti- 
tative characteristic of the variation of the ex- 
change integral with volume or interatomic dis- 
tance.4 As a matter of fact, if we bear in mind 
that © =zA/2k, where A is the exchange inte- 
gral, z is the coordination number for the lat- 
tice, k is the Boltzmann constant, and k = 
—dw/dP (x is the compressibility coefficient, 

w is the relative volume change), we can write 


d®@ /dP = (—zx/ 2k) (dA | do). (3) 


From this it follows that the larger the quantity 
d@/dP the stronger is the dependence of A in 

the present ferromagnetic material on w or on 
the interatomic distance (dA/dw is the “curva- 
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FIG. 7. 1—effect of Curie point shift on the pressure, 
d@/dP, 2—coefficient y, which determines the magnitude of | 
the spontaneous lattice deformation, 3—the Curie tempera- 
ture @, all vs. the degree of ordering. 


ture” of the exchange integral if we neglect the 
s-d exchange interaction). 

In accordance with the above, the curvature of 
the exchange integral for our alloy is especially 
large in the non-ordered condition; the curvature 
is reduced in the transition to the ordered state 
or to a partial atomic order. A large magnitude 
for the “curvature” of the exchange integral in 
the non-ordered alloy Fe3Pt must give rise to 
large values of spontaneous lattice deformation 
and as a consequence of the latter to considerable | 
ferromagnetic anomalies in the thermal expansion... 
This oo indeed been found to be true experimen- 
tally. 
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: ferromagnetism. 
INTRODUCTION 


Gouavn’s' measurements have shown that 
the temperature dependence of the magnetization 
of the monophosphide of manganese (MnP) fol- 

| lows a T? law at low temperatures. The satura- 
tion magnetization is not large and the magnetic 
moment per atom of manganese comes to 1.2 up. 
On the basis of these data, Guillaud suggests the 
existence in manganese phosphide of an anti-fer- 
romagnetic interaction between the manganese 
atoms. He breaks down the crystal lattice of MnP 
into two sub-lattices one of which consists of the 
Mn] atoms with electron state 3d", and the other 
consisting of Mnyy ina 3d°4s? state. The mag- 
netic moments of the Mny atoms, equal to 3 up, 
are oriented antiparallel to the moments of Mnyy 
with value 5yp. As a result of such an orienta- 
tion the magnetic moments of the manganese atoms 
in various electronic states provide a resultant 
moment equal to lup per atom. The temperature 
of magnetic transformation @ ¢ found by Guillaud 
is equal to 25°C. By his assertion, the magnitude 
of @¢ is strongly dependent on the intensity of 
the external magnetic field.?» 

Measurements carried out by us on the tem- 
perature dependence of the electrical resistivity 
of MnP show that the curve of the function p = 
p(t) has a singular point at 22°C. The character 
of the singular point is analogous to the kind which 
usually occurs in ferromagnetic substances at the 
transition through the Curie point. Moreover, 
measurements of the effect of the magnetic field 
on the resistance of the same compound have con- 
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The magnetocaloric effect and magnetization of manganese phosphide ( MnP) were investi- 
gated at various field strengths in the temperature region of magnetic transformations. As 
contrasted with Guillaud, we found that the magnetic transformation temperature was not 
dependent on the magnetic field strength. The character of the dependence of magnetoca- 
loric effect on the temperature and magnetic field strength and also the temperature de- 
pendence of the spontaneous magnetization indicate the existence of a Curie point at 22°C. 
The results obtained are discussed from the viewpoint of the s-d exchange model of 


firmed the assumed presence of a second-order 
phase transformation in the vicinity of t = 22°C 
(Curie point), which followed from measurements 
of the electrical conductivity. However, a definite 
conclusion about the character of the magnetic 
transformation could only have been made on the 
basis of an investigation of the magnetocaloric 
effect in MnP. 

Altogether, the measurements of the magneto- 
calorie effect, when considered with the measure- 
ments of the magnetization isotherms, make it 
possible to establish the temperature dependence 
of spontaneous magnetization in the vicinity of the 
magnetic transformation. 


PREPARATION OF SAMPLE AND METHOD OF 
MEASUREMENT 


As raw materials for obtaining manganese 
phosphide we used red phosphorus and manganese 
obtained electrolytically by sublimation in vacuo. 
The mixture of manganese and phosphorus powders 
was mixed in a quartz vessel which was then 
pumped down in a vacuum system to a pressure of 
107* mm of Hg. 

To obtain a sufficiently uniform alloy the vessel 
was kept in an oven at 650°C for 50 hours. The 
alloy was allowed to cool down with the oven. From 
the alloy thus obtained a sample was prepared in 
the shape of an ellipsoid with axes equal to 12 and 
6 mm respectively. The sample was cemented to 
a thin glass rod which was held inside a silvered 
glass tube. The latter was placed into a copper 
chamber over which thermostatically controlled 
water was allowed to circulate, and it was held 
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between the poles of an electromagnet. Measure- 
ments of the heat effect, At, were carried out in 
vacuum at a pressure of 1074 mm Hg., which was 
attained by means of an adsorption type pump in 
which activated charcoal was used as the adsorb- 
ent. 

For the measurement of temperature, as well 
as the change in temperature during magnetiza- 
tion and demagnetization of the sample, a therm- 
istor with a time constant of the order of hun- 
dredths of a second was used. The thermistor 
was inserted into the sample, approximately down 
to the middle, through a hole 0.8 mm in diameter. 
A magnetic field of intensity up to 20,000 oersteds 
showed no effect on the thermistor resistance. 
The thermistor was calibrated at temperatures 
of 0.2 and 100°C. The parameters of the ther- 
mistor were R (0°C) =47362 and B = 2409°K. 
The resistance-temperature coefficient for the 
thermistor at room temperature (20°C) was 
a = 2.8%/°C. The thermistor resistance was 
measured with an MTV bridge to an accuracy 
of 0.02 ohms. The temperature stability of the 
sample was not less than 0.001°. The sensitivity 
of the measuring equipment changed with the 
sample temperature because of the nonlinearity 
of the thermistor temperature coefficient, and 
was not less than 0.001° per mm. 

The use of a thermistor for the measurement 
of the magnetocaloric effect has some advantages 
over the measurement of small temperatures At 
by means of thermocouples. In addition to the 
considerable increase in sensitivity of the meas- 
uring equipment obtained by the use of a thermistor, 
its use in a bridge circuit makes it possible to 
eliminate the ballistic throw which always occurs 
when thermocouples are used. 

The magnitude of the heat effect, At, was 
measured both during magnetization of the sample 
and during demagnetization. The change in sam- 
ple temperature during magnetization was always 
very closely equal to the change in temperature of 
the sample during demagnetization. 

Measurements of the magnetization isotherms 
were carried out on the same sample in the vicin- 
ity of the Curie point. These measurements were 
obtained ballistically. The sample was magnetized 
in the field of an electromagnet and then was pulled 
out of the search coil through a hole in one of the 
magnet pole shoes. 

The magnetization of the sample was computed 
from the formula 


Ca 


SaaS (2m) ? 


where o is the magnetization, C is the value 
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for one galvanometer division in maxwells/mm, 
a is the deflection in mm, S is the sample cross} 
section area in cm’, n is the number of turns in | 
the search coil, and N is the demagnetizing 


factor. 


DISCUSSION OF RESULTS 


We have investigated the dependence of the 
magnitude of the magnetocaloric effect on the in- 
tensity of magnetic field at various temperatures 
in the vicinity of the temperature of magnetic / 
transformation, along with investigating the mag- | 
netization isotherms for.a sample of MnP. Fig- | 
ure 1 depicts the magnitude of the At effectasa | 
function of the sample temperature. As is evi- 
dent, all the curves have a maximum near 22°C. 
The position of this maximum along the axis of 
temperatures is independent of the magnitude of 
magnetic field intensity. This temperature is 
the Curie point for the manganese monophosphide 
investigated by us. The strong dependence of the | 
Curie point on the magnetic field intensity noted 
by Guillaud was not found by us either in the in- 
vestigation of the magnetocaloric effect or when 
we studied the influence of magnetic field on the 
electrical resistance of a whole series of man- 
ganese alloys with various amounts of phosphorus. 


FIG. 1. Temperature de- 
pendence of the magnetoca- 
loric effect, At, for various 
magnetic field intensities: 
1—at 1000, 2— 3000, 3— 
5000, 4— 7000, 5—9000, 
6— 11,000, 7— 13,000, and 
8 — 15,000 oersteds. 
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Figure 2 shows the dependence of the tempera- 
ture effect, At, on the square of the magnetiza- 
tion. As is well known,* by extrapolating the 
linear portions of these curves we can determine 
the magnitude of the spontaneous magnetization 
at a given temperature. It should be pointed out 
that the extent of the linear portion of these curves 
is rapidly shortened with a reduction in tempera- 
ture, which complicates the process of extrapola- 
tion. For this reason, to obtain sufficiently accu- 
rate values of spontaneous magnetization at lower 
temperatures, it is necessary to use field strengths 
of the order of 20,000 oersteds which were not 
available to us. 
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The value of the spontaneous magnetization 
Og was determined from the curves of the mag- 
netocaloric effect, At, as a function of the square 
of the magnetization o*, which were obtained at 
various temperatures above and below the Curie 
point (see Fig. 2). Curve 1 in Fig. 3 depicts the 
| temperature as a function of the spontaneous mag- 
-netization og. The value of o) for manganese 
phosphide MnP is taken from Guillaud’s paper.! 
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FIG. 3. Spontaneous magnetization as a function of tem- 
perature. Curve 1—from magnetocaloric effect data, 2— from 
the data of “line of equal magnetization,” 3—by the method 
of “thermodynamic coefficients.” 


The temperature dependence of the spontane- 
ous magnetization can also be determined by 
working over the data obtained from the magneti- 


zation isotherms in the vicinity of the paraprocess. 


Firstly, the temperature dependence of og may 
be determined by extrapolating the isotherms of 
the true magnetization down to zero magnetic 
field, H=0, and also by the method proposed 
by Weiss and Forrer, called the method of “ line 
of equal magnetization.” The results of analyzing 
the curve of true magnetization by the “line of 
equal magnetization” method are given in curve 2 
of Fig. 3. 

Belov®~® has recently used the “method of 
thermodynamic coefficients” to investigate the 
temperature dependence of the spontaneous mag- 


netization for a whole series of ferromagnetic 
alloys and ferrites. This method is based on the 
analysis of the curves of true magnetization by 
means of the thermodynamic equation 


HT = ag + 038, (1) 


where a and b are thermodynamic coefficients. 
This equation, at a value of H=0, provides an 
expression for the spontaneous magnetization in 
the vicinity of a Curie point from the relation 

o4 =-—a/b. This method makes it possible to de- 
termine the Curie point as well, if we take a =0 
at T= 5. 

The results of working over the data of meas- 
urements of the MnP magnetization by Belov’s 
method are shown in curve 3 of Fig. 3. It is 
worth noting the rather good coincidence of the 
curves for o,/o), obtained by three different 
methods. A comparison of these curves indicates 
that curves 1 and 3, obtained by magnetocaloric- 
effect measurements and by the method of “ther- 
modynamic coefficients” both drop off sharply to 
the temperature axis, whereas curve 2 obtained 
by the method of “line of equal slope” drops off 
more smoothly. As curve 2 drops off it forms 
a “tail” of spontaneous magnetization. This “tail” 
is rather short (on the order of 20) for mangan- 
ese phosphides. For temperatures higher than 
42°C, the magnetization isotherms appear as 
straight lines. 

The Curie temperature determined by the 
method of “thermodynamic coefficients” is equal 
to 21.1°C; this corresponds to the value of Curie 
temperature obtained from the magnetocaloric 
effect. 

It thus becomes evident that the magnetization 
of manganese phosphide for the para process re- 
gion near the Curie point is quite satisfactorily 
described by the thermodynamic relation (1). 

The quantity & which appears in the well 
known formula 


(3s/o)? =&(1—T/8). 
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is of considerable importance for an understand- 
ing of the character of the magnetic transforma- 
tion in the vicinity of the Curie temperature. 

Vlasov and Vonsovskii have shown, on the basis 
of the s-d exchange model,’® that ¢ > 3 for metal- 
lic ferromagnetic substances. For ferrites  < 3, 
according to the computation carried out by Vlasov. 
The results of our measurements given in Fig. 4 
lead to avalue & = 3.4, according to the data for 
the magnetocaloric effect (curve 1), and & = 3.0 
according to the data obtained when using the 
method of “line of equal magnetization” (curve 2), 
i.e., the values of ~ are close to those obtained 
from the “quasi-classical” theory of ferromag- 
netism. We must therefore conclude that from 
the paramagnetic standpoint manganese phosphide 
resembles the metallic ferromagnetic materials 
more closely than it does the ferrites. 

It should be emphasized that in the paramag- 
netic region, according to the data of reference 11 
and from our measurements, the susceptibility 
follows the Curie-Weiss law and does not have 
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the hyperbolic form characteristic of ferromag~ 
netic substances. This makes it possible to sup- _ 
pose that the manganese phosphide, MnP, is pos- | 
sibly ferromagnetic, and not ferrimagnetic as was — 
proposed by Guillaud. | 

The authors express their gratitude to K. B. 
Vlasov for supplying us with the results of his 
computations and for valuable discussions, and 
also to V. N. Novogrudskii for participating in 
the measurements. 
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The following characteristics of the elementary interaction between 10!!—10! ev cosmic 
ray particles and iron nuclei were studied at elevation 3860 m by means of apparatus which 
determined the “primary” particle energy: a) the inelastic cross section, b) the degree of 
inelasticity of the interaction, c) the distribution function of energy transferred to 7 mesons 


and certain other properties. 


1. INTRODUCTION 


Scare the fundamental work of Powell and his 
coworkers! showed that interactions between cos- 
mic rays and atomic nuclei produce pions, detailed 


investigations of interactions with high-energy cos- 


mic rays were conducted to determine the meson- 
producing mechanism, particularly the energy de- 
pendence of the processes involved and the nature 
of the “primary” particles. Some experiments 
which aimed to select primary particles of speci- 
fied energies (mainly in the stratosphere) made 
use of the geomagnetic effect, while other experi- 
ments employed cloud chambers placed in a mag- 
netic field. Since the earth’s magnetic field has 
practically no effect on particles with a few tens 
of billions of electron volts the use of the geomag- 
netic effect to select primary particles is prac- 
tically confined to energies below about 20 x 10° 
ev. A cloud chamber in a magnetic field is only 
slightly more advantageous. Thus the study of 
interactions with particles possessing 101! to 10! 
ev and above requires new methods of measuring 
primary particle energies. 

During recent years extensive use has been 
made of nuclear emulsions to determine primary 
particle energies from the emission angles of sec- 
ondary particles created in nuclear reactions with 
primary particles. However the degree of relia- 
bility of this method has still not been determined 
and experimental verification of the results re- 
quires some independent means of measuring 
primary particle energies. 

In a search for such means we have made use 
of the fact that strong interactions between nuclei 
and high-energy nuclear-active particles (the N 
component) are followed by the absorption of the 


primary particle and of ali its descendants in rel- 
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atively thin layers of matter of the order 1000 
g/em?. The energy of a primary particle is ulti- 
mately expended for the ionization of atoms in the 
medium where absorption occurs. Therefore when 
we measure the total number of ion pairs produced 
in a layer of the order 1000 g/cm? through the ab- 
sorption of a single primary particle, knowledge 
of the energy € required to produce a single ion 
pair makes it easy to determine the energy Ey 
of a particle entering the absorber: 

Bhs e| I (x) dx, (1) 

0 : 

where I(x)dx is the ionization in a layer of thick 
ness dx g/cem? at depth x g/cem? and x) is the 
total thickness of the absorber. 

This technique for determining energies resem- 
bles calorimetric measurements and the apparatus 
that we have accordingly designed for the purpose? 
will be called an “ionization calorimeter.” In 
practice ionization is not measured along a con- 
tinuous line through the absorber but at discrete 
levels x;, X2,...,%p under layers of finite thick- 
ness. From the ionization I(xj) measured under 
layers of thickness xj we can plot a smooth I(x) 
curve to be used in (1) for the determination of Ep. 
It is evident that the accuracy of E) will increase 
with the number of layers. In order to reduce the 
minimum number of layers in an ionization calo- 
rimeter required for satisfactory accuracy of Ep 
it is desirable to use an absorbing material in 
which the mean free path for nuclear interaction 
and the electron-photon cascade range are of the 
same order. The thickness of layers between ad- 
jacent ionization detectors should be of the order 
6 or 8 cascade units. 

Special mention must be made of the fact that 
as the primary particle energy Ey increases it 
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is determined more accurately by an ionization 
calorimeter. This results from the fact that with 
increasing Ey a relatively smaller fraction of 

the energy is transferred to strongly ionizing 
products of nuclear disintegrations, whose energy 
is measured with small efficiency by our apparatus. 
We estimate the accuracy of Ey at about 30% in 
the vicinity of 10'! ev. 

It is evident that the ionization calorimeter, 
which is of relatively simple construction, can 
easily be combined with other techniques for ob- 
serving particles. For example, in a cloud cham- 
ber placed above an ionization calorimeter we can 
observe the elementary interaction of a particle 
of known energy and study various properties of 
this interaction (dependence on the atomic weight 
of the nucleus and primary particle energy) at 
~10!! or 10! ev. In a magnetic field the cloud 
chamber also permits analysis of secondary par- 
ticles. 

At the time when we raised an ionization calo- 
rimeter to an elevation of 3860 m an auxiliary 
large cloud chamber was still not ready. There- 
fore our published data pertain only to processes 
which can be studied with only a single ionization 
calorimeter. It will be seen that an investigation 
of the dynamics of electron-nuclear cascades in 
dense matter (by using a large number of detec- 
tors which register ionization independently of 
each other) not only provides a reliable primary 
particle energy measurement in each individual 
instance but also enables us to investigate such 
properties of an elementary event as a) the degree 
of elasticity of the interaction between the primary 
particle and absorber nuclei in the ionization calo- 
rimeter, b) the degree of inelasticity of secondary- 
particle interactions, c) the secondary-particle 
energy spectrum, d) the distribution of the energy 
fraction which is transferred to 7’ mesons in a 
primary -particle interaction, e) the cross section 
for inelastic interactions between primary par- 
ticles and absorber nuclei and its dependence on 
the primary particle energy. 


2. APPARATUS 


The ionization calorimeter used in our experi- 
ments was a large assembly of seven layers of 
iron alternating with six rows of pulse ionization 
chambers (Fig.1, I-VI). A more detailed descrip- 
tion has been given in reference 2. A single ioni- 
zation detector was formed by connecting three 
chambers in parallel. Each detector was con- 
nected to an amplifier with a dynamic range of 
800, and was sensitive enough for the reliable 
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FIG. 1. Schematic cross section of 2g H, 
setup. I— VI) rows of ionization cham- 
bers; 1, 2) rows of telescopic counters; 

H, —H,) boxes with hodoscopic counters.  W]WUVI 
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registration of 5 to 10 relativistic particles pass- 
ing through it simultaneously. Signals from the 
amplifiers were fed to oscilloscopes mounted in 
a separate assembly, the construction and opera- 
tion of which have been described in reference 3. 
Also, signals from the amplifiers were fed to a 
sum circuit which combined all pulses from a 
single row of ionization chambers. Pulses were 
recorded by photographing the oscilloscope screens} 
at the instant when all oscilloscope beams were 
triggered by a master signal. Altogether 105 ion-~ 
ization chambers were used, forming 35 independ- 
ent detectors. The total thickness of iron between 
rows of ionization chambers was 650 g/cm? and 

the total thickness of the iron assembly was 750 
g/em?. 

In addition to the ionization chambers the ap- 
paratus included three boxes of gas-discharge 
tubes which served as hodoscopic counters (Hy, 

H,, H3). Each box contained two rows of counters, 
the axes of counters in one row being perpendicu- 
lar to the axes in the other row. The hodoscopic 
counters were glass tubes 70 to 90 cm long, 2 cm 
in diameter with an Aquadag anode and filament 

of 100u diameter. These counters were filled 
with pure argon to ~ 100 mm Hg and were sub- 
jected to a voltage pulse of 2 x 10° sec duration 
at the instant when coincident discharges occurred 
in the two boxes of telescopic counters (1 and 2). 
The hodoscopic counters were connected to MTX- 
90 neon bulbs, which were photographed independ- 
ently. 

The hodoscopic counters enabled us to deter- 
mine the air-shower accompaniment of high-energy 
nuclear-active particles (box H,), and the direc- 
tion of the electron-nuclear cascade core within 
the ionization calorimeter absorbing material in 
a plane parallel to the chamber axes (boxes Hy 
and H3). 

Two rows of telescopic counters (1 and 2) 
served mainly to produce a master signal with 
the minimum delay required for control of the 
hodoscopic counters (when the pulse to the gas- 
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discharge tubes was delayed by not more than 
2x 107° see they exhibited 94% efficiency in the 
recording of charged particles). The neon bulbs 
of the hodoscope were photographed only at the 
instants when a high-energy particle struck the 
ionization calorimeter; the pulse which triggered 
the oscilloscope beams simultaneously applied a 
voltage to the anodes of the neon bulbs, in the 
hodoscope. 

The master signal was produced as follows. 

_ All simultaneous ionization pulses from-each row 
of ionization chambers were summed, as has al- 
ready been mentioned. The resultant signal was 
fed to a selector, which was triggered when a 

few rows of ionization chambers simultaneously 
produced resultant signals above a predetermined 
threshold Vtpy. A master pulse resulted from 
simultaneous triggering of the selector and dis- 
charges in both rows of telescopic counters. Our 
data were obtained through the simultaneous trig- 
gering of any two or more rows of chambers, in 
which case Vip; was equivalent to 250 relativistic 
particles traversing the mean chords of the cham- 
bers. 

The requirement of simultaneous ionization > 
Vthr in two rows of chambers considerably re- 
duced the number of events resulting from low- 
energy nuclear disintegrations, and a sufficiently 
high value of Vthr insured the registration of 
nuclear-active particles with energies of about 
101! ev and higher. 


3. TREATMENT OF RESULTS 


Pulses from the ionization chambers were fed 
to a multi-channel oscilloscope and were photo- 
graphed on motion picture film which also re- 
corded the electronic calibration of all amplify- 
ing channels. The first step in the treatment of 
these data was the measurement of ionization- 
chamber pulse heights and the determination of 
the ionization produced in each chamber. The 


FIG. 2. Distribution of ionization in the 
ionization calorimeter for a — incident nu- 
clear-active particle, b — air shower. The 
positions of rows of ionization chambers are 
indicated by the numerals [— VI. The nu- 
merals 1—35 denote individual ionization 
detectors. The heights of the rectangles re- 
present the ionization recorded by these 
detectors, in relative units. The dots show 
the arrangement of triggered hodoscopic Dy 
counters. 


ionization was converted to the number of rela- 
tivistic particles passing through the chambers 
whenever required. The results were used to 
plot a diagram showing the distribution of ioni- 
zation along a row of chambers and the absorber 
depth for each separate case. Typical diagrams 
are shown in Fig. 2. These diagrams were used 
to determine the angle of incidence of the primary 
particles. 

A picture of the triggered hodoscopic counters 
was obtained at the same time. This could be 
done in two projections to determine the shower 
inclination in a projection along the ionization 
chamber axes. These diagrams helped to deter- 
mine whether a significant fraction of shower en- 
ergy passed through the side walls of the ioniza- 
tion calorimeter. 


4. RESULTS 


The majority of events registered by our selec- 
tion scheme were induced by nuclear-active par- 
ticles from the atmosphere, but our apparatus also 
efficiently registered electrons and photons (the 
latter accompanied by charged particles) as well 
as air showers and muon bursts. 

In the present paper we analyze 110 instances 
in which more than 250 relativistic particles 
passed through any two rows of ionization cham- 
bers. A division was made into a few groups de- 
pending on the character of the observed events. 
The ionization was sometimes distributed more 
or less uniformly along the first two or more rows, 
falling off rapidly with depth; these instances were 
interpreted as air showers, of which 17 were re- 
corded. In a number of instances the ionization 
in the chambers revealed a distinct core, with the 
ionization versus depth curve in good agreement 
with electromagnetic cascade theory.4 When such 
an event took place at the edge of our absorber 
(shown by large ionization in the first row) there 


_ was strong reason to attribute it to an electron or 
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photon. A shower originating within the absorber 
suggests production through muon bremsstrahlung 


(in the case of two showers). 
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It should be noted that whenever the interaction 
of a nuclear-active particle with a nucleus re- 
sulted in the entire energy being transferred to 
7 mesons the event was attributed to an electron 
or a muon depending on the point of origin. This 
might somewhat reduce the mean energy losses 
that we determined for pion production. All other 
observed events showed a distinct core (Fig. 2a) 
and varying shapes of the ionization versus depth 
curves, all of which were considerably broader 
than electron-photon cascade curves and often 
showed secondary maxima within the absorber or 
slow falling-off of ionization with depth. 

These curves are evidence of secondary inter- 
actions in the apparatus and of additional energy 


Particle 
No.| energy, 
10#4 ey 
4 10.0 
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3 eS 
4 1.4 
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6 4.8 
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transfer to the electron-photon component under 
considerable depths of matter. We classified such 
events as nuclear interactions with primary par- 
ticles and selected them for analysis. 

In most instances a comparison of ionization 
hodoscope and counter data enabled us to deter- 
mine whether the shower core passed through 
the side of the apparatus; such showers were ex- 
cluded from the data. Thirty-two showers were 
selected with cores within the solid angle of the 
ionization hodoscope (see the table). These were 
distributed as follows: Four showers possessed 
a “structure,” with two cores separated by 25 to 
40 cm. In the three cases when the energy of both 
particles could be determined the energy ratios 
were 1:2, 1:5 and 2:3. Ten nuclear-active 
particles had energy > 10'? ev and 22 were be- 
tween 10!! and 10% ey. 


Point of INumber ofiNumber einer ier 
fAtoR particles| particles P R 
action, in first |in second Saneine emunks 
g/cm? | maximum} maximum] Jo iont 
<50 2300 >1200 44 
~0 270 — | S45 Structured shower; a single 
particle is analysed | 
~0 430 _ 11 
~0 580 330 6 
~0 | ~300 420 >20 
50 1550 — 0) Energy of accompanying 
particles** ~4.5 x 10° ev 
<50 40 23 3 
<50 1470 1000 8 
30 4250 _— — 
50 3120 ~1500 11 
100—200} 490 ~300 ~20 | Energy of accompanying 
tticles** ~9 x 101° 
a er We - particles ev 
100 880 = — 
~0 360 aaa : 
: = ~20 Structured shower; a third 
100 220 2795 f maximum exists with 
300 | 4550 = =o eee 
<50 200 1500 == 
~0 320 4150 
50 ae os >25 Structured shower 
0 1280 ~500 10 
<00 910 = ~30 Energy a eocompanying 
eE particles** ~ 10*° ev 
150 5300 370 ~30 Energy of accompanying 
particles** > 10° ev 
80 1200 200 ? Energy of accompanying 
particles** > 10° ev 
50 2340 960 > 
<50 460 370 ? 
0 6000 — ? 
<50 1850 — 5 
150—200/850 —1300 6 
50—100} 4000 4300 15 
50—100| 7600 — 
<50 | 18000 ae \ >30 | Structured showers 
150 400 450—600 il 
180 430 ~400 — 
0 220 365 4 
425 3900 — ~15 Energy of accompanying 
particles** ~ 2 x 10° ev 


* . . . . 
ate number of accompanying particles is given without the generating particle, 
The energy of the accompanying particles was estimated by means of data from 
the first row of ionization chambers. 
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In six cases there were no accompanying 
charged particles; in one of these cases the en- 
ergy was about 10! ey. 


5. DISCUSSION OF RESULTS 


An analysis of the results collected in the table 
and of the nuclear-cascade curves (of which ex- 
amples are given in Fig. 3) leads to a number of 
conclusions concerning the properties, and inter- 
actions with matter, of nuclear-active particles 
with 10° — 10!2 ey, 


Ne 
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FIG. 3. Examples of nuclear-cascade curves. The vertical 
axis gives the number of electrons in arbitrary units (normal- 
ized to the maximum); the horizontal axis represents absorber 
thickness. + — nuclear-cascade curve in first group, @ and 
© — nuclear-cascade curves in second group. 


1. Interaction Cross Section 


Until recently the cross section for interac- 
tions between high-energy particles and nuclei 
could not be measured because of the low inten- 
sity of cosmic-ray particles with = 10" ev as 
well as methodological difficulties. The greatest 
progress was made by Williams, who measured 
the cross section for the interaction between iron 
and ~ 50-Bev nucleons.° 

Our apparatus can determine the cross section 
for interactions between nuclei and nuclear-active 
particles above 5 x 10!°— 10!1 ey. We can record 
any nuclear interaction in which more than 3 —5% 
of the primary-particle energy is transferred to 
the soft component (at ~ 101! ey). 

We determined the interaction mean free path 
of nuclear-active particles (principally nucleons ) 
in iron, observing the distribution of cascade ori- 
gins as a function of absorber thickness. The num- 


ber of interactions occurring below a layer of thick- 


ness x is given by 
N = Noexp (— x/L), 


where L is the interaction mean free path. Fig- 
ure 4 is a semi-logarithmic plot of the number of 
interactions occurring below x thickness as a 
function of x. 
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FIG. 4. Number of interactions occurring below thickness 
x of iron absorber as a function of x: 1—direct experimental 
data without corrections, 2 — aftér.corrections for neutrons. 


The experimental results require some com- 
ment. The placing oftelescopic counters under 
a thick layer of matter introduces discrimination 
into the observed events. As already mentioned, 
~ 80% of all nuclear-active particles are accom- 
panied by soft electrons as they enter the appa- 
ratus. These electrons trigger the first row of 
telescopic counters. Therefore our apparatus 
will also register neutrons which have undergone 
interactions above the second row of telescopic 
counters. The second row of counters is not 
triggered when neutrons interact with nuclei be- 
low it (since the soft-electron accompaniment is 
absorbed in the iron) and the event is not regis- 
tered. Figure 3 gives the experimental data and 
the results of a correction for uncounted neutrons 
in the lower layers. This correction was based 
on the hypothesis that the discontinuity of the ex- 
perimental straight line 1 in Fig. 4 for x = 200 
g/cm? resulted from the omission of primary 
neutrons. 

For the purpose of increasing the statistical 
information needed to determine the cross section 
we also used interactions of particles with from 
7 x 10/9 to 3 x 10!! ev which were registered above 
a lower threshold (47 events). The mean free 
path was determined using the only nuclear inter- 
actions whose core was included in the solid angle 
of the apparatus. These data yielded the interac- 
tion mean free path L = 92*?9 g/cm’, which is 
close to the value corresponding to the geometric 
nuclear cross section ry = 1.4 x 10713 cm (Leeom 
= 105 g/em*). The interaction mean free path can 
sometimes be reduced when two nuclear-active 
particles simultaneously impinge on the apparatus 
close enough to form a single common core. In 
such cases the shower will be regarded as origi- 
nating at the point where one of the particles first 
experiences a collision and the mean free path will 
be reduced. Improved statistics will hereafter 
make it possible to select single particles striking 
the apparatus unaccompanied by showers, thus ex- 
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cluding the possibility of reducing the mean free 
path in this manner. However, at 10't—10* ev 
we have no reason to expect the frequent appear- 
ance of very close pairs of nuclear-active par- 
ticles. 


2. Average Inelasticity of Interactions Between 
1011 1012 ey Particles and Iron Nuclei 


The experimental results can be used to deter- 
mine the average inelasticity @ of interaction be- 
tween nuclear-active particles and iron nuclei. @ 
can be evaluated by analyzing the average curve 
of the ionization I(x) produced in iron by a par- 
ticle with given energy Ey. It will be seen that 
the average curve is based on only the mean prop- 
erties of the interaction: @— the mean fraction 
of its energy which is lost by a primary nucleon 
in a single pion-producing interaction, and B/L,, 
where B is the mean fraction of the energy lost 
by a pion in a single interaction which produces 
the electron-photon component and Lz, is the in- 
teraction mean free path of pions (or more pre- 
cisely, of all secondary particles differing in na- 
ture from the primary particles). 

We have calculated the nuclear-cascade curves 
for different values of the inelasticity a, obtain- 
ing our result for @ by comparing the average 
experimental curve with the family of calculated 
curves. 

Our apparatus registered electrons resulting 
from the development of an electron-photon cascade 
produced by gamma quanta from 7’ -meson decay. 
If the number of quanta with energy from e¢ to 
€+de resulting from 7m’ decay ina layer dx 
is ny (€, x)dedx/L, the number of electrons at 
depth x) is given by 

BE, 
an, = \ F (8, X) — x) n, (e, x) dedx / L, (2) 
where F(€, x)—x) is the cascade curve for a 
photon with energy ¢«. Since F(¢, x)—x)/e de- 
pends very slightly (logarithmically) on ¢e, we 
obtain 


But if eny(¢€, x)de is the total energy of quanta 


0 
liberated ina layer dx at depth x and is equal 
to the combined energy E70 of 1° mesons pro- 
duced in this layer. This total energy is 


fxs (x) dx [ Lic [Sn (x) Ons if il, = Se (x)8 / Ike) dx, 


where Sy (x) and S7(x) are the energy flux of 
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the nucleon and pion components at depth x; @70 
and B are the corresponding mean energy frac- 
tions transferred by 7 mesons to nucleons and 
charged mesons; Ly is the meson interaction 
mean free path. The Total number of electrons 
which can be observed at depth x) is given by 
Abn) = \ Ew (x) [F © %— 2/8) ¢. (3) 

We must now calculate the variation with depth 
of the energy flux of nuclear-active particles. The 
thickness of the absorber is reckoned from the 
point where the primary particle undergoes_an in- 
teraction. Using the notation a, = @/3, we can 
write the following equations for the variation with 
depth of the energy flux (assuming that : 


7’ mesons _ 
receive 44 of the energy transferred to all 7 me- 
sons ): 


IOP ih, = (FaSn/ ie PS, / Ln) dx. 


These equations are solved subject to the boundary : 
conditions (at x = 0) 


Sa=(1 — a) Ey; Sn = 208, / 3; Spo = aE, /3. 


The results are 


Sn (*) = (1 — a) E, exp (— ax /L). 


Se (%) == 


«{(4-F)  ( =| tex (—$)}. (4) | 


After substituting these expressions in (3) and per- 
forming a numerical integration we obtain the num- 
ber of electrons ne(x,) at different absorber lev- 
els. The following circumstances must be kept in 
mind in connection with the integration: 

1. F(t, €)/e depends very slightly (logarith- 
mically) on €. We have therefore neglected the 
variation with depth of the mean gamma quantum. 
As the cascade curve we used the curve for pho- 
tons with ¢€ = 4.5 x 10° ev which was obtained in 
reference 4. 

2. B/Lz can be determined experimentally. A 
computation shows that the average curve I(x) ~ 
Ne (x) depends only on the average properties of 

B/L can be determined from the 


a and B/L . 
experimental curve 


B/La= — dI(x)/T(x) dx for xs>L. 


Assuming B/L ='4L, which is our experimental 
result, we are left with only one unknown param- 
eter, which can be determined by comparing the 
average curve with the calculations. 
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FIG. 5. Comparison of experimental results with the com- 
puted average nuclear-cascade curve: 1) «= 1.0, 2) « =0.75, 
3)a=0.5 


Figure 5 represents the calculations for differ- 
ent energy fractions transferred to pions. The ex- 
perimental data shown here were converted to val- 
ues for Ey = 101! ev, which was used in the calu- 
lations. 

To determine the average experimental curve, 
which our apparatus would give automatically if 
all interactions began at the same depth and per- 
tained to the same primary particle energy, we 
proceeded as follows. All nuclear-cascade curves 
for E) = 10'! ey were areally normalized to the 
same energy E) =10'! ev. (This reflects the as- 
sumption that the shape of the average nuclear - 
cascade curve is independent of Ej, at least in 
the range 10!!—10!? ev.) Following the normali- 
zation the starting points of all experimental 
curves were superposed and the ordinates were 
added. The resulting average curve ne(x) cor- 
responds to the assumptions used in the calcula- 
tion. 

The experimental result is in best agreement 
with an energy fraction @ from 0.75 to 1 and, 
apparently, @>0.5. The inadequate statistical 
accuracy of our results prevents greater cer- 
tainty. Under great thicknesses of matter an 
appreciable fraction of the energy may possibly 
be expended for the production of strongly ioniz- 
ing particles which are not registered by our ap- 
paratus. In that event the averaged experimental 
curve at great depths will be steeper, thus simu- 
lating an increase of the energy loss fraction. 

Some investigators® have noted the interesting 
fact that interactions between high-energy nucle- 
ons (~10!9 ev and higher) and light nuclei are 
accompanied by low fractional energy losses. We 
have found that at E, > 101! ev interactions with 
iron nuclei are accompanied by a high degree of 
inelasticity. We expect that in the near future our 
apparatus will supply us with direct data on the 
relation between the inelasticity and the atomic 
weight of the target nucleus. 


6. FLUCTUATIONS OF THE ENERGY TRANS- 
FERRED TO 7? MESONS 


Our technique enables us in principle to deter- 
mine the fraction of energy a0 transferred to 
t mesons by nucleons in each individual collision 
of a nucleon with a nucleus, and thus to study the 
fluctuations in the transfer of energy to 7 mesons. 

In determining a7 we assumed that the prin- 
cipal contribution to ionization in the first few 
rows of ionization chambers comes from elec- 
trons arising from 7m mesons produced in the 
first event. By measuring the area under the 
initial part of the ionization curve (which is most 
instances resembles the electron-photon cascade 
curve) we can calculate the energy transferred 
to mn’ mesons in the first event. At the same 
time we must take into account the fraction of 
electrons resulting from secondary nuclear in- 
teractions in the first few layers. 

In the case of the first group of nuclear-cas- 
cade curves (Fig. 3) the ionization contribution of 
secondary interactions can be calculated quite ac- 
curately since these interactions are entirely re- 
sponsible for the gradually descending part of each 
curve. This part can be extrapolated to the point 
of the first interaction by using the calculation in 
the preceeding section, thus giving the contribu- 
tion of secondary nuclear collisions. 

In determining a, for curves of the second 
group difficulties arise when the second maximum 
is close to the first. In such cases the contribu- 
tion of secondary interactions in each individual 
event was taken to be the average for this group; 
this occurred in ‘4 of all instances. ago could 
be determined more reliably when the maxima 
were sufficiently separated. Figure 6 shows the 
distribution of values of a0 in 29 interactions 
which were obtained by the described procedure. 
From this histogram it appears that the average 
energy transferred to 7 mesons is ~0.4 40.1 
of the primary particle energy, which is close to 
the most probable value of a@,). The distribution 
may be distorted because some of the maxima of 
the secondary and primary interactions are unre- 
solved. This increases the fraction of the area 


N 
20 


FIG. 6. Fraction of primary- 
particle energy transferred to 10 
7° mesons. N represents the 
number of events. 
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under the initial part of the nuclear-cascade 
curve and raises the value of a. Therefore the 
distribution shown in Fig. 6 is the distribution of 
fluctuations in the transfer of energy to nm me- 
sons on a segment of the particle track which is 

~ vp to ve of the nuclear-component range. This 
distribution apparently does not differ strongly 
from that of a, ina single event. The differ- 
ence consists in an increased number of events 
with large energy loss (due to the aforemen- 
tioned effect) and a small reduction of the num- 
ber with low energy loss (a70 < 6.25). The latter 
reduction results from the fact that some events 
with low energy loss may occur close to second- 
ary interactions with large energy transfer which 
mask the former events. The corresponding cor- 
rection is easily estimated to be not more than 5% 
of all instances (30% of all transfers of small 
amounts of energy). 


7. ABSORPTION OF ENERGY FLUX OF NUCLEAR- 
ACTIVE PARTICLES UNDER GREAT THICK- 
NESSES OF IRON 


The ionization produced by the entire spectrum 
of primary nuclear-active particles at depth x) 
can be represented by 

1 (Xo) ~ \ exp (— x /L) ne (%) — x, Ev) Seo 

0 

where Ne(X)—xX) is given by (3). Since the range 
of the electron-photon component is smaller than 
that of the nuclear-active component the two com- 
ponents will be in equilibrium at great depths. The 
number of electrons ng(x) is proportional to the 
energy transferred to pions in one gram of ab- 
sorber material, so that when the soft component 
is in equilibrium with the nuclear component the 
variation, with depth x, of the soft-component 
intensity will be determined only by the variation 
with depth of the energy Eo transferred to 7° 
mesons in one gram of absorber, i.e., in the long 
run, the variation with depth x of the energy flux 
of the nuclear component. 

The ionization produced in our apparatus prin- 
cipally by electrons will therefore vary under large 
absorber thickness with the same range as the en- 
ergy flux of the nuclear-active component. In sec- 
tions 5 and 6 it was shgwn that nucleons lose a 
large fraction of their energy through meson pro- 
duction in a single event. This means that the 
nucleons are rapidly absorbed and that under large 
thicknesses of matter the nuclear-active component 
will consist mainly of mesons, in which case we can 
determine 6/Ly. 

To determine the experimental curve of I(x) 
we added all nuclear-cascade curves, which had 
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FIG. 7. Ionization 
I produced at different 
depths x of an iron 
absorber by nuclear- 10 \- 
active particles with | 
energy E, > 10*’ ev. 
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previously been reduced to the same energy 
through areal normalization. (This normalization 
led to the equating of statistical weights of the dif- 
ferent events.) The resulting curve of I(x)) is 
shown in Fig. 7. 

The curve is characterized by very slow re- 
duction of the energy flux of the nuclear-active 
component with depth. This reduction can be 
described by the absorption mean free path Laps 
= 240 g/cm? if we neglect corrections for neutron- 
induced showers (at depths > 200 g/cem?). Cor- 
rections increase the absorption mean free path 
to 270 g/cm?, so that the absorption mean free 
path of the energy flux is about three times the 
nucleon interaction mean free path. 

The given result is easily accounted for by the 
hypothesis that deep within the absorber most of 
the energy is concentrated in high-energy pions 
which in each nuclear-interaction mean free path 
transfer ‘4 of their energy to 7’ mesons. The 
absorption mean free path is then given by Laps, 
which is equal to 3L;,; according to our experi- 
ments. 

The results were obtained with the assistance 
of V. S. Kaftanov and graduate students Yu. G. 
El’kin and V. I. Lobodenko, whom the authors 
wish to thank. 
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An event of charge-exchange scattering, ™+p—7 +n, with subsequent decay, 


1 —+e> + 


e*+e7+e*, was detected on a photograph taken in a hydrogen diffusion chamber located in 
a magnetic field and bombarded with 160-Mev 7m mesons. One decay of this type was de- 


tected per 2500 7 -meson decays of the usual 


1 — 2y type. The 1 -meson mass is es- 


timated as 141 + 8 Mev. In the rest system of the 7°’ meson, the angle between the elec- 
trons and positrons of the pairs are 7° and 12°, and the angle between the planes of the 
pair does not exceed 37°. Other possible explanations of the observed event seem to be 


very improbable. 


INTRODUCTION 


Ir is known that in addition to decaying in the 
usual manner 
nm —> 2 (1) 


approximately one out of 80 7 mesons decays by 


the scheme proposed by Dalitz! 
noe tetty. (2) 


Such a decay can be interpreted as the internal con- 
version of one of the y quanta in the field of the 
other y quantum. Another possible process is 
double internal conversion of the gamma quanta, 
leading to the decay of the 7’ meson into two 
electron-positron pairs: 


mo—-+>e tette +e. (3) 


Kroll and Wada? theoretically estimated the proba- 
bility of decay (3), relative to the usual decay (1), 
to be 3.47 x 10~° (if the 7 -meson spin is zero). 
All particles produced when the n° -meson decays 
according to (3) are charged, and are thus readily 
recorded by diffusion or bubble chambers. The 
observation of such decays in a chamber can 
therefore yield much important information on 
the properties of the nm meson. Thus, by meas- 
uring the momenta of all four particles (by meas- 
uring the radii of curvature in a magnetic field), 
we can determine the mass of the 1’ meson, 
while the spin and parity of the 7 meson can be 
found by direct experiment from a study of the 
angular correlation between the planes of both 
pairs. However, in view of the exceedingly low 

_ probability, a systematic experimental investiga- 
tion of process (3) involves certain difficulties. 


We know of only one description of such a decay 
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in the literature. Hodson, Ballam, Arnold, et al.,4 
in a study of the production of heavy unstable par- 
ticles in cosmic rays (by means of a controllable 
cloud chamber ), discovered an event, the kinemat- 
ics of which agrees with the decay K*— r*(p*) + 
7m +Q, t?—-e7 +e*+e>+e*. Since only sixty V* 
decays were recorded in this investigation, and 
furthermore since 7’ mesons were produced only 
in some of these events, the probability of observ- 
ing a decay of type (3) was very small. The au- 
thors themselves remark that the appearance of 

a decay of type (3) under the conditions of their 
experiment, in which not one event of the more 
probable decay (2) was observed, is an unusual 
statistical fluctuation. The angles between the 
electrons and positrons of the pairs, in the event 
described in reference 4, were so small (0.5 and 
1.7 deg in the laboratory system), that the angle 
between the planes of the pairs could not be deter- 
mined. 

We describe in this article an event of charge- 
exchange scattering, ™™+p—7’+n, with sub- 
sequent decay 7’ —e7~+e*+e +e*, registered 
in a diffusion chamber (Fig. 1). 


CONDITIONS OF THE EXPERIMENT 


A photograph of the decay described was ob- 
tained in an investigation of the scattering of 1 
mesons by protons, using a diffusion chamber 
filled with hydrogen at a pressure up to 25 atmos.° 
The inside diameter of the chamber was 380 mm, 
and the height of the sensitive volume was 6 to 7 
em, at a temperature gradient of 7 deg/cm. The 
chamber was placed in a 9000-gauss de magnetic 
field, uniform to within +3.5% over the height of 
the sensitive volume and to within +2.5% over the 


BVA 


é? € eo 
oe (3) (5) Q) 


radius. The topography of the magnetic field was 
plotted with a magnetometer operating on the Hall- 
effect principle and calibrated by the proton-reso- 
nance method.* The photographs were taken with 
a stereo camera with two GOI (State Optical In- 
stitute ) “Gelios-37” lenses of 62 mm focal length, 
on Pankhrom-Kh 35-mm film of speed 1000 GOST 
units. The “Gelios-37” objectives were corrected 
for the distortion arising when photographing 
through the 25-mm thick glass upper windows of 
the chamber; their resolution at the center of the 
field of view was 50 lines/mm. The base of the 
stero camera was 120 mm long, and the taking 
distance was approximately 1 m. 

The camera was exposed in a beam of 7 me- 
sons with an average energy of 160 Mev, obtained 
from the synchroeyclotron of the Joint Institute 
for Nuclear Research. The beam intensity was 
maintained such as to produce on each photograph 
an average of 30 to 40 ma -meson tracks. Approx- 
imately 90,000 stereo-photographs were obtained 
in the series of exposures. The scanning of these 
photographs disclosed the aforementioned case of 
m™+p—>m +n, 1 +e +e*+e7+e*, along with 
1400 cases of elastic scattering of 7 mesons by 
protons and 26 cases of charge-exchange scatter- 
ing with subsequent decay t’—e7~+et+y. Ina 
previous communication® we reported the results 
of processing 14 1’ —e-+e*+y decay events. 


PROCESSING AND RESULTS 


As can be seen from Fig. 1, which is a stereo 
photograph of the analyzed case, the track (1) of 


*We are grateful to D. P. Vasilevskaya and Yu. N. Denisov 


for allowing us the use of this instrument. 
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of an event of charge- 
exchange scattering n- + p 
> 7° +n with subsequent 

+ 
obtained with the aid of a 
hydrogen diffusion chamber. 


(4) (3) (5) 


one of the a mesons, passing through the cham- 
ber, stops inside the sensitive volume and four 
particles, with ionization close to minimum, are 
emitted into the rear hemisphere. Two of these 
(3, 5) are positively charged, and the other two 
(2,4) are negative. 

We processed this case by the re-projection 
method. The construction and principal charac- 
teristics of the re-projector are analogous to 
those described in reference 7. The following 
were measured directly on the re-projector: 

1) the radii of curvature of all five tracks, 2) the 
angles @ between the incident m meson and 
each decay particle, 3) the azimuth angles B of 
each decay particle; 4) the depth angles y, i.e., 
the angles between the direction of particle mo- 
tion and the horizontal plane. Figure 2 shows 
schematically the angles a, 6B, and y for one 
decay particle. 

The radii of curvature of the tracks were 
measured with templates as well as by the co- 
ordinate method, using the UIM-22 microscope. 
Both methods yielded the same results, within 
the limit of errors. The accuracy of measure- 
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ment of the radius of curvature of each track de- 
pends on the value of the curvature and on the 
length and direction of the track in space. The 
particle momenta, determined from the measured 
radii and depth angles y, were corrected for the 
inhomogeneity of the magnetic field (~ 2%) and 
shrinkage of the film (~1%). In the coordinate 
method, corrections necessitated by the distor- 
tion of the optical system and by the fact that the 
image on the film is a conical projection of the 
actual track, were disregarded as small. Esti- 
mates have shown that the measurement results 
are practically unaffected by multiple scattering 
of particles by the gas in the chamber or by 
bremsstrahlung. 


TABLE I 

No. of 

ack: Radius of | Momentum, 
particle curvature, cm Mev /c 
ic 1055 21216 
ane 20+4 122418 
Tew 3.75£0.15 13.92:0.7 
4, e7 4.2+0.1 15.8+0.5 
Deo Gr 29+3 100#13 


Table I lists the values of the radius of curva- 
ture, averaged over measurements made by the 
re-projection and coordinate methods on two 
frames of a stereo pair; the corresponding par- 
ticle momentum is also listed. The errors given 
for the radii are the maximum measurements er- 
rors. Total errors, which reflect both the inac- 
curacies in the measurements of the radii of 
curvature and depth angles, and the indetermina- 
cies connected with the introduced corrections, 
are given for the momenta. 


The ionization density produced by the particles 


in the chamber was estimated visually; it did not 
exceed 13 times minimum for all particles. Com- 
parison of the obtained particle momenta with 
their ionization shows that all decay particles 

are electrons. 


Table II gives the measured values of the angles 


a, B, and y. The accuracy in the angle measure- 
ments is +1%. The corrections necessitated by 
film shrinkage are negligibly small. 

From the measured electron momenta and 


angles a and B, it is easy to calculate the dirpec- 


TABLE II 

No. of 

track; | a, deg |. 8, deg y, deg 
particle 

eee 138 84 42 
3, et 138 94 42 
Aevie= 127 —od6 —4l 
5, et 128 —48 30 


tion and magnitude of the total momentum of all 
four electrons, Py = 147 + 26 Mev/c; a@=153 + 2 
deg, and the total energy of all electrons is 202 + 
32 Mev. It follows from the kinematics of the 
process 1 +p—7a7’+n ata m -meson kinetic 
energy of 166 + 14 Mev (corresponding to a 
measured mt -meson momentum of 272 + 16 
Mev/c), that the 7? meson emitted at an angle 
of 153 + 2 deg should have a momentum of 163 

+ 7 Mev/c and a total energy of 212 + 6 Mev. 
Kinematically therefore, the four electrons are 
equivalent to the neutral pion from the reaction 
™+p—n +n, emitted at an angle 153 + 2 deg. 

The relatively large errors in the values of 
the total energy and total momentum of the four 
electrons permiis only a rough estimate of the 
neutral-pion mass. However, taking into account 
certain kinematic relations between the neutral- 
pion mass and the measured values of momenta 
and angles, one can obtain a better value for the 
7 -meson mass, namely 141 + 8 Mev. Within the 
limit of measurement errors, this is in agreement 
with the presently accepted mass value, 135 Mev. 

Table III gives the angles between the particles 
and the planes of the pairs, calculated in the labo- 
ratory system and in the rest system of the i 
meson; the electron momenta in the rest system 
of the 7? meson are also given. To calculate . 
these quantities, we assumed accuracy limits for 
the particle-momentum measurements, within the 
limits indicated in Table I, to correspond kinemat- 
ically to a n> -meson mass of 135 Mev. 

In the reference system where the a meson 
is at rest, the decay particles form two electron- 
positron pairs with small angles between the elec- 
trons and positrons (Table III) and with equal and 
opposite momenta; the momentum projections on 
the coordinate axes are balanced to a high degree 
of accuracy. (In principle, it is possible to con- 


TABLE II 
Laboratory system 77°-meson rest system 
Shes s Angle @be- | Angle Pbe- Angle 0 be- moe eRe 
trac ; tween per- tween Momentum tween par- tween 
particle rictenedeg planes, deg. Mev /c ticles, deg planes, deg 
2, e7 \ 6 : 56 ai \ 742 
? nocd = 
he e 75+10 oe <37 
y. Cs 1 ; + 
5 ef oo 58.7 lion 
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sider the analyzed case as that of 7’-meson decay to be much less than 9 x 1075. Another argument 


into two electron-positron pairs with angles of against such an interpretation is the exceedingly 
emission close to 180 deg. According to Dalitz,' good agreement between the kinematics of the 
however, that two such wide-angle pairs appear observed event and the kinematics of decay (3). 
as the result of internal conversion is approxi- d) According to the estimates of Kroll and 
mately 400 times less probable than the appear- Wada, only one mn meson in 29,000 decays by 
ance of pairs with angles ~ 10 deg.) scheme (3). Consequently, the probability of 

In view of the effect that the angles of emission observing such a decay in our experimental data 
6 between the pair particles are relatively small, amounts to approximately 0.09. A comparison 
the angle between the planes of the pair can be de- of this value with estimates a), b), and c), and 
termined only very roughly. Calculations show also the good agreement with the kinematics, 
that in the rest system of the 7’ meson this angle leave no doubts regarding the reliability of ob- 
does not exceed 37 deg, although angles close to servation of the 1’ —e~+e*+e +e* decay. 
90 deg are more probable for the pseuco-scalar CONCLUSION 
meson. 

As noted previously, a definite angular corre- 

POSSIBLE EXAMPLES OF ANOTHER INTER- lation exists between the pair planes in the decay 

PRETATION of a 7m meson into two electron-positron pairs. 


yh : Nevin ficou A study of this correlation permits a direct de- 
: Ce ee ae ee termination of the spin and parity of the 7 meson. 
tions for the observed event. 


lati tion has the fo 
a) Leta 7 meson, produced through charge- The correlation function has the form 
W (»)~1+ cos 2¢, 


exchange decay, by the usual scheme (1), into two 


gamma quanta that are then converted into elec- where g is the angle between the pair planes. . 
tron-positron pairs at so close a distance from Kroll and Wada have found that for zero 7’ -meson 
the 1 -meson decay point, that this distance can- spin the correlation coefficient > is +0.19, with 
not be resolved on the photograph. The probability the plus and minus signs pertaining to the even 
of both gamma quanta from the 71° -meson decay and odd 7°’ mesons, respectively. The correla- 
converting in the chamber hydrogen at a distance tion is much stronger here than the correlation 
not exceeding 1 mm (width of track ~ 0.5 mm) between the planes of the pairs produced by the 
is 2.2 x 10-1. Since approximately 1400 events gamma quanta from the decay qn) — Ory 2310 Joseph® 
of elastic m -p scattering have been registered has analyzed the angular correlation for a 7 = 
in all the scanned films, and since the ratio of the meson spin and parity 2+, and has shown that in 
cross sections of charge-exchange and elastic this case |A| < 0.19.* 
Tw -p scattering is 1.8 at these energies, ° the Thus, even in the most favorable case, |A| = 
total number of 7 mesons decaying in the cham- 0.19, one must observe a rather large number of 
ber is 2500. Thus, the probability of observing decays as per scheme (3) (on the order of several 
the conversion of both gamma quanta at a distance hundred) if any definite conclusions are to be 
less than 1 mm amounts to 5.5 x 107° in our ex- drawn from the experimental data regarding the 
periment. spin and parity of the 7’ meson. Although such 
b) If the 7’ meson decays as in scheme (2) and an experiment is unusually laborious, it can be 
then the gamma quantum is converted less than made quite realizable by increasing the efficiency 
1 mm from the point of 7° -meson decay, the of recording such decays by observing the stopping 
probability of observing such an event in our ex- of slow m mesons in a hydrogen bubble chamber. 
periments amounts to 4.7 x 1079. In conclusion, the author express their gratitude 
c) The kinetic energy of the m™ meson (166 + to D. V. Shirkov for discussing several problems 
14 Mev) exceeds somewhat the threshold of the connected with this research, and also to L. I. 
reaction m +p — 7’ +7°+n (160 Mev). We can Krasnoslobdtseva, T. S. Sazhneva, and Yu. L. 
therefore observe an event analogous to that con- Saikina for scanning the films. 
sidered here if the two 7’ mesons produced in eaaate yee te 
this reaction decay as per scheme (2). A rough alte H. Dalitz, Proc. Phys. Soc. A64, 667 (1951). 
estimate, in which the cross section of the fore- N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 
going reaction is taken to be 7 x 10789 em? and (1955). 


calculated for a m -meson energy of 260 Mev,?® " *We are indebted to Dr. D. W. Joseph for providing us with 
shows the probability of observing such an event a preprint of his paper. 
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CONTRIBUTION TO THE THEORY OF FERROELECTRIC POLARIZATION CURVES 


N. S. AKULOV 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1085-1087 (April, 1959) 


The principles of a polarization theory for single- and many-domain ferroelectric crystals 
possessing one or two Curie points are developed for weak, strong, and medium fields at 
various temperatures. In contrast to the magnetization-curve theory previously developed, 
it is assumed that rotation can be neglected in the first approximation. The various refine- 
ments can be introduced in a way similar to that employed in the magnetization-curve theory. 


i theory of electrification curves for ferro- 
electrics should be formulated with account of the 
results of the theory of magnetization curves of 
ferromagnets.! Sometimes, however, one begins 
with the theory formulated by Becker in 1930, in 
which inversion processes (shifting of the domain 
boundaries ) are not taken into account. Accord- 
ing to this theory, if one starts with an S-shaped 
curve (Fig. 1), the Barkhausen jump should not 
occur anywhere except at points C or C’. In this 
case the coercive force EG is determined by the 
segment DC’. In 1931 — 1933! we showed that this 
theory is inadequate in principle and in practice. 
Actually (as indicated, for example in reference 1) 
the Barkhausen jump can occur at any point 6 or 
in the segment RC (or R’C’), which indeed de- 
termines the value of Eg. This is due to the ex- 
istence of inversion (displacement of the domain 
boundaries ), in addition to rotation processes 

and the paraprocess. 

If these concepts are carried over to the theory 
of ferroelectric electrification curves it becomes 
necessary to develop a new theory of coercive 
force and its temperature dependence, differing 
in principle from the single-domain theory (in 
spite of the attractiveness of this theory because 
of its great simplicity ).? In solving this problem, 
we are able at the same time to formulate a theory 
of susceptibility in weak and strong fields. Owing 
to the existence of the rotation and inversion proc- 
esses, and of the paraprocess we have accordingly 
for the susceptibility k= Kp + Kj + Kp, With Ky 
small for Rochelle salt. To calculate xj and Kp 
at various values of T, we start with the relation 
we have derived for the temperature dependence 
of the electrification curve? 


E=—a(T — ®,)’ (0. — T)*P + BP? + CP%, (1) 


where P and E are the polarization and the 
electric field, @j are the Curie points, a and 


B are parameters, and v and wu are integers. 
In the case of a single Curie point, uw = 0. 

This formula can be obtained most simply in 
the following manner:*? we expand the work of 
electrification into a series (even) in powers 
copie 12) 

P 
| EaP = = AP? 25 BPA CP? ama (a) 
0 

The quantity A is expanded in powers of the 

differences T-—@, and ®,—T 


A=A,+¢,(T —@,) + C,(0.— by 


a(R 6) (0. ee (2) 


But A=0 at the Curie points for here (P) pay = 0. 


Equation (1) follows from (2) and (2’). 

In addition, we should know the dependence of 
the domain energy U on the positions of the 
boundaries between domains. Let x be the dis- 
placement of the boundary from the equilibrium 
position. Then, expanding in powers of x and P, 
we have 


U;= xP (6 +e5P), (3) 


where cy is the sum of two terms, one linear and 


ie 
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the other quadratic in o, the internal elastic 
stress. A formula of this type is applicable to 
various types of domain energy (electrostriction, 
spontaneous electrification, and energy of the do- 
main boundaries). Consequently, we obtain an 
analogous formula for the total energy, too. In the 
general case we should also take into account the 
types of energy which are proportional to other 
powers of P. In the first approximation it is 
enough, however, to restrict oneself to Eq. (3). 
Taking into account the energy of the external 

field (Ug = —2PEx), we obtain for the equilibrium 
condition, 9(Uj+ U,)/ax =0, the following equa- 
tion 

E = x (OP + 9). (4) 


Let n be the number of plane domains per 
cubic centimeter. We then obtain for the initial 
electric susceptibility 


pe ee) (5) 
From (4) and (5) we get 
A ne C et (CLP =C79); (6) 
i.e., the susceptibility of inversion at o —0 is in- 
dependent of the temperature. The situation is dif- 
ferent with the susceptibility of the paraprocess. 
We consider first fields considerably weaker than 
the coercive force. We then obtain for the point 
E=0 
Mee OP OE 2A: (7) 
Thus we have from (2), (6), and (7), for the total 
susceptibility in weak fields at v=y=1, 
x=x,+1/2a(T —@,)(9,—T), (8) 
where 
Xo = % + x,. 
According to (1), we have for the case of strong 
fields at v= (for @,< T<@, and c=0) 


x =P/E=2YV(T—%)@,—T)/E@2:—9), (9) 


where xk’ is the susceptibility in the absence of 
rotation and inversion. 
At the Curie points themselves, P depends 
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FIG. 3. Solid line theoretical data; dotted—experimental 
data. 


strongly on E. Indeed, we get from (1) and (2) 
P =(E]B)". (10) 


Supplementing (9), we readily find by the method of 
successive approximation the value of P for tem- 
peratures near @, and @,. As a result we obtain 
a curve of type III (Fig. 2). 

The types of susceptibility curves obtained in 
weak fields (I) and in strong ones (II) are also 
shown in Fig. 2. The experiment yields a family 
of curves of this type. 

Let Xe be the critical boundary displacement 
corresponding to the Barkhausen jump. We then 
obtain for the coercive force, from (4), 


Bin (OS Pe (11) 


i.e., according to (2) and (1), we have (for v =p) 


Ee = 2B V (T == O,) (82 —T)/(Oz— i), (12) 


where Egt pertains to the point T = (@,+@,)/2. 
As can be seen from Fig. 3, Eq. (4) is in good 
agreement with the experimental data of Bradford? 
(reference 4, p.576). We assume that the discrep- 
ancy between the experimental data of various au- 
thors is due to insufficient stabilization of the 
temperature, and also to the presence of dielectric 
viscosity. 


1. S. Akulov, Z. Physik 81, 790 (1933). 
2w. P. Mason, Piezoelectric Crystals and 


their Application to Ultrasonics, (Russ. Transl.) 
IIL, 1952, p 221, Van Nostrand, N. Y., 1950. 


3N. S. Akulov, Co. IIpuMeHenue yAbTpaakyCTUKK K 
uccaeqoBaHnw BewectBa (Anthology, Application of Ul- 
trasonics to Investigations of Matter) No.2, p. 279, 
1958. 

4w.C. Cady, Piezoelectricity, (Russ. Transl.) 
IIL, 1950, p.546, Fig. 137, McGraw-Hill, New 
York, 1946. 
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Some new dispersion relations are obtained between the modulus and the phase shift of the 
forward scattering amplitude. In contrast to the usual dispersion relations between the 
real and imaginary parts of the forward scattering amplitude, the present relations do not 
depend on the detailed kehavior (degree of increase or decrease) of the forward scatter - 
ing amplitude at infinite energy. In connection with the deduced dispersion equations the 
question of possible existence of zeros in the forward scattering amplitude in its region 


of analyticity is investigated. 


lie In order to make clear the main ideas in the 
derivation of the new dispersion relations, we 
shall study a model. With appropriate technical 
improvements this model could be applied to 
realistic theories. 
Let f(E) be the forward scattering amplitude 

defined by the Fourier integral* 

f(E) = \ Fe ePat= 9 (E) ee) (1) 

—oo 

of a causal function F(t), i.e., a semi-finite func- 
tion: 


ty <0. (2) 


In the case when the limit of semi-finiteness 
t) = 0 we say that F (t) is microcausal, and when 
ty <0 we say that F(t) is macrocausal.! In the 
derivation of the usual dispersion relations one 
makes use of the condition of microcausality.! 

The function f(E) satisfies the following sym- 
metry condition:+ 


OS Es fie a2") (3) 


and from the “optical” theorem we have! 


Im f(E)=£s(E), E€[y, 20), (4) 


Here o(E) is the total scattering cross section 
and k? = E*-y?, where p is the rest mass of.the 
particle. 

As is well known, relations of the type (1), (3), 
or (4) may be derived rigorously starting from 
only the most fundamental physical principles 


*The Fourier integral (1) is defined, generally speaking, 
for the class of generalized functions.’ 

tFor the sake of simplicity we consider the case when the 
particles are described by a neutral field. 


(in particular, the causality principle) and, most 
important, without any specific assumptions about 
the (unknown) form of the interaction operator. 
The function F (t), of course, does depend on the 
specific structure of the interaction operator. 

The derivation of the usual dispersion rela- 
tions is based on the analyticity of F(E) inthe 
upper half plane Im E > 0, which follows from 
the semi-finiteness of F (t). However, in the 
derivation of the usual dispersion relations be- 
tween Ref(E) and Imf(E), it is necessary 
to make additional assumptions about the behav- 
ior of £(E) as |E|—~,.!2- It is important 
to note that the behavior of f(E) as |E|—o 
does not, in general, follow from the fundamental 
physical principles used to obtain the basic rela- 
tion (1). When studying the behavior of f{(E) as 
|E|—- one must start from a specific form for 
the interaction operator .1011 This is most unsat- 
isfactory since it is believed that it is exactly at 
these infinitely high energies that present day 
theories are inconsistent (and therefore the in- 
teraction operators known at present are incon- 
sistent also). 

Therefore the usual dispersion relations can- 
not be used directly to verify the fundamental 
physical principles experimentally; the failure of 
the usual dispersion relations* may also be due 
to an incorrect assumption about the behavior of 
f{(E) as |E|—~o. 

2. For those functions f(E) which are in the 
Lebesgue class L*7 (i.e., are square-integrable ) 
one obtains from the causality principle (micro- 
as well as macro-causality ) not only analyticity 


*Dispersion relations are a necessary but not sufficient 


(!) condition for the validity of the fundamental physical prin- . 


ciples. 
tThis is the class of functions f(E) considered by Oehme.° 
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of f(E) in the upper half plane Im E> 0 but 
also the criterion of physical realizability in 
quantum field theory:'” 


i eT EOE etic 


a} + E2 (5) 


From Eq. (5) are in particular, definite restric- 
tions on the behavior of {(E) as |E|—~o, 
namely 


[FE] =$(E)> 


where A>0, y>0, q<1, 
crease too rapidly. 

On the other hand f(E) cannot increase too 
rapidly as |E|— © since it follows in any case 


Aexp{— 1|E]"}, (6) 


i.e., £(E) cannot de- 
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from the analyticity of f{(E) that 


lf (E)| = $(£) < Ay exp (11 | £1", (7) 


where an >0, ¥,>90, q,y<1. Furthermore, it can 
be shown! that f (E) can increase or decrease as 
|E|—o only as a polynomial in E. 

3. On the basis of the analyticity of the forwaull 
scattering amplitude f(E) in the upper half plane 
Im E > 0 and on the basis of the criterion of phys- 
ical realizability (5) and (6), and the condition (7) 
we obtain by methods analogous to those used in 
quantum decay theory!*~ the desired dispersion 
relations between log ~(E) and @(E), which do 
not depend on the degree of increase or decrease 
of f{(E) as |E|—»; 


o(E) =— Eafe” p[ RebEE + DE Ey" urine — BYE BI" apy 
Tw (E’? — E?) (E” 2 — F2)" 
0 0 
E— E de le ) (EE! aio (ee Se) 
Se Oaen rae ta — 1 ie zh EE y yan: 
OU oes E{)) E{) a: m—1 4ym—1 2 (E, — E()) F@) 
0 R k a (E — E,) d -1 ( h ER m> 2. (8) 


t =i 
oa >| an (E,— EDP EP? 


If f(E) increases or decreases as a polynomial! 
as |E|—o then it can be shown, making use of 
the symmetry condition (3), that the following 
much simpler dispersion relation is valid: 


log } (E’) — log ¥ (E) 


2E C y 
9(E)=—= P| pipe dE 
0 
ae -{ k k 9 
2itan (E—EP —2e? oe 


In Eqs. (8) and (9) the summation over k isa 
summation over the possible zeros of the function 
f(E) in the upper half plane E, = EW - in}; 
Ef >0; and ~(E) and y(E) are the differen- 
tial forward scattering cross section and the phase 
shift of the forward scattering amplitude respec- 
tively. They are given in terms of experimentally 
measureable quantities by 


(E) = ((Re f (E)I? + [im f (E)P)”, 


p(E) =tan™ [Im f (E)/Ref(E)], 


= Im f (E) 

aS ((y (E)]2 — (Im f (E)P)"* 
The symbol P indicates that the integrals are 
principal value integrals at the points KE’ = E as 
well as E’ = Ep. 

The dispersion relations (8) and (9), in contrast 
to the usual ones,!2~* are valid for any degree of 
increase or decrease of the forward scattering 


(10) 


(m— 1)! 


amplitude £{(E) as |E|—». The dispersion re- 
lations (9), as opposed to the relations (8), do not 
require the knowledge of the derivatives of the 
phase shift, which constitutes a distinct advantage 
from the point of view of accuracy of the experi- 
mental data. 

4, The main problem arising in the application 
of the new dispersion relations (8), (9) is in the 
determination of the possible zeros of the forward 
scattering amplitude f(E) in the upper half plane 
Im E >0. The complete solution of this problem 
differs for particles with vanishing (uw = 0) or 
with finite (0 <u< ~) rest mass. 

It can be shown, using criterion (5) and condi- 
tion (7), that f(E) is a function of completely 
regular increase and in class A in the upper half 
plane Im E > 0./* Consequently one has, from the 
theorem by A. Pflyuger,'® convergence of the series 

» | Im = | <0 (11) 
k 
(here Ex, are the zeros of the analytic function 
f(E) in the upper half plane) and the existence 
of the density 
(12) 


Ay= lim nj(|E|)/|E}, 


|B | 
where n¢(|E|) is the number of zeros of f(E) 
in a semicircle of radius | E|. The convergence 
of (12) means that “almost all” possible zeros of 
the forward scattering amplitude f(E) lie in the 
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neighborhood of the real axis. It is seen from 
Eqs. (8) and (9) that the zeros that lie close to the 
real axis E(?) +0 make a vanishingly small con- 
tribution to the dispersion relations. 

5. The results obtained above concerning the 
possible zeros of the forward scattering amplitude 
f(E) in the upper half plane Im E > 0 are based 
on the same fundamental physical principles that 
are used in the proof of dispersion relations.! 

These results can be made considerably more 
precise if use is made of the additional natural 
physical assumption that the total cross section 
o(E) differs from zero for all finite E€[u, ~], 


o(E)+0. (13) 


Using Eq. (4) we obtain from the additional con- 
dition (13) for particles with zero rest mass pu = 0 


Im f (E)=-0, E€[0, oo), (14) 
and for particles with finite rest mass yp > 0 
imp (E\==0. £2 e[u ioc): (15) 


On the basic of the fundamental theorem on the 
number of zeros of an analytic function" it is not 
difficult to see that the existence of zeros in f(E) 
in the upper half plane Im E >0 corresponds to 
the vanishing of Im f(E) in isolated points Ej 
and, further, that Ref(E) should alternate in 
sign at neighboring points Ej. 

Hence, using Eq. (14), we obtain the following 
final result for particles with zero rest mass 
= 0. For such particles the forward scattering 
amplitude f{(E) either does not vanish at all in 
the upper half plane Im E>0 if Ref(0) and 
Re f{(«) have the same sign, or has one simple 
zero E, =iE{?) if Ref(0) and Ref(«) have 
opposite signs. 

On the other hand for particles with finite rest 
mass 0<y<o it can be shown, using the funda- 
mental theorem" and the condition (15), that the 
forward scattering amplitude f(E) has only a 
finite number of zeros in the upper half plane 
Im E > 0. To obtain more precise results one 
generally speaking needs to know the behavior 
of f{(E) in the nonphysical* region E€(—yp, p). 
At that it is only necessary to know those values 
of |E;| <p for which Imf(E) vanishes and to 
know the sign of Re f(E) at these points Kj. 


*For the 7-meson-nucleon scattering, for example, the be- 
havior of {(E) in the nonphysical region is known. 


In connection.with the dispersion relations de- 
rived above the following mathematical problem 
is of interest:!® to find the necessary and suffi- 
cient criteria which must be satisfied by the ana- 
lytic function — the forward scattering amplitude 
f(E) —for >|E| =p in order that it have 
no zeros in the upper half plane Im E > 0. 
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An analysis is given of the cross section formulas for bremsstrahlung and pair production 
by photons on a Coulomb center; the formulas are derived in the Born approximation with- 
out taking into account screening and recoil and for fixed polarization of all the particles. 
Transformations have been found which allow one to obtain some of the formulas from the 
others, and by means of them formulas have been derived for pair production by circularly- 


polarized quanta. 


l. For the case of elliptically polarized light the 
polarization vector may be written in the following 
form 


e = (e + iSe,)(1 + 8), 


where |6| differs from unity provided that the 
polarization is not circular. In this formula e, 
and @, are unit polarization vectors along two 
mutually perpendicular directions in a plane which 
is perpendicular to the momentum of the quantum, 


(1) 


6 is a real number. On expanding (1) into a plane- 


polarized and a circularly-polarized wave we ob- 
tain 
e=|S/V 1 + & | le, +2(8/|8)) es] 
+ ()8|—1e/ VFI. 
The cross section for the production of a pair with 
prescribed polarization must be of the form 


4 


€9 


28° 


1+ & 


4, 2,28? 13 | Site 1) 
BYE 1+ 82 


Loo 


28° 28? 
4 + § = SOS Tere) + SE 


eee 2 (28° — 3| 8| + 4) 

wee ders TL : 

In the foregoing the following notation has been 
adopted: oa is the cross section given by the 
Bethe-Heitler formula! for the production of 
pairs of unpolarized particles by unpolarized 

y quanta; op is the cross section for the produc- 
tion of pairs of unpolarized particles by y quanta 
which are plane-polarized in the e, direction;?”® 
the ratios o¢/c, and oor/ o, give respectively 
the degree of polarization of electrons and posi- 
trons (or of u~- and u*-mesons) in the case of 
pair production by circularly-polarized y quanta. 
The ratios Op/op and o,/o, give the “degree 
of correlation of polarization” of positive and 
negative particles in the cases of unpolarized and 


plane-polarized y quanta respectively. 


(2) 
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The bremsstrahlung formula is of a form simi- 
lar to formula (3): 
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In this case a quantum is radiated with polariza- 
tion given by formula (1), while oF have the fol- 
lowing meaning: o’4 is the bremsstrahlung cross 
section for an unpolarized electron summed over 
the polarizations of the y quanta (Bethe-Heitler 
formula);! oR is the bremsstrahlung cross sec- 
tion for radiation of a given linear polarization 
from an unpolarized electron,?~° the ratios 
ocr/o'n,*® and oc /o, give respectively the degree 
of circular polarization in the case when the final 
or the initial electron is polarized; the ratios 
op/o’n, and of /o’, give the “degree of correla- 
tion of polarizations” in the case of emission of 
an unpolarized or a linearly-polarized quantum 
respectively. 

The difference in the coefficients in formulas 
(4) and (3) arises because it is necessary to take 
into account the fact that in the first case an av- 
eraging was carried out in the calculations, while 
in the other case a summation over the spins and 
the polarizations of the quanta was performed. 

All the subsequent investigation is carried out 
in the Born approximation. 

The formulas for op, OR, OA, OA, CO have 
been obtained and investigated a long time ago;!> 
the formulas for oC’, oc, oq may be easily 
obtained by introducing new variables (and making 
use of symmetry properties) from the formula for 
the circular polarization of bremsstrahlung by 
polarized electrons obtained in the paper by Vysot- 
skit et al.> The formulas for op, op, 9%, 9 
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have been obtained earlier in special cases. 
In the general case the expressions for op; op, 
of and of were obtained in Claesson’s paper,® 
but since in deriving them McVoy’s method®" was 
used, the expressions obtained are of such an 
awkward form that it is possible to utilize them 
only by using an electronic computer. 

Let us first of all investigate the question of 
the possibility of a direct derivation of the for- 
mulas for bremsstrahlung from the formulas for 
pair production, and conversely, in the case of 
fixed polarizations. In order to do this we shall 
investigate the expressions for the square of the 
modulus of the matrix element for both these 


processes. 
In the case of pair production 
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|MP = sOFE. G48) ahi 2 (pik) 


a, (p-—& + m) e 
2 (p-k) 


ee Fe a) 


eC pr em) a, 
2 (psk) 


1 Ja — itsS") (p_ + mp (5) 


In the foregoing and also in subsequent material 
the following notation has been used: the index 
“+” refers to the positron (u* meson), the index 
“—” refers to the electron (u™ meson), E,4), w 
denote the energy and p,,), k denote the 4~mo- 
mentum of a positively or a negatively charged 
particle and of a y quantum. The projection 
operators for the electron and positron polariza- 
tion are of the form 


S~ = {(p., J.)/m; J. + (pz, J.) pi/m(E. +m}, 6) 


J is the spin direction. 

The square of the modulus of the matrix element 
for pair production (5) goes over into the square of 
the modulus for bremsstrahlung on making the fol- 
lowing substitution: 


(7a) 
(7b) 


Thus from the four-dimensional expressions for 
the cross sections of the one process we can ob- 
tain the four-dimensional expressions for the 
cross sections of the other process. However, it 
may be seen from expression (6) for the projection 
operators that if one makes the substitution (7a) 

in (6) then in this case we have S- —S*, but S* 
does not go over into S!. In order to find the 
transformation under which it is possible to ob- 
tain from the three-dimensional expressions for 
the one process the three-dimensional expressions 
for the other process, we note that expression (5) 
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for the square of the modulus of the matrix ele- | 
ment for pair production goes over into itself 
under the transformation 


koh pets Se ee = ee | 


A similar transformation for the square of the 
modulus of the matrix element for bremsstrahlung | 
may, however, also be carried out in three-dimen- 1 
sional form, since when the transformation: 


k——kR; Pi = Po; San, C2; (9a) | 


is carried out then automatically the transforma- 
tion | 

1 peel Py (9b) | 
occurs, and therefore the following transformation 
is at once realized 


Sa I 


ece’; k—-—k; Jp 255. (10) 
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However, in expression (5) one may carry out 
another replacement in addition to (8), in which 
the spin directions of the electron and the posi- 
tron are directly interchanged, viz. the following 
replacement takes place 
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which differs in the signs of p,, p_, k from the 
replacement (8). Indeed, only such terms in (5) 
differ from zero which contain an even number 
of factors: D.3 D_; S-; 8+; &; therefore the fol- 
lowing two cases are possible: 

1) The term contains one of the spin projection 
operators (S- or S*); Then under the replace- 
ment (11) it will change sign. But such terms may 
appear only in expressions corresponding to cir- 
cular polarization, and moreover one must also 
take into account the fact that in the replacement 
e=e* these (and only these) expressions have 
an additional change of sign, and therefore the 
term will not change its sign. 

2) The term contains both projection operators. 
In this case the requirement that the square of the 
absolute value of the matrix element should be 
real leads to the result that the expressions which 
contain the first power of 6 (cf (1)) cannot appear 
in such terms, and therefore in the replacement 
e = e* the sign does not undergo an additional 
change, and since in this case there is a change 
of sign in an even number of factors (four-mo- 
menta), then the term does not change sign in 
this case also. But under the transformation (1 1) 
a replacement of spins 


> 
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also occurs, and therefore expression (5) turns 
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out to be symmetric with respect to the replace- 


| ment 
cokes Oe De Ne, (12) 
since it is equivalent to the replacement (8). 

We emphasize that if in the expression for 
bremsstrahlung we introduce a replacement 
similar to (10), 

i =k 3, <p, J, J. (13) 


(without replacing e by e*), then the expressions 


corresponding to circular polarization will change 
| sign (the other expressions will not change sign). 


We also note another property of the projection 


_ operators: if J is the transverse polarization, 


then any arbitrary transformations of p in S 
will not change S. Butif J is a longitudinal po- 


_ larization, then when the (four-dimensional ) 


momentum p changes sign the longitudinal polar- 
ization will also change sign. We can make use of 
this last fact in order to obtain special cases of 
formulas for the correlation of polarizations. 

We emphasize that although all the considera- 
tions presented below apply to the case of the ab- 
sence of screening, the symmetry properties of 
the formulas are retained also for the case of 
complete screening at ultra-relativistic energies. 

2. The expression for oj, containing circular 
polarization was obtained in the general case in 


the paper by Vysotskii, Kresnin, and Rozentsveig:>* 
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where vw, J, are the angles between k and p, 
Or DP»; Np is a factor which takes into account 
the number of states: 
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We carry out the replacement (13) in expres- 
sion (14). In doing this both now and everywhere 
later naturally the replacement is not carried out 
in N. In making this replacement it is necessary 
to change the sign in front of the whole expression 
as was mentioned earlier. Then for the quantity 


*Quite recently the paper by Fronsdal and Uberall was 
published 1° which contains a part of the results already ob- 


_ tained previously” and in agreement with them. 


(A) 


oo corresponding to circular polarization and for 
a fixed polarization of the final electron we obtain 
the eae. expression 
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To obtain the expression for o¢ we shali carry 
out in formula (15) the replacement p, — —p_; 
P_—p.; k—-—k; J,—J_ [which in the present 
case is equivalent to the replacement (7a), (7b)] 
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We shall obtain the expression containing posi- 
tron polarization from (15) by making use of the 
replacement (12) 
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x eh Z= (op, — Ek) + = @p_ — E_k)). (17) 
The author wishes to thank I. Yu. Kobzarev for 
discussing certain questions associated with the 


present work. 
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All representations of the full Lorentz group are found. It is shown that these representa- 
tions reduce to direct products of spinors belonging to three classes. An attempt is made 
to interpret isotopic spin in terms of the generalized parity operator without introducing 


new degrees of freedom. 


It is shown that the connection between spin and statistics may not hold for spinors 
which transform according to commuting representations. 


& the paper by Gel’fand and Tsetlin! the possi- 

bility was noted of representing the group of space- 
time reflections by matrices which commute in the 
case of spinor representations and which anti-com- 


| mute in the case of representations corresponding 


to particles of integral spin. 

The author has shown? that the Dirac equation 
is invariant with respect to the commuting spinor 
representation of the Lorentz group only in the 
extended eight-dimensional form. In this connec- 
tion it was noted that the doubling of dimensionality 


- obtained in this way may be interpreted as the in- 


troduction of isotopic spin. This gives rise to the 


_ possibility of obtaining the isotopic doublet without 


introducing new degrees of freedom only by means 
of generalizing the representation of the full Lo- 
rentz group, while the majority of the attempts to 
interpret isotopic spin undertaken recently were 
based on the generalization of the Lorentz group 
itself (cf. for example, reference 3). 

Thus, it appears to be possible to classify ele- 
mentary particles according to the representations 
of the group of space-time reflections. In this 
case the parity operator will play the role of iso- 
topic spin. In connection with this the problem 


arises of finding all the irreducible representa- 


tions of the full Lorentz group. In this way we 
shall obtain all the invariants and pseudoinvari- 
ants expressed in terms of polylinear combina- 


tions of three kinds of spinors. In other words, 


the solution of this problem will make it possible 
to carry out the classification of interactions of 
elementary particles (conserving or noncon- 
serving parity) in terms of the representations 
of the full Lorentz group. This problem is of 
particular interest in connection with the fusion 
theory, according to which all the particles re- 
duce to one or several spinor particles,‘ and also 
in connection with attempts of creating a single 


‘nonlinear field theory taking into account various 


types of fundamental spinors.® The normal and the 
anomalous (commuting and anticommuting)! rep- 
resentations of the full Lorentz group are effec- 
tively specified by means of the contracted direct 
product of the following three spinor representa- 


tions: 
Oe Vp AOL Bll at XO} 
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The representation (1) is normal, while the repre- 
sentations (2) and (3) are anomalous. The opera- 
tors To;, Ty), Ty,, which satisfy the relations 
TioTat = Tors Tio To1 = Ti1, operate on the bispin- 
Ors (X,X9X4X_), with To,;, Ty, Ty, corresponding 
to reflections of space, time and space-time re- 
spectively. The representations are determined 
up to a factor of modulus 1. As was shown in ref- 
erence 2, the spinors transforming according to 
formulas (3) may be interpreted in terms of the 
five-dimensional rotation group. 

We note that the spinors (1) may be regarded as 
spinors of the first kind with respect to spatial re- 
flections, and of the second kind with respect to 
time reflections.**’ The representations of the 
full Lorentz group are given® by multiplying the 
spinor representations (3, 0) and (0, 3). 

By expanding the generating polynomials Dix 
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we obtain the quantities yik and zJK which 
transform according to the representations Dj 
and Dyk: | 9, 1 

Vale veel alo ewe ee? 
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; Fake De ey DO Pe Se 
Fae = Cad Xe ene Xq" (%Xp — X9%1). 
Let us examine the case Dj, and Djj. For 
spinors which transform according to formulas 
(1), (2), and (3), we have 
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respectively. The representations (5) and (6) are 
anomalous in the case when one of the jk is inte- 
gral, while the other one is half-integral; in all 
other cases these representations are normal. 

The representation (4) is always normal. 

Let us examine the improper representation 
Dik and Dij- It may be easily shown that “ALS 
transforms according to formulas (4), (5), and (6), 
if xx and x’x’ transform according to (1), (2), 
and (3). In the case when xx transforms accord- 
ing to (1), while x’x’ transforms according to (2), 
the representation Dix: Dkj is specified by the 
anticommuting operators 


een Gee Cure 
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We see that in this case the representation of 
the full Lorentz group specified by the direct prod- 
uct of spinors of different type decomposes into 
two representations of the proper group related 
by reflection even in the case when j =k. When 
xx and x’x’ transform according to (1) and (3) 
or (2) and (3), respectively, the following repre- 
sentations hold 
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In the last case the operators commute when kj 
are integral or half-integral, and anticommute if | 
2j and 2k have opposite parity. 

The representation of the full Lorentz group 
may also be specified by the generating polyno- 
mials 
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In this case the basis of the representation is spe- 
cified by the products of the monomials 
ee 


Fik Epis it RCP. Rap 
LS ie XoU Xe eed ass 


kj ktpk—p itm ,’ji—m 
Zom = Bae Xp XxX, X22 
hi yrteyk—p itm j—m 
Lon =X, Xe wate Xe ’ 


Z* = X1Xp es oe 7” = XyXo — XX, 
where x and x’ behave in the same way under | 
rotations. If x and x’ iranstoxm. according to 
(1) and (2), Alay AL and Zenon transform 
according to the following representations: 


0 (=n j2k , 
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(11) 
and | 
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The representations obtained above are anoma- 
lous for j and k having half-integral values re-: 
spectively and are normal in all other cases. By | 
considering x and x’ as transforming according; 
to (2), (3) and (1), (3), it may be shown in general 
that in the case when xx transform according to 
the normal representations while x’x’ transform 
according to anomalous representations the re- 
sulting representation of Bik Bry, is anomalous 
if j or k is half-integral and is normal in all 
other cases. If both spinor representations are 
anomalous then Bj,, Big; is anomalous only when! 
one of the numbers j, k is integral and the other: 
one is half-integral. 

In conclusion we note that both new variants of 
the representation of the full Lorentz group (the 
commuting spinor and the anticommuting boson 
representations) lead to a doubling of the dimen- 
sionality of the ~ -function. 


As an example we shall consider two pseudo- 
scalar irreducible representations 
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| which transform according to the Pauli matrices 
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| The representation obtained above may be used to 
describe a scalar particle which may exist in 


states with different parities. In order to do this 


| we Shall go over to another representation 
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| In this case we have the doublet 
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which may be interpreted as one of the K-meson 
isotopic doublets [K°K*t] or [—K®*K™]. 

With reference to the spinor particles we see 
that in accordance with (2) the Dirac equation 
yi 0~/8xj +my=0 is invariant with respect to (3), 
while the equation yj9~/8xj + my5) =0 is invari- 
ant with respect to (2). The normal representation 
gives the eight-dimensional Dirac equation 


Tov /ox;+m¥ = 0, r= (# waa 


The spinor & may be expressed in terms of x;X» 
and x,X, in the following manner. Y=I1 XZ 


where 
x 
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It may be easily shown that in the case of spinors 
which transform according to the normal repre- 
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sentation, time reversal is equivalent to charge 


conjugation. Indeed, if » = ayes where CD*C 
0 0 ds + 03 01— ids 
at 0 0 0,+ 10. O,—d3 |, 
Pi OS) WRG eos ee ayo, 0 0 
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On the other hand y,D_¢y4 = —D, with yo’ = yyy. 
Consequently the operation TC in the case of the 
normal spinor representation preserves the Dirac 
equation and, thereby, also the Lagrangian = 
p* (Dj +my); here pe and ~ are not subjected 
to the anticommutation condition as in the case of 
the anomalous spinor representations.® 

Thus the normal spinors are quantized accord- 
ing to Bose statistics.” The argument presented 
above is applicable to the Dirac equation ‘interact- 
ing with the electromagnetic field 


1: (0 / Ox; — ieA;)> + mb = 0; lA) GC 


since j =w*yj~ and A; transform under reflec- 
tions like 9/9x;j. I wish to thank O. A. Germoge- 
nova and A. M. Brodskif for valuable suggestions 
and fruitful discussions. 
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The static dispersion relations and Chew-Low equations are established for the process 
n+N—nr+N. It turns out that for this process one can obtain physically different dis- 
persion relations and Chew-Low equations, depending on how the variables are chosen. 


Tha progress in theoretical m-meson physics of 
the last few years has been achieved mainly by 
means of the theory of dispersion relations and 
by means of the so-called Chew-Low equations. 
There exists a connection between these two the- 
ories. This has already been investigated by sev- 
eral authors.!’? In the present paper we will es- 
tablish the dispersion relations and the Chew-Low 
equations for the process 7+N-—n7+N inthe 
fixed-source approximation. 

As in the case of elastic scattering one has to 
utilize the causality conditions in order to estab- 
lish the dispersion relations. Utilizing the Bogo- 
lyubov formalism? it is possible to introduce the 
causality conditions in an explicit manner in the 
static case’ to which we shall restrict ourselves. 
This is as is well known not possible in the for- 
malism of Wick, Chew, and Low.® 

In setting up the dispersion relations we employ 
the retarded and advanced transition amplitudes 
of the considered process. Since there does not 
hold an “optical theorem” for the case n>1 and 
because of the appearance of the unphysical region 
it seems that it is not possible to apply the disper- 
sion relations in an exact fashion. Therefore we 
shall go over from the static dispersion equations 
to the appropriate equation of the Chew-Low type. 

Depending on the way how one fixes the vari- 
ables in the case n> 41, one can obtain different 
dispersion relations. Presumably the exact solu- 
tions to these different dispersion relations will 
coincide. 

On the other hand it turns out that the results 
obtained by using approximations definitely depend 
on the choice of variables. This is also true for 
the different Chew-Low type equations which cor- 
respond to the different dispersion relations. It 
should be mentioned that these differences are 
due to physical reasons and are not connected in 
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any way with the frequently discussed nonunique- — 
ness of the solutions to the Chew-Low equations 
(see references 6 and 7). We shall not consider 
this point in the present paper. 


1. STRUCTURE OF THE S MATRIX 


An element of the S matrix of the process 
7t+N—>nz+N can be written in the form 
Un-++U%dn - +> 4o 
(Qn) D2 (eh Ee Eom 
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%<S'| Fp) 0+ « 841 (hs) 


8), (1)) 


where qd) is the momentum of the incoming 
mesons and qyn...q;... are the momenta of the | 
outgoing mesons; each of the momenta qn is un- | 
derstood to form a scalar product with the corre- 
sponding 6S/5g; vi =v(\aj|) is the Fourier 
transform of the smeared out fixed nucleon, and 

Yj (tj) can be written in the form 


g(t) = Ries (¢,) 


= dq; iE t, 
= hfe alin 


als Wer | 
= (Qn) Vor. as. (qu) é : ‘\ (2) 


and is essentially the field operator of the i-th a 
meson. 
Owing to the assumption of a fixed and smeared 
out nucleon, (2) depends only on the time variable. 
Between the mt meson creation and annihilation 
operators and the operator S there hold the follow- 
ing commutation relations: 


[aS (q), S] = 


Set a ert oo 
(2x)? VY2E 8e,(t) 


i 0q,, 


a tiEt == dt. (3 
(2x)? V2E \e 80,,9(t) (3) 


[S, af? (q)] = + 
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| tion amplitude. 


The pseudoscalar nature of the 7 mesons 
leads to the well known factors in (1) and (3). They 
are of no particular importance for our purposes. 

In order to bring the matrix element of the 
considered process to the form (1) one has to 
utilize the stationary character of 


Silion > hoe, (4) 


|where |a> is either the vacuum or a one-particle 
| state. 


This way one can immediately express the 
S matrix element in terms of the retarded transi- 
For this purpose we utilize the 
translational invariance of the expression and 
write Sy; in the following form: 


Sea == — 2nid (Ep, + cee ar dei 9) 
One: 
GOTSIE Sa 


5D 


Eo)? 


ied (Coir. og 


x 


? Ee 1B) 


DS Ghee a) 


Gn Bent gh PEt) 
Seer er iyi \ dt, ... ate nin 


, 


(5) 


i8” [(8S/8p (0))S+] | 
80, (¢,) - - - 891 (41) 


Starting with the Hermitian conjugate of the ma- 
trix element Sy, we find for the advanced transi- 
tion amplitude 


Line |S rgghed oae ae) 


Gn «+ Go 


es E{Entyt... Esty 
= Onyporrnn ( dtye 


—i)i\dt,... 


— iS” [(8S+/3qp (0))S] | 
8@,, (t,) «+ - 8¢1 (4) 


eS (6) 


The causality conditions can be expressed in 
our static case in the following two ways: 


*)\/ 80" (') = t' <0, 
(5 755 i (t’) = 0 for t'/< 
dg’ == (0 for t’>0. 7 
8(s75 5)/ 8 >0. (7) 
From this it follows that 
T= 0 tort, <0, US 15. on: 
Toe tory, 0, = 1, 7) (8) 


which is the justification for the terms “advanced” 


and “retarded.” 
The conditions (8) will allow to establish dis- 


persion relations. 
2. DISPERSION RELATIONS 


We consider the expressions (5) and (6) to be 
functions of n complex variables Ey, = aj + ib] 
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(2=1...n). One sees from the causality condi- 
tions (7) that ange (Eevee qs 9h.) San analytic 
function of Ej] for Im Ej >-0 while T2", 51 (Ens. 

.. Ey; E) is analytic for' Im Ej] < 0. 

In order to establish the behavior of the func- 
tions TAS et and Ta’, for real values of the ar- 
guments es consider the difference of these func- 
tions which is proportional to the antihermitian 
part of the transition amplitude, 2a 1- For this 
we exchange (6S*/6g))S in T? V by —S*(6S/6@) 
and perform explicitly the fanotional derivative. 
Then we obtain the following expression (here Ej] 
are real) 


Pees = VA 


Gn. do we EMseiete 1 leit: 
= om acepna (— Y% Jae in icles . 
v, Gif és’ — 1sS* i8"S |s> 
; 89, 3p, -- - 9% 
iS"S OST A) == eS SERS 
S! S KS s> 
+ < d99-..59,_, 89, | > ~~ | 89,89, SPp—-» - - - S80 
, | (OCaLS: — 182S+ 
Ls | S 
SS ae Soa: 8Pp 9 8Pp_18P, > 
A SSeS BES 
S Ss 
< 80, 505 801 84 | > 
isS SS \ 
‘Su ————_—.— |s»+. 9 
as 89 «891... 30, 2 2) 


Here © is a symmetrization operator defined 
by the following relations: 


Sf (n;n—1,..., 1) 


= f(nje— 1, ..<y1) Pitan — 25 Fl) eee 
Si 1 =n 
=f (it, M— be a=, we) 
+ f(n,n—2;n—1,n 5) Fyne 
-+f (a, 1; n—-2,...,2,2—1) 
Lf(n—1l,n—2;n,n—3,...,1)+... 
.tfa—1,lnan—3,...,2,n—2) 


ie ered (ey latinas Os 


In an analogous fashion one can write down at 
once-expressions for (Ci (n, : 7, Ki kis. «4 1): 
Utilizing the translational invariance of the 
matrix elements one can write (9) as a sum of 
terms of the following form (we take as an ex- 

ample the fourth term of (9)) 


Qni D\SS (En + En + Ei) 
x i= A= Ey; ES an EG) | Bites e E;) Ts (Ei; a Een Se En), 


where 
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Losi Ce Terre Shee ae Fnea5 22) 
— Go-++ In—» ree e i {Fytit+ .. Peo 
(2) 82 ee i)" i \dty. digit 
eerste aia 
0] SS | See 
IK 39)... 8,» 


We now introduce new variables for the E7 


Ep vB; (Lawes AG diN Jato. 


1 


v.=1, »,=const (real) (10) 


(on the nonuniqueness of this choice of variables 
and its consequences see Sec. 4). Then my 
and Tey are analytic functions in the upper faa 
lower halt of the complex E -plane respectively. 

If we now consider only strong interactions in 
our process then the energy Ej can assume only 
the values Ej =0 and Ej =>w where uw is the 
mass of the m meson. As a consequence of this 
the difference THe a bat pebed ater = 00a 20 — 
function Bineulenity and equals zero for 0<|E| 
<p. One can thus make the following statement: 
Teh (Ee, vy) and THY (E, v) define in the com- 
plex E plane a single analytic function which has 
branch cuts only on the real axis and has there 
one 6-function singularity (see Fig. 1). 


ret 
Ty (Ey) x 
-————q71,F 


Se aera 2 
Ti (Ev) # 0 Vas 
FIG. 1 


One can apply the Cauchy theorem to this func- 
tion thus obtaining dispersion relations. Assum- 
ing that An ;(E,v) decreases for E—-o like 
1/E or faster these have the form 


ev 
ede A(t 1) 


For negative energies the integral can be obtained 
from the relations 


Tra (— En, = 0 Ey —E) = Pos TE (EB; Ey, «<8 En) 
=P} Toe aE wey 


where Pg’g — operator exchanging initial and 
final spin and isospin of the nucleon. 

Finally, writing explicitly the one-nucleon term 
we obtain for the process 7+N—-nm+N the dis- 
persion relation 


An. ‘ (e, v) 


PpyAy ae 
e—E 


Dg ER ES eae e+tE 
u 


—Tp-1, ie 2)e=0 


The summation is over the spin and isospin indice! 
of the nucleon in the intermediate state. 
The physical region of the integration (11) be- | 
gins at the point Ex=y/y where vy =min (14,.., 
Vy). Therefore the inequality E; = ny always 
holds, the equal sign applying when the outgoing _ 
mesons all have equal energy. One sees from this 
that except in the case of elastic scattering (n=1}) 
there always exists a large unobservable region ir 
the dispersion integral. It therefore is appropriaty 
to bo over from the dispersion relation to the cor 
responding equation of the Chew-Low type. 


3. EQUATIONS OF THE CHEW-LOW TYPE 


If one knows the dispersion relation for any 
process in the fixed nucleon approximation one 
can immediately obtain the Chew Low type equa- 
tion for this process. 

To this end we insert into the dispersion rela- 
tion the explicit expression for the antihermitian 
part of the transition amplitude. The expression 
thus obtained can be easily integrated because of 
the 6-function. In our case we shall this way ob- 
tain an explicit expression for Dy 4(E ,..., Ey; E 
Utilizing | 

Tr,1 > 


Dai tags A ee = =F ind (x) 


prime 
x +8 


one can immediately write down the following re- 
lation: 


ae yes Ie) 

= rapes ti ie a n (Ei fn) +++ — 8) £) eg, 

(Po 1B, TS 
(Teper aes yp BN Te Es eee 
E;+£,+i8 
ate : , 

(TZ i (Ens Sn E;) Ty n—1 (E;; Te iO ah Ee ©). + &n—y==, 
Ee ea ee 

(Ta, pS Shy tas En—2 E;) Te (E;— En—y =S.)igt ee 


E, +E, +E, 4+ 


ic (Tine (Ear 815 ET; (Ez Wier 
oes E,—E—is 
‘(hiceni tee eee 
E;,+E+i8 \. (13) 
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fin view of the equality 


was. BSt . 8St 
Bes ae S35 


iS 

one can replace on the right hand side Tj, ak (Em 
m.) = Tr, 4k (Em; Ex) (this not identical with oe 

| mitian Conjugation. 

| Equations (12) and (13) are symmetrical with 

| Tespect to the outgoing mesons and, furthermore, 
have the required crossing symmetry. The terms 

| of (13) correspond to the diagrams shown in Fig. 2 
(for the case n= 3). 


4. THE PROCESS 1+N—2r+N 


We now shall show by means of the example 
f m+N-—~2n+N what are the consequences of the 
choice (10) of the variables. 
For this purpose we compare the results of the 
present paper with those of Zoellner et al.4 where 
the choice had been made 


=(E+A)/2, 


_In both cases we have two variables of which one 

' has to be kept constant in order to establish dis- 

' persion relations. This can be done in several 
ways (particularly in the case of nm mesons). 
In reference 4 the differnce E,;—E,=A was kept 
constant while in the present paper this was done 
with their ratio E,/E, = v,/v2. 

This possibility of choosing different variables 
has both a mathematical and a physical meaning. 
It was shown in reference 4 that the choice (14) 
for the variables leads to limiting conditions for 
the existence of the dispersion relation or of the 
Chew-Low equation since the region on the real 
axis where TYet = T2V exists only for |A| < 2u. 

However, as can be seen from the present work, 
there do not exist such limiting conditions for the 
vy if the choice (10) has been made (even in the 
case of arbitrary n). 

In fixing the variables one has to make sure 
that the analyticity of the amplitude is guaranteed 
and that the symmetry of the system is not dis- 
turbed. For example, if one chooses the variables 
in the form E,=const=c and E;=E-c, then 
one finds that part of the spectrum of the ampli- 
tude A does not depend on E due to the presence 


EAE) 19 (14) 


of terms of the type ~ 2) 6 (Ej + E,)(Ej =p). 


is thus impossible, vathin the framework of the 
present model, to establish exact relations for D 
(dispersion relations) or for T (Chew-Low type 
equations ). 

This way one can obtain for the process +N 
—ni+N (with n= 2) in the fixed nucleon case 
different dispersion relations and Chew-Low type 
equations which differ from each other by the dif- 
ferent ways of choosing the (n—1) appearing 
parameters.* 

One can suppose that the final results of an 
exact evaluation of the different dispersion rela- 
tions (which, obviously, for n>1 is practically 
impossible to achieve) will be identical. How- 
ever, this cannot be assumed for the approximate 
expressions following from the respective disper - 
sion relations or Chew-Low type equations. So, 
for example, the one-nucleon terms in reference 4 
have the formy T,,(A) while here they are 
Ty,1(0). 

The common characteristic of all these vari- 
ants of the dispersion relations and Chew-Low 
equations is that in all expressions the energy 
is conserved. This is due to the circumstance 
that always the hermitian part of the transition 
amplitude is expressed as a dispersion invent! 
over the antihermitian part. 

In references 9 —11, Chew-Low equations have 
been obtained for the process 7+N—27+N 
where the utilized quantities did not lie on the 
energy shell. The authors, for example, assumed 
that the argument of the amplitude of the elastic 
process (the one-nucleon term) lies in the ob- 
servable energy region. In the here considered 
case where energy conservation is always re- 
quired the argument of the one-nucleon term lies 
in the unobservable region of the process and has 
to be calculated by means of the dispersion rela- 
tions for the case of elastic scattering. The re- 
sults of the corresponding computations will be 
published in a subsequent paper. 

The author expresses his thanks to A. A. Lo- 
gunov for numerous discussions and suggestions. 
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The current flowing to a wall probe in a strong magnetic field is computed in the case when 
the motion of the electrons can be considered free along the magnetic field and diffuse across 


the field. 


See and Reikhrudel’,! in a series of articles, 
have extended the Langmuir theory of probe meas- 
urements to include the case of a weak magnetic 
field (~10 oe), when the condition pe >a is 
satisfied (pe is the Larmor radius of the electron, 
and a is the dimension of the probe). 

In a magnetic field H, the electron moves along 

| a circle of radius pe = Heyer (e, m, and v are 

“the charge, mass, and velocity of the electron, re- 

| spectively). The center of the circle moves in 

| space only because of the collisions between the 

electron and other particles, or under the influ- 

' ence of the plasma fields. After each collision the 
center of the circle is displaced on the average by 
pe. Asaresult, p plays the role of effective 
mean free path in a direction perpendicular to the 
magnetic field. In fields of ~ 1000 oe, the value 

mot p is ~ 10 “3 em and it is impossible to satisfy 

the condition pe >a, since the dimension of the 
probe is usually ~1 mm. For this reason, the 
Spivak-Reikhrudel’ theory cannot be used to in- 

_terpret probe data on discharges in strong mag- 
netic field. Nevertheless, the Larmor radius of 
positive ions is usually noticeably greater than 
the dimension of the probe, and the magnetic field 
can be neglected in calculating the ion current. 

Bohm, Barhop, and Massey? examined in detail 
the question of the ion current flowing in the pres- 
ence of a strong magnetic field into a negatively- 
charged probe. According to reference 2, the ion 
flow is independent, within 20%, of the ion temper - 
ature, as long as the latter is lower than the elec- 
tron temperature. The following formula is given 
for the total current: 


J =0.4n)SV 2kT/M, 


where S is the probe area, M the ion mass, and 
ny the electron concentration outside the layer. 
The criterion of the validity are the inequalities 
p, >a and A, >a, which are readily satisfied 
in low-pressure discharges. This formula should 
therefore give the correct order of magnitude of 
the ion current. 
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As to the electron portion of the probe charac- 
teristic, Bohm, Barhop, and Massey,’ in view of 
the difficulty in its interpretation, restricted them- 
selves only to a positively-charged probe, which 
repels the ions. Their premises are equivalent 
to the assumption of a plasma of infinite extent 
along the direction of the magnetic field. 

The case most frequently encountered in prac- 
tice is the reverse, when the length of the plasma 
along the magnetic field is 1X Ae, where Ae is 
the range of the electron along the magnetic field. 
It is absolutely impossible to neglect in this case 
the finite extent of the plasma in this direction. 

A compensated ion beam is used in many phys- 
ical setups. One of the methods used to investigate 
the properties of the ion beam is the probe method. 
The theory of probe measurements in compensated 
ion beams is therefore of definite practical inter- 
est. In the first part of this paper we calculate 
the current into the probe in the limiting case, 
when the concentration of the slow ions is negli- 
gibly small compared with the concentration of 
the fast ions of the beam. In the second part we 
calculate the current into the probe for the oppo- 
site limiting case, when the concentration of the 
slow ions is high. This case corresponds to a 
discharge plasma. The motion of the electrons 
along the magnetic field is assumed free, Ae > 1, 
and the transverse motion is assumed diffuse with 
a diffusion coefficient D. 


I. PROBE MEASUREMENTS IN A COMPENSATED 
ION BEAM 


1. Statement of the Problem 


A quasi-neutral plasma, produced by ionization 
of the residual gas by fast ions from the beam, is 
located between conducting planes AB and CD, 
(Fig. 1). The density of the current of fast ions 
is constant along z. The magnetic field H is 
directed perpendicular to the planes that bound 
the plasma. The plasma is infinite in the direc- 
tion perpendicular to the magnetic field. 
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FIG. 1. Geometry of 
the problem. 
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Located in one of the planes (CD, Fig. 1) is 
a probe, which is a disk of radius rg, the surface 
of which is perpendicular to the magnetic field. 
The potential of the probe is measured relative 
to the potential of plane CD. To be specific, we 
consider a case when the plane AB is negative 
relative to CD. In this case the plasma electrons 
cannot fall on AB. The case in which both planes 
are of the same potential can be considered in an 
analogous manner. 

The electron current j satisfies the equation 


div j=Q, (1) 


where Q is the ionization density. In a cylindrical 
coordinate system with the z axis passing through 
the center of the probe and directed along the mag- 
netic field, we can rewrite (1) as 


Vij + Oj2/02 = Q. (2) 


The properties of the plasma change little in the 
z direction, except for the thin layer at the walls, 
of thickness on the order of the Debye radius. In- 
tegration of Eq. (2) with respect to z yields 


Wiis ae =—5 tao aia Ql. (3) 


It is obvious that a change in the probe potential 
produces an axially symmetrical change in the cur- 
rent j; Eq. (3) can therefore be averaged over the 
azimuth angle. This yields 


SGT TS Re ina (4) 


The density of the electron current on the wall, 
in the presence of a potential barrier, is: outside 
the probe (r > ro) 


je ees = (nv/4) e—Yy1 /T ’ (5) 
and inside the probe (r < ry) 
jz leo = (nv/4) e—Yp1 —U3 7, (6) 


Here n is the concentration of the electrons, equal 
to the concentration of the fast ions, T is the elec- 
tron temperature in volts, Up] is the potential of 
the plasma relative to the wall, Up, > 0, and v 

is a certain velocity, which coincides with the 

mean velocity of random motion of the electrons 

in the case of Maxwellian distribution. 
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We denote the current corresponding to Upr = ( 
by 4y: 


(7)) 
where U, is the potential of the unperturbed plas — 


ma. 
Using (5), (6), and (7), we can rewrite (4) as 


j2 = (nv/4)e-Uo, 


1 ari, 
ip tate 


= = jf} e-Ut (et0—-Upe™ — 1) + QU, (8) 


where ~ = Up] —Up is the perturbation of the 
plasma potential when a potential Upr is applied 
to the probe. 

Inserting into (8) an expression for jy in terms} 


of the coefficient of diffusion of the electrons acros} 
the magnetic field, 


—— 


OU 


én , D D a9 . 
jp = — Daze opts (9) 


and attributing the terms that do not contain g to 
igs i.e., putting 


,. ID'd On, SID @, on ol \ 
Zap ge cae peor! TP eorae ee (Loe 
we obtain for r <1rp 
2, 
ee oe = Tk? (1 — e—(@—-Upr/T) (11)a4 
and for r > rg 
a2 1d 
Ge to = TR (1 — e217), (12) 
where 
| 
k? = (0/4D1) e—4T , (13) 


Let us estimate the value of k?. Comparing (13) 
and (7), we have 
ke? = f/m. 


If a is the characteristic length over which the 
drop in n, Uy, and T takes place, then, taking 
(10) into account, 


Uo Uo 


eee Q Q 

Ohne pgs Tee (14) 

The probe current is 

j= | 2nrj. leno dr 
0 
= % 20 o—UsT (e—(e—Upe)/T 
=) mr Te (e pe — Latte (15) 
0 


Here J) is the probe current when Upr = 0. 
Using (11), we get 


I= J,= — Indi’ (16) 


where x=kr and x)=kry. To find dy/dx, it is 
necessary to solve Eqs. (11) and (12) with suitable 
boundary conditions. These equations can be gen- 
erally solved only numerically. In particular 
cases, however, results can be obtained without 
resorting to numerical methods. 


2. Low Probe Potentials 


The most simple case for which an approximate 


potential is low. Since |¢| <Upr always, we 

| have also | ~—Upr|/T «1 when |Upr| « T, and 
jexp {-(gy-—U )/T} can therefore be expanded 

| into a series, with accuracy to first-order quanti- 

i ties. Solving the resultant equations and substi- 
tuting the expression obtained for ¢ in (16), we 
obtain for the probe current 


Ky (Xo) 11 (Xo) 


U. 
pan — pr 
u J unl Io (Xo) Ki (Xo) + 11 (X0) Ko (Xo) sie ge (17) 


| 

| 

| 

: where I,(x) is the Bessel function of imaginary 

argument and Ky (x) is the MacDonald function. 

The probe thus has a linear characteristic at 

low probe potentials. It must be noted that for 
low probe potentials the solution is valid for all 
values of x) =kry. At large values of x) we ob- 

| tain, using the asymptotic values of the functions 

| Ih, I, Ko, and Ky, 


J — Jo = mnDlker Ul T. (18) 


It follows from (18) and (17) that the probe current 
is proportional to the probe radius at large kro 
and to the square of the radius at small kry. This 
is due to the fact that the potential barrier de- 
creases essentially at the edge of the probe, and 
the electrons therefore spill out over the ring near 
the edge of the probe, without being able to reach 
its inner parts. If the probe dimension kr) is 
sufficiently small, the electrons spill out over the 
entire probe area. 
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3. The General Case 


Equations (11) and (12) were solved approxi- 
mately for the limiting cases of small (kry « 1) 
and large (kr) > 1) probes. The physical mean- 
ing of the concepts “small” and “large” probe is 
as follows. If there is no ionization near the probe 
(Q=0) or if itis very small, andif U)/T is 
relatively small, then, considering (14) and the 
fact that ry/a «1, we get kr) «1. This is the 
case of a small probe. But if Q is sufficiently 
large, and the coefficient of transverse diffusion, 
D, is small, corresponding to a strong magnetic 
field, the second term will be large and kry ~ 
roV Q/Dn > 1, which is the condition of a large 
probe. Approximate solutions of Eqs. (11) and 
(12), and consequently the probe currents, were 
found for these two cases. For intermediate probe 
dimensions, these solutions were interpolated over 
the probe dimensions for each Upy/T. 

Figure 2a shows a plot of j vs. the probe 
dimension x) for various probe potentials, with 
the probe current determined from the following 
formula: 


J —Jo = 0.AnnDIj. (19) 


The dotted curves delimit the interpolation region. 
For comparison, Fig. 2b shows the dependence of 
the current on the probe dimension x) (in the 
same units) for the Lngmuir case. 

It follows from these results that at small probe 
dimensions, no matter what the probe potential, the 
probe current, as in the Langmuir case, is propor- 
tional to the square of the probe radius, i.e., the 
density of the electron current is more or less 
uniform over the probe. If the probe is large, 
when xX) > 1, the probe current, unlike the Lang- 
muir case, is proportional to first power of Xp, 
i.e., the density of the electron current is large 
essentially on the periphery of the probe, and is 
small near its center. 

At sufficiently high negative probe potentials 
the dependence of the probe current on the probe 
potential is nearly exponential. This permits de- 


FIG. 2. Dependence of probe current on 


probe dimensions: a— in the presence of a 


magnetic field, b — in the absence of a mag- 


netic field. Curve 1) Up,/T = 0.3; 2) Upr/T = 


SS 
| SS 
~ 


1; 3) Upr/T = 2; 4) Upr/T = 4; 5) Upr/T =6; 


6) Upr/T = 8; 7) Upr/T = 10. 
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termination of the electron temperature by the 
Langmuir method. 

Using the curves of Fig. 2 and Eq. (19), and 
knowing T, we can determine x). If x) is known, 
the coefficient of transverse electron diffusion, D, 
can be determined from (19). Using Eq. (13) for 
k, we can determine Uy) from Xp. 


II. PROBE MEASUREMENTS IN GAS-DISCHARGE 
PLASMA 


4. Statement of the Problem 


We consider the limiting case, when the con- 
centration of the slow ions is large compared with 
the concentration of the fast ions in the plasma 
discharge. 

The plasma consists of electrons with a tem- 
perature T and of slow ions with a temperature 
T,, with T, « T. The slow ions are formed by 
ionization of the residual gas by external sources, 
by fast ions, and by electrons; they also arise 
through ion charge exchange. In this case the 
change produced in the plasma potential by a 
change in the probe potential is limited to a small 
quantity, on the order of T,. The potential of the 
plasma, Up), can therefore be considered constant 
with sufficient degree of accuracy, inasmuch as 
T, < T and U,) >T. A change in the probe poten- 
tial will influence the ion and electron concentra- 
tion. The gometry of the problem remains the 
same. 

Under these assumptions, Eq. (3) holds for the 
electron current. On the other hand 
(20) 


: D 
Fi Dy ptt ere lo: 


We put n=n)+v, where ny is the electron con- 
centration at Upr=0 and v is the change in 
electron concentration due to the change in the 
probe potential Upy 

The ionization density may be a function of the 
electron concentration n, provided the electron 
temperature is sufficiently high. We assume 
Q(n)=8+an, where 8 is the ionization density 
due to external ionization sources, such as the 
discharge radiation and a is the coefficient of 
ionization by the electrons. 

Inserting into (3) the value of j, from (20) and 
Q, and attributing the terms not containing pv to 
the probe current density ie at Upr = 9, ie., 
putting 


i= = IDV* to — fe VEU 


Savi Uy Bl + angl, (21) 


Ke BETIS OM 


| 

| 

we get | 
jelzqo = fe = Ol IDV | 


— Pv ViUo— 7 VU. (22) 
Considering that the change in electron concentra-_ 
tion v, produced by a change in the probe poten- 
tial, is axially symmetric, we average Eq. (22) 
over the azimuth. The third term in (22) then | 
vanishes. It is easy to show that Vio oy ViUg (0),, 
with sufficient accuracy. We shall henceforth de- 


note this quantity by ViUpo- Thus 


jeleno — 2 = orl + DIViy—FvWUy. (23) | 
On the other hand, 
he (M + v) v g(r Upe IT (24) 
jo = Re wit (25) 


Insertion of (24) and (25) into (23) results in an 
equation for v: 


4 a Soa ay, 
Var Vo (= Vi aa + ye oT | y 


= Tee Ul (eT — I). (26) 
Equation (26) has been derived for the region over 
the probe, i.e., for r =rg. Outside the probe 

(r >Yr9) it is necessary to put in (26) Upr =0. 


This yields 


Viv— (= Via Dp 5 + ape oe y= 8. 


(27) | 
To find the electron component of the current 

into the probe by integrating Jz z=), it is neces- 

sary to find v in accordance with Eq. (24). 


5. Electron Current in Probe 


A. Absence of Ionization. In the region above 
the probe, v changes substantially at distances 
~Yo, while Up) changes substantially at distances 
on the order of a, where a> ry is the charac- 
teristic length for the potential. It is therefore 
possible to neglect the term vV4{U)/T ~ Ugv/Ta? 
as compares with Viv ~ v/r? for r<Yrpo, pro- 
vided U)/T is not too large. 

We introduce 


w=h+ 2 VAU,, (28) 


where k? is determined from (13). Taking this 
into account, Eqs. (26) and (27) yield for js Valea 
the region r S rp: 


WALL PROBE INA 


Vv — vk2eUpe/T = FE e-UWlT (0/7 — 1) (29) 
and for r>r1ro 
Viv—ov= 0, (30) 


From (13) and (25) we find j} =k’njDl. Making 
use of (21), we get 


si VFN Vino V Uy Satie 
an Ng if a 


' Consequently kr) ~ ry/a «K 1. Solving (29) and 
(30), we obtain the distribution of electron concen- 
tration. After inserting v into (24) and integrat- 
| ing with respect to r from r=0 to r=r9, we 

| obtain the final equation for the electron current 
| in the probe: 


Upr 


4y° 
oe. WA Be pr 
{fs == l= sinh oT 


kro 


Ky (@r,) Ly (keU pr 27 r,) 

a ee 

Iq (keV PHT re) Ky (corg)-+ oe PF PT 1s (ke PFT ry) Ko(eoro) 
where J‘ is the probe current at Upr = 0. It fol- 
lows from (28) that w and k are of the same 
order of magnitude. We can therefore simplify 

(31) by expanding Ky(wry)) and K, (wry) in 
series. 

B. Presence of Ionization. In this case a #0 

and 6 «0. An estimate of the value of k*® yields 
for this case 


k? = B/Dny + «/D + 1/a? = B/Dny + «/D, 


since 1/a* « B/Dn) + @/D for sufficiently small 
D. We can therefore disregard terms of order 


1/a*. Equations (26) and (27) become for this 
case 
Viv — oy = nok? (err? — 1) (32) 
for 1= rpo;..and 
Viv — ov = 0 (33) 
for r > Yo. Here 
Oo; = R2eUpr/T —- a /D; on = i —a/D. (34) 


After finding v and inserting it into the current 
equation, we obtain 
ie eects = 1) i my A er iv 
at 
2eUpr T Ky (cory) 11 (@1ry) 2/0 


ar @1/9 [Jo (@1F 0) ky (@2Fo) + (@1/@2) NG (@2/y) Ty arm : (35) 


It must be noted that this result differs from the 
expression for the electron current in the probe 
in the Langmuir case by the factor in the square 
brackets. The value of this factor depends on the 
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actual mechanism of electron production and on 
the value of the coefficient of transverse diffusion. 

If only external ionization is present, i.e., 
a=0, B #0, wehave w? =k? exp (Upr/T) and 
we =k’, Equation (35) then coincides with (31), 
but it must be recognized that in this case k* ~ 
B/Dny is not small when D is small. 

If there is no external ionization, we can no 
longer neglect terms on the order of 1/a? and 
w3 ~ 1/a”, and therefore w, ry) © r)/a is always 
small. 


6. Ion Current in Probe 


In the preceding computations (Secs. 4 and 5) 
it is assumed that the probe is negative relative 
to the plasma, and there is no potential barrier 
for the ions. Therefore, a change in the probe 
potential causes a change in the probe ion current 
through a change in the electron concentration and 
the associated quasi-neutral ion concentration. 
The ion current in the probe is given by? 

Ja dno. | nrdr , 
0 


where v, = 0.345V2T/M , M is the ion mass, 


and T is the electron temperature. But we have 
by Poisson’s equation 


(36) 


ny = n_— (1/4ne?) Vo. 


Therefore, considering the axial symmetry of 9g, 
we get 
Jar Joe anv vrdr — a ro 
0 


d 
ace (37) 
Here g is the change in the plasma potential pro- 
duced by the change in the probe potential due to 
the violation of quasi-neutrality. 

The correction to the ion current, necessitated 
by the violation of quasi-neutrality, of the plasma, 
can be found approximately in the following man- 
ner. We can write for the ion concentration n, = 
ny exp(-—gy/T,) and obtain from the quasi-neutral- 
ity condition ny + v =n, = No exp ( —g/T,). There- 
fore y = —T, In(1+v/n9). 

Making use of this result, we get 


2ndv/dr |,_,, 


(4 -+ V/No)r=r, 


J4— 8, = 04 [20 vedr 4 TE phe. ], G8) 
0 

where )? = T/4me’n) is the Debye length. The 
second term in (38) is the correction to the ion 
current, necessitated by the fact that n, and n_ 
=n) +v are not exactly equal, i.e., necessitated 

by the violation of quasi-neutrality of the plasma 
upon change in the probe potential. The correc-~ 
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tion should be small compared with the principal 
term. If the probe potential is very high, then 
v|r=r) ~ —o and the correction may prove to be 
not small. This indicates that one cannot calcu- 
late the concentration ny + v, as was done above, 
and the change in the plasma potential must be 
taken into account. 

When calculating the correction to the current, 
we inserted into the expression for gy a value of 
v calculated without allowance for the change in 
the plasma potential. It is easy to show that the 
correction computed in this manner is greater 
than the true correction. 


7. Probe Characteristic 


Under experimental conditions, one measures 
the total probe current, ipr =J_—J,. The ex- 
pressions for J_ and J, were given above. It 
is of interest to examine several limiting cases: 

1. Only external ionization exists, i.e., a=0 
and 6 #0. Inthis case k? = B/Dny can be large 
when D is small. Using the asymptotic expres- 
sion for the Bessel function, we obtain for suffi- 
_ ciently high probe potentials 


ig—> J2 + (2/ ro) JL. (39) 


The second term is the electron current due to 
diffusion. In the case of a probe with large kro, 
we see from the results obtained that the electron 
current, J_—J’, is proportional to the probe 
radius at high probe potential. An explanation for 


this was given above. 
2. There is no external ionization, the ioniza- 


tion is proportional to the electron concentration, 
a #0, and B=0. Inthis case k*=a/D>1 at 
sufficiently small D. If kr) >1 it turns out that 
ipr, at sufficiently large Upr/T, is less than J°. 
This becomes understandable if it is taken into ac- 
count that kr») > 1 corresponds to small diffusion, 
and that in this case the ionization is proportional 
to the electron concentration. It sufficiently high 
probe potentials, the electron concentration over 
the probe drops to zero, and the external diffusion, 


Kn FE PIS OW, 


‘ 
which places the electrons over the probe, is small... 
The ion current into the probe is therefore zero, 
and the electron current starts dropping. 

3. If ionization is present in the case of greatly 
hindered diffusion, i.e., at small D and corre- 
spondingly large kry, the electron concentration 
over the probe increases considerably when the 
probe potential is negative, and this leads to vio- 
lation of the quasi-neutrality condition and to a 
substantial change in the plasma potential. Under 
these conditions, the results obtained no longer 
helod, for it has been assumed in the derivation 
that the plasma potential changes by an amount 
proportional to T, and that T, «< T. This case 
should be investigated separately. 

On the other hand, if the diffusion is not very 
small, i.e., krp is small, the diffusion will again 
not let the electron concentration rise over the 
probe. The quasi-neutrality will therefore not 
be violated. The results obtained above will re- 
main in force. 

The expressions obtained for the probe current 
make it possible to determine, from the experi- 
mental probe characteristic, the principal param- 
eters of the plasma and the coefficient of diffu- 
sion D. ‘ 

The author thanks O. B. Firsov and A. V. 
Zharinov for interest in the work, for valuable 
advice, and for participating in a discussion of 
the results. 
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The double-valued dependence of the shower particle energy on the angle of emission in 
the laboratory system is explained. A method is suggested for a more precise determina- 
tion of y, taking into account the energy and angular distribution of shower particles. 


Riis dependence of the energy of shower particles 
on their angle of emission in the laboratory system 


of coordinates (1.s.)! has been analyzed by Huzita.? 


The resulting double-valued dependence is inter- 
preted as a consequence of two or more collisions 
taking place in the interaction between the primary 
particle with the nucleons of the target nucleus. 

If this conclusion is accepted, then the depend- 
ence should be multi-valued for other showers, 
especially when the primary is multiply charged. 


However, for a shower produced by a multi-charged 


particle (a case found and analyzed in our labora- 
tory) the dependence pv =f(1/sin@) (where p 
and v are the momentum and velocity of the par- 
ticle and @ is the spatial angle of emission in 
l.s.), is also found to be double-valued (see Fig. 1, 
curves A and B). The double-valued dependence 
is also observed for the shower described by Boos 
et al.,? produced in a nucleon-nucleon collision. 

The observed character of the dependence of 
the energy of shower particles on the angle of 
their emission in certain showers can probably 
be explained by kinematic considerations without 
any assumptions concerning the mechanism of 
interaction of the primary particle with one or 
several nucleons of the target nucleus. 

In the observed high-energy showers (jets), 
there are no shower particles emitted in the back- 
ward direction in the l.s. This indicates that, in 
such cases, 


VeSV, (1) 


where Vc is the velocity of the center-of-mass 
system (c.m.s.) and V* is the velocity of the 
shower particles inc.m.s. From the Lorentz 
transformation, we have 


* 34) (B= pVeeos0), 2 = 1/V 1 V? 
and it follows that 
E E"Imy, +V,cos@ V (E*/my,)* — (1 — V2cos? 8) 
Th a 1 — V2 cos? 6 > (2) 
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FIG. 1. Dependence on the energy of shower particles on 
their angle of emissions in the I.s. for a shower produced by 
multiply charged particles. 


where E(E*)—is the energy of the shower par- - 
ticle inl.s. (c.m.s.), and m isthe particle 
mass (m7 meson). Under condition (1) one should 
take both signs in formula (2). Assuming various 
values of a = E*/myeg, one can construct the 
graph of the dependence y = E/m on x= 
1-V2cos*6 = sin?6 + yg?cos?@ according to 
formula (2). A family of such curves is shown 
in Figs. 2 and 3; the value of the parameter a 
is indicated on the curves. In formula (2), the 
sign + is taken for those particles for which 
0 < @* < 6X, and the sign -— for Of <0* <7 
(where 65 is the. angle in c.m.s. corresponding 
to the limiting angle in l.s.) For 0* = 6, we 
have x=Va and y=1/Vx . Ona logarithmic 
scales yi = 17 vx is represented by a straight 
line (Figs. 2 and 3) below which lie the points 
corresponding to particles with an angle 0* > 0¢. 
If, in the shower under study, there are no such 
particles, then all experimental points on the 
graph are above the limiting straight line, and 
there is no double-valued dependence E(@) in 
the l.s. 

From the Lorentz transformation, we have 


E =. (E* + p*V..cos 9°) (3) 


It follows that the points corresponding to particles 
emitted at the angle @* = 90° fall on one curve 


Pea (ee (4) 
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These curves for various values of yg are denoted 
in Figs. 2 and 3, by dashed curves. Analogous 
curves for different angles @* can be calculated 
using the same formula (3). In particular, the 
curves for the angles 6* = 60° and 0* =120° are 
shown in Fig. 2. 

Experimental data of references 2 and 3 are 
shown in Figs. 2 and 3. Comparing Fig. 2 with 
Fig. 7 of the article by Huzita, it is clear that 
the latter assumed that particles with the angles 
of emissions 0* > 6 were produced as a result 
of a separate interaction. In Fig. 3 (shower ob- 
served by Boos et al.*), particles with angles of 
_ emission ches 05 are also present. Their frac- 
tion in both cases is ~ 20% of the total number of 
particles, and increases, if among the shower 
particles, there are particles heavier than 7 
mesons. 

An analysis of showers using Eqs. (2) and (4) 
makes it possible to find the value of ye more 
accurately than determined by another method 
(for instance by the half-angle method). For 
this purpose, one draws curves (4) for various 
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FIG. 2. Variation of y(x) for particles of 
the shower of De Benedetti et. al? for yc = 45. 
For the particles No. 19 and 25 the points are 
plotted for 3 values of y¢ equal to 50, 45 and 
40 respectively. 


1 
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FIG. 3. The shower of Boos et. al.? The 
experimental points are plotted for yc = 52, 


Yc. Assuming the equality of the number of 
particles emitted in the forward and backward 
direction in c.m.s., we can determine the cor- 
responding value of yg. Accounting for fluctua- 
tions of points near @* = 90°, one can find the 
limits of possible values ye. It can be seen 
from Fig. 2 that the apparent lower limits of 
Ye are equal to 50 and 32 correspondingly, the 
probable value of ye being equal to 42.2 
(De Benedetti et al.” give the value of ye equal 
to 40 to 50). A more accurate value of yg can 
then be obtained by the method of consecutive 
approximations. It is sufficient, however, to do 
this only once, since the corrected value of ye 
almost does not change. Thus, if we assume ye 
= 40, the corrected value of yg is 40.5. (It is 
shown in Fig. 2 how the position of particles 
number 19 and 25 changes in dependence of yc). 
In an analogous fashion, for ye = 50, one obtains 
a more accurate value of 43.5. 

Applying the same method to the shower of 
Boos et al.* we obtain the upper and lower limits 
Ye = 40 and 28 with the probable value of 34.5. 


ON THE ANALYSIS OF 


The possible fluctuations of particle No.6 leads 
to variation of the limits of ye (see Fig. 3). 

The advantage of the above method lies in the 
fact that, for the more accurate values of yg, one 
takes into account the experimental data for the 
angular and energy distribution of shower par- 


ticles in the l.s. We do not make use of the usually- | 


made assumption of symmetry (or isotropy) of 

the angular distribution in the c.m.s., nor do we 
assume that the particles are monoenergetic, etc. 
Only the equality of the number of particles emitted 
in the forward and backward directions in the c.m.s. 
is essential. 

In all analyzed cases, the proposed method has 
led to a lowering of ye as compared to the half- 
angle method. This is in agreement with the data 
of other authors.‘ 

In conclusion, the authors would like to express 
their gratitude to J. S. Takibaev for his interest in 
the work and helpful advice. 
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A refinement is introduced in the intermediate coupling model of the nuclear shell theory 
by taking into account paired spin-orbit interaction between the nucleons. Calculations 
carried out for Li® and Li!’ yield better agreement with experiment than the usual inter- 
mediate-coupling model which takes into account only single particle spin-orbit interaction. 
Some indications are obtained with respect to the existence of different types of radial de- 
pendence for nuclear forces of different exchange nature. 


1. INTRODUCTION 


Durine the last few years many papers have 
appeared on the analysis of the energy levels of 
light nuclei, their purpose being to obtain infor- 
mation on the forces acting between nucleons.!~? 
Of special interest from this point of view is Li®, 
which contains two p-nucleons beyond the filled 
Sip shell corresponding to the He’ nucleus. The 
energy spectrum of this nucleus has been tho- 
roughly studied‘ and the first six levels have been 
reliably identified (see Fig. 1). A detailed analy- 
sis of the levels for Li® and Li’ has been carried 
out by Soper! and Meshkov and Ufford.? In both 
papers the calculation has been carried out for 
the intermediate-coupling approximation. 

As shown in reference 5, a consistent descrip- 
tion of the p-shell nuclei, involving no assump- 


tions whatsoever about the actual form of the a J=1,7=G 

paired nucleon interaction, requires the introduc- FIG. 1 

tion of 12 independent parameters to describe this 

interaction. The use of a smaller number of pa- coupling model but which, however, are readily 
rameters is tantamount to setting down additional performed by the use of computer techniques. 
conditions for these independent quantities, asso- In the present paper such an analysis is car- 
ciated with assumptions about the form of the ried out on the basis of a computation for the 
potential of the nucleon interaction. In describing nuclei of Li® and Li’. We intend later to carry 
nuclei with the aid of an intermediate-coupling out computations for other p -shell nuclei, in 
model, and among these descriptions we can cite particular for the nucleus of B!, which has a 
the work of Soper and Meshkov and Ufford, other very rich and thoroughly studied energy level 
assumptions are made, based on considerations spectrum. ; 


of convenience in computation, in addition to such 
a physical assumption about the properties of the 


two-nucleon potential. Upon analysis of these 2. CENTRAL NUCLEON INTERACTION 


additional limitations, it was deemed interesting According to the intermediate coupling model 
to dispense with them and to carry out this analy- the interaction of nuclei is described by paired 
sis consistently from an original physical point of central forces which have exchange terms and 
view. Such a program requires more complicated single-particle spin-orbit forces. Thus the 
computations than those involving the intermediate- Hamiltonian has the form 
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i 
H= 554+ SVG a > lis, (1) 


i<j 


where 
Vio = [W + MP, + BP, + HP,Po] V (ris). (2) 


Here Px and Pg are the operators of interchange 
of space and spin coordinates; W, M, B, H are 
the coefficients that characterize the contribution 
of the Wigner, Majorana, Bartlett and Heisenberg 
forces to the central-interaction potential, satisfy- 
ing the normalization condition 


W4I+M+B+H=1. (3) 


| In the analysis of the p-shell nuclei, ali the inte- 
grals in V(r.) can be expressed by two Slater 
integrals: direct (L) and exchange (K);° There- 
fore the central interaction as a whole is described 
by five independent parameters L, K and four co- 
efficients W, M, B, H, connected by the additional 
relation (3). 

The requirement of a common radial depend- 
ence of the various exchange terms of potential 
(2) is an additional limitation set on the central 
interaction of nuclei; this limitation follows neither 
_ from experiment nor from theory. Failure to use 
this limitation will lead to a substantial increase in 
_ the number of parameters when we set down the 
potential in its configurational presentation, while 
in the shell presentation® only one more param- 
eter is required than in references 1 and 2. In 
this presentation the independent parameters of 
the central potential are matrix elements over the 
states of the two nucleons in the L-S coupling 
scheme, which are diagonal in L, S and T and 
are independent of the total momentum J: 

ee Se Vel Ho Cpt es, Van), 
F,= CpeeaP 7) 4 Vials 


Fe <p: 21) yl Vint, (4) 
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Here no assumptions are made about the ex- 
change nature of the interaction, about its depend- 
ence on the velocity, or about the form of the 
radial functions of the nucleons in the nucleus. 

Having expressed the six matrix elements (4) 
in terms of L, K, W, M, B, and H it is easy to 
_ show that the additional relation involving Fy, 
ips ass Pgs 


Fal FoF ff ¢. (9) 


corresponds to the requirement of the common 
radial dependence of central forces of different 


nature. 


fog 
3. SPIN-ORBIT INTERACTION OF NUCLEON 


The dependence of the nucleon interaction on 
the velocity is shown in (1) in terms of single 
particle spin-orbit forces 


Vara a 1s; (6) 


A general analysis of the dependence of the inter- 
action on the velocity is given in references 7 and 
8. The basic term that describes such an inter- 
action consists of the two particle spin-orbital 
forces 


Vor (1,2) = f (1,2) (61 + ¢2) [(r2 — 11) (P2 — P1)1/* 
i fd, 2) (SyoLie) (7) 


where S,, and Lj, are the total spin and orbital 
momentum for the relative motion of two nucleons. 
f£(1,2) consists of two exchange members — Wig- 
ner type and Heisenberg type. 

The potential (7) leads to the same splitting of 
the interaction between the outer nucleon and the 
nucleons of the filled shell with j=1+3, asin 
(6).° Thus the single-particle spin-orbit forces 
(6) and the two-particle forces (7) are completely 
equivalent in the description of nuclei containing 
one nucleon or one “hole” in the unfilled shell. 
However, in the description of nuclei having a 
larger number of nucleons in the unfilled shell, 
there is no such simple correspondence. In this 
sense the accepted description of the nucleon 
interaction by means of potential (1), used in 
the intermediate-coupling model, where we ac- 
count for the interaction of the external nucleons 
with the nucleons of the filled shells and neglect 
the spin-orbital. interaction between them, is in- 
consistent, since this description does not corre- 
spond to any physical assumption about the nu- 
cleon interaction. 

Going over to the center-of-mass system of 
two interacting nucleons, following Talmi,!° it 
is easy to see that within the p-shell limits 
the potential (7) is characterized by two independ- 
ent parameters a, and Q»,, which correspond to 
the spin-orbit interaction of nucleons in the P 
and D states of relative motion: 


PPV (1) 2) Say, ED, Vesey oa 
OPiS | Ven (li,22)i eats CDs "Vor (1512) |) Seas, 
PI 1V..(1, 2)\ = — a, 


<8D3~°| Vsi (1, 2)| > = — 2p. (8) 


In the simplest case of oscillator wave functions, 
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TABLE I 
Parameters a =0 | a2 = 0,2 | Oy = 0,4 | O12 = 0.6 
Fs —7,869 = e200 —6.746 (8) a4 
Fe —4,333 —3,690 3.135 —2,667 
A DRoo PAO (N73) 1.43 
TABLE II 
F, (a, @2) 
ee ee ee ee Ee ee ee ee 
ay a: = 0 ae = 0.2 a2 = 0,4 a2 = 0.6 
0 —3.710 3 40 —2.762 Dot 
0.4 —3.759 oUt —2,764 —2,403 
0.8 —3 803 —3.204 —2,802 Ph ES) 
AN? —3.842 = 3.292 —2.838 —2,477 
1.6 —3.876 —3.326 —2,869 —2.504 
TABLE III 
F353 (1, G2) 
Oy a= 0 as == 052 Ot = 0.4 a. = 0,6 
0 —2.160 —41 £502 —().897 =O. Bie FIG. 2 
0.4 —2.092 —1.389 —0,727 —0,029 
0.8 = AO OP —1 .248 —0,443 + (), 926 
ex —1.898 —1.042 +0 .4132 fachly) 
1.6 —1,7952 ==) 57K 0)7/ 1,909 


which describe the nucleons of the s and p shells, 
the parameter a of the single-particle spin-orbital 
coupling is connected with a; are by the relation 

a =3a,, and the magnitude of the spin-orbit split- 
ting of the interaction of the p-nucleon with the 

Si/2 shell can be expressed in terms of QQ: 


A (Ps,,» P1),) = "le Hy. (9) 


In a more rigorous approach, relation (9) should be 
considered only as approximate: the magnitude of 
the spin-orbit splitting A (p3/2, P1/2) may be more 
sensitive to the fine terms of the radial wave func- 
tions and nucleon interaction, right down to multiple 
effects, than the interaction of the nucleons in the 

p -shell with each other. For this reason we shall 
consider A( P3/2, Pi/2) as an additional independ- 
ent parameter. In this way the problem of the ac- 
curacy of relation (9), obtained from the more 
rigorous model assumptions, becomes an experi- 
mental problem while relation (9) itself becomes 

a criterion for the correctness of these model 
assumptions. 


4, CALCULATION OF THE Li® and Li’ LEVELS 


In Tables I—TIII and in Fig. 2 we present the 
values for the parameters A (P3/2, Pi), Fy, Fe, 
F;, and Fg (in Mev) as a function of a, and 
Q@, determined from the spectrum of the excited 
Li® levels (Fig. 1). 


The data are given for the particular case of 
F3; = F, = 0, which corresponds to neglecting the 
interaction of nucleons in the P state of relative 
motion as compared with the interaction in the S 
state.!! 

From the values of parameters thus obtained, 
we compute the magnitude of binding energy for 
Li® (relative to He’). Here the energy for the 
Coulomb interaction of the external proton with 
the He’ core is determined from the isotope 
multiplets, He®—Li> and He® (J=0, T=1)— 
Li€(J =0, T=1), and comes to 0.66 Mev in 
both cases. The binding energy of the P3/2 
nucleon with the Si/2 shell is equal to —0.81 
Mev, i.e., the binding energy of He° relative to 
He*. As can be seen from Fig. 3, @» ~ 0.2 Mev 
corresponds to the experimental value E = 3.70 
Mev. 


NUCLEAR FORCES AND LEVELS OF THE LITHIUM ISOTOPES 


Q5 — a0 
04 Eexpff7/ MeV 
a3 | 
OZ | 
a | 
—- te 
HT WE VEG EE 
a,, Mev 
FIG. 4 


In the energy-level spectrum of the Li’ nu- 
cleus, identification has been made for levels with 
y=, T=3 at E= 0.477 Mev and J=%, T= 
at E=7.46 Mev. In Fig. 4 we give the results of 
the calculation for the energy of level (3, 4) with 
the parameters determined for Li®. We have 


' chosen an energy scale for Li’, after reference 1, 


by fixing the position corresponding to the 7.46- 
Mev level. a; = 0.4 Mev corresponds to the ex- 
perimental value for E(%, 3) = 0.477 Mev; the 
ratio of the scales for Li’ and Li® is 1.26. At 
this value of a, the first level with J = %, 
T=% coincides with an unidentified level at 

E = 4.61 Mev, while the first level with J =%, 
T =4% corresponds to the level at E = 5.5 Mev 
(see Fig. 5). 

The binding energy of Li’ (relative to Li) for 
a,=0.4 and a,=0.2, comes to 7.06 Mev, while 
the experimental value is 7.15 Mev. On the other 
hand, the intermediate-coupling approximation 
gives a value of 9.15 Mev. 

The calculation also includes, as a particular 
case, the intermediate-coupling approximation. 


£ Mev 
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For the latter the corresponding values are a, = 0 
and a,=0. The corresponding values a= %, 
A=1.55 Mev, L=—-—(F, + 2F,)/3 = 5.51 Mev, 

and K = —(F,—-F,)/2 = 1.18 Mev coincide with 
those given by Soper.! 


5. CONCLUSIONS 


1. Accounting for the paired spin-orbit inter- 
action between nucleons in the unfilled shell leads 
to a significant change in the parameters that de- 
scribe the central interaction of the nucleons. 

2. It follows from these calculations that a mix- 
ture of central (in a common form) and two-par- 
ticle spin-orbital forces is a good approximation 
for the interaction between the nucleons in the 
nucleus. An analysis of the energy levels for the 
Li isotopes leads to the following values for the 
parameters of the paired nucleon interaction 
(Mev ): 

K=O, Cy = OA, ety = 0283, 
Fy Ol > lo 


jean me pS Wea is) 555 (10) 


3. The values for the parameters A (D3/2> P1/2) 
and a, are found to be in good agreement with 
relation (9) obtained by means of the oscillator 
functions for the s and p nucleons. 

4, Relation (5), which holds for a,=0 and 
Q, = 0, does not hold for the parameters given 
by (10). This indicates the existence of a differ- 
ent radial dependence for nuclear forces of dif- 
ferent exchange character. It should be pointed 
out that by the same token it becomes possible 
to explain the remarkably small value for the 
matrix element <p3/2:21|V|> = 0.49 Mev, ob- 
tained by the author!” and Talmi and Thieberger® 
in connection with the analysis of the nuclear bind- 
ing forces in the pgp shell, which is completely 
impossible to obtain if relation (5) is satisfied. 

The author expresses his deep gratitude to 
Yu. M. Shirokov for his continuous interest in 
the work and for valuable criticisms. The author 
is also very grateful to A. A. Samarskii and V. Ya. 
Gol’din for many consultations during the compu- 
tational work. 
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The ae intensities of electric and magnetic transitions between rotational levels in 


spin 5 


3 nuclei are considered. The calculation is based on the coupling scheme previously 


proposed by the author. As an example the Tm!® nucleus is considered. It is shown that 
the observed intensity ratio does not contradict the proposed coupling scheme. 


lo calculate the probabilities for the magnetic 
dipole and electric quadrupole transitions between 
the rotational levels of deformed nuclei with spin 
3, we shall assume: 

(1) These nuclei are in Zou states, i.e., in the 
one-nucleon states described in Hund’s coupling 
scheme b.' The indices g and u refer to the 
states 3* and 3°, respectively. 

(2) Correspondingly, we have, besides the triv- 
ial ones, the following integrals of the motion: the 
nucleon spin s, the total rotational momentum 
k=1+R (R is the moment vector of the collec- 
tive rotation), the projection of the orbital mo- 
mentum of the nucleon 7 on the nuclear axis 
A =0, and the projection of the vector Kk on the 
nuclear axis Kz’ = 0. The total angular momen- 
tumis J=K+sS. 

The wave function for these states can be writ- 
ten in the form 


WIM = oD) (Ma mimg| fo IM) Vx, Yop, mg (1) 
m Ns 
where @ is the wave function describing the 
motion of the nucleon relative to the nuclear axes, 
and x. is the spin function of the extra nucleon in 
the laboratory system. The rotational quantum 


number runs through the values 0, 2, 4,... for 
the states X5 g and through 1; 9,/9,,4..4, for ine 
states 2}. 


The wave function (1) is conveniently written 
in a system of coordinates connected with the nu- 
clear axes. For this purpose we note that 


Yx,m (0, 9) =V (Qe + 1)/8 x? Din,o (8, % ¥), (2) 


where (0,9, ~) are the Eulerian angles defining 

the orientation of the nuclear axes in space. The 

function Din, y(9, y, ~) describes the unitary 

transformation from the fixed system to the sys- 

tem of coordinates connected with the nucleus. 
Noting that 


1 DY” 
Xip,ms ms 2 D Mm, m m' Kaj, m 5 (3) 


s 


we can write the wave function (1) in the coordi- 
nates referred to the nuclear axes in the form 


Wis = Vax + 1/8 Go Di (x (x1/,0m, |2M/oS,) Dig mn! lm’ (4) 


m 
s 


The calculation of the probabilities for electric 
quadrupole eet lens between the rotational lev- 
els of spin § nuclei with the help of the wave func- 
tion (3) presents no difficulties. The result is the 
same as in the paper of A. Bohr and B. Mottelson,? 
where these probabilities were calculated for a dif- 
ferent coupling scheme. It is now of interest to 
calculate the probabilities for magnetic dipole 
transitions. The operator for magnetic dipole 
transitions can be written in the form? 


M (1, m) = 21 Dr, yM’ (1,9), (5) 


where 
I’ 1, v) = 


is the operator for a magnetic dipole transition in 
the coordinate system connected with the nuclear 
axeS; g], 8g, and gp are the gyromagnetic ratios 
for the single-nucleon and collective motions, re- 
spectively. 

With the help of the wave function (4) one can 
without great difficulty compute the probability 
for a magnetic dipole transition between levels 
with the same rotational quantum number (transi- 
tions within a doublet). The expression for this 
probability is of the form 


VY wl(gi— Gr)1+ (gs — Er)S+ ErI] 


16x /@ 


TAM VS ed) aa 


(=) By (M1,J-+1—J), (6) 
where 


Sees 
B, (M1, J+1—3J)= (Ay (8s — 8k) ez THT 


Another possible case is the transtion in which 
kK changes by two units. In this case the magnetic 
transition probability is zero, if the transition 
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operator (5) is used. This difficulty can be avoided 
in the case of nuclei with an extra proton by adding 
to the operator (5) a term arising from the spin- 
orbit coupling:? 

ten) sm) = — [VU (r) (sr) —s(rVU)] VrY im Be ant) 
Here r is the radius vector of the odd proton, A 
is the spin-orbit coupling constant, and U(r) is 
the self-consistent potential of the nucleus. 

Using the operator (7), relation (6), and the 
wave function (4), we can obtain the abovementioned 
probability for the magnetic dipole transition be- 
tween states whose x value differ by two units 
(and AJ =1): 


B(M1,J +13 J) 


\ 3 (eh\2 2741 
> & (se) 2s (8) 


0U 


“< xv)" Op 


— 2 hN- 
me? \ (nz x 


The diagonal matrix element appearing in this 
expression is taken between the wave functions 
Y~» and can be determined from the magnitude 
of the doublet splitting in the rotational spectrum 
of the corresponding nucleus.}3 Writing the Ham- 
iltonian related to the rotational terms in the form 


Aon = # x?/2I + yxs, (9) 


where I is the moment of inertia of the nucleus, 
we obtain 


oe 


niet NS (n2, n 


te) 
)T 5 


an) 


WANN 2° 
r|7 3V 5/4n Bh2/I 
with 6 the deformation parameter. 

It is known from experiment that the rotational 
levels of spin 4 nuclei have doublet character. The 
transitions between the components of different 
doublets with AJ =1 are essentially of the mag- 
netic dipole type. The electric quadrupole admix- 
ture apparently does not exceed 10 to 20%. 

To determine the possible order of magnitude 
of the probability for magnetic transitions, we cal- 
culate the ratio T(M1)/T(E2) for a transition 
with an energy of 110 kev in the rotational spec- 
trum of Tm!®.4 For this nucleus 6 ~ 0.3 (ref- 
erence 5) and y/(h?/I) = 0.24 (reference 4). 
Using (8) and (9), we then obtain for the ratio 
TeCM1)/T (2). 4. 

It follows from this estimate that the spin-orbit 
effect can account for the observed ratio of the 
probabilities in these transitions with an odd pro- 
ton. In the case of an extra neutron one must in- 
troduce an effective charge arising from the in- 
teraction of the neutron with the nuclear core.® 

In any case, it should be noted that the mag- 
netic moment,? the character of the rotational 
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spectrum, and the electric transition probabilities 
for the nucleus Tm!® do not stand in contradiction | 
to our proposed classification. 

It is also interesting to note that data on the 
Coulomb excitation of the Yb!" nucleus have 
recently appeared.’ This nucleus is a daughter 
of Tm!" in B decay, whose ground state has 
spin 3. The Coulomb excitation gives rise to 
two levels of Yb!"!. Their energies and spins 
are given in the figure. In the same figure we 
also give the energies and spins of the rotational 
levels of Tm!"!, for comparison.® 


12909 ———_—_—___—— 7/? 
116. 69 — 5/2 

26 3/2 

67 ————_————_ 7/2 
&06 ———_—_—_—_—_——_ 3/2 

| ee ee er I———_-—— 1/2 

E (kev) J E(kev) J 
17) 
Tm ve” 


If our classification is correct, it follows 
necessarily from the form of the rotational spec- 
tra that the ground state of Tm!" corresponds 
to the Z{ one-nucleon term (37), and the 
ground state of Yb’ tothe 2% term (3*). This 
corresponds to the fact that Tm!" changes its 
parity during 6 decay. 

This classification in general does not contra- 
dict the available data on the rotational levels of 
spin § nuclei. There is, however, some disagree- 
ment in the parities of the ground states of sev- 
eral nuclei, as given by our classification and that 
of Nilsson.? For example, we ascribe negative 
parity to the ground state of the Tm! nucleus. 
while in the Nilsson scheme this nucleus has 
positive parity.® 

In conclusion I express my gratitude to S. A. 
Baranov for a discussion of the experimental data, 
and also to D. P. Grechukhin for useful comments. 
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The free energy F of a completely ionized gas is given in terms of an expansion in the 


density n: ee 


~ ideal 


VOLUME 36(9), NUMBER 4 


OCTOBER, 1959 


4+ An’ -- Bn? Inn + Cn?. 


The term An/? is identical with the familiar Debye-Hiickel term. Expressions for B and 
C have been obtained. A diagram technique has been used to carry out the calculations. 


‘ie equation of state of a system of particles 
which interact via Coulomb forces has been con- 
sidered in a great number of papers. The usual 
formulas for the virial coefficients do not apply 
in this case. Because the Coulomb forces are 
long-range, even in the first term of an expansion 
of the thermodynamic quantities in powers of the 
gas density it is impossible to consider pair in- 
teractions alone. Debye and Hiickel! have used 

a self-consistent field method for finding the first 
term in the expansion of the free energy in the 
density of the interacting particles n; this term 
was found to be proportional to n?/?2 (per unit 
volume). In the work of Glauberman and Yuch- 
novskiY at attempt was made to compute the fol- 
lowing terms in the expansion, but the methods 
used in this work do not appear to be valid and 
lead to erroneous results. 

In the present work, the first terms in the 
density expansion have been determined using a 
graphical method similar to the Feynman method 
in quantum electrodynamics. 


1. DIAGRAM TECHNIQUE. GAS APPROXIMATION. 


We consider a system of interacting particles 
ina volume V ina state of thermodynamic equi- 
librium at a temperature T=1/. The Hamilto- 
nian for the system is H =H) +H’ where 


+ 
lay = Diep aan 
p 


; 4 a) 
H’ = >; > Vg OF Apet-q Ap.—qs Ep = p?/2m. 
P1P2q 
Here ap and any are the particle annihilation and 
creation operators; Vg = [e'4* V(x)dx where 
V(x) is the potential for the pair interaction. In 
the case of a Coulomb interaction Vg = 47e?/q?. 


The partition function for a gas of interacting 


particles is given by the expression 


Z = Sexp jes BH + 3u Daya,| ; 
p 


where wu is the chemical potential. 

Matsubara has shown’ that the ratio Z/Zy 
(where Z) = Sp exp {—SHy + Bu De apap }) can be 
computed conveniently by a method similar to that 
used in quantum electrodynamics for finding the S 
matrix. The quantity Z/Z) is given as the sum 
of all graphs which in electrodynamics serve for 
computation of the vacuum expectation value of 
the S matrix. The solid line corresponds to the 
zeroth Green’s function 


Sp T exp {— BHo + Bp », ay aya, (fay (to) 
Sp exp {— BHo +Bp >! ay ap} 
TO 
TO (1) 
Here the upper and lower signs refer respectively 


to Fermi and Bose particles, and T is an order- 
ing operator which operates on the argument t, 


Gy (p,ti—te) = 


{ (GhesP a) e—(Ep—us)t 


~ | Enz e(ep—H)= 


t= ty —ty; ap (t) — ape—(ep—¥)t- 


at (t) = at el*p—)!, ny = [elep—¥)8 + 1)-2, 


The dashed line corresponds to Vq6 (tT). Time 
increases going upward in the figure. Then all the 
dashed lines are horizontal. The solid line which 
goes upwards then corresponds to the factor 
Fnpe (€p-H)T, the line which goes downward cor- 
responds to the factor (1¥np) e-(€p-H)T, 

As in quantum electrodynamics, the sum of 
graphs which give Z/Z), may be given in the 
form e~4, The quantity L is the sum of all con- 
nected closed graphs and all the graphs considered 
below appear in the sum with the factor (- Wes H+k 2 
where k is the number of dashed lines in a given. 
graph and r is the number of closed loops. All 
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FIG. 1 


the graphs being considered are closed; hence 
the factor eH7 in Eq. (1) can be neglected. 
The thermodynamic potential Q = -—T ln Z is 


OO, A= Orr One nuit ae 


In what follows we will assume that the gas is 
nondegenerate (so that departures from the Boltz- 
mann distribution are small); we introduce the 


_ quantity n which is related to the chemical poten- 


tial by the expression 
n = e8 (im / Inh28)”, (2) 


We first consider short-range forces. We will 
assume that the particles have no spin. In order 
to find the second virial coefficient it is necessary 
to sum all graphs which contain two solid lines 
which go in the upward direction and whose re- 
maining lines go downward (Fig. 1). In these 
graphs we neglect Np as compared with unity. 

To the k-th order perturbation approximation 
there are k identical graphs which differ only in 


the way in which the pair of solid lines go upwards. 


Hence in each order we need consider only one 
graph and can neglect the factor 1/k. Then 
8 te 
— BAQ = ¥, \dte \ Gt Gp Gleats) Ops (t5 == te) 
6 


0 


[T (P1P2P1P2 tet:) + TP (P1P2PeP1 tots) d?p1 apo. (3) 


The factor I (pypop3p,4tyt,) is the sum of graphs 
of the “ladder” type (Fig. 2) and satisfies the 
equation 


Mop ata. V peo, ee fa) 
ae \ ae BDV p—p, Gg, (E1t") Ggyo—p, (til) Pg (pip t'te)» 
fh 
Here 
d?p = dp, dpy dp2|(2z)°, 
Tg (pp’) = TV (g/2 + p, g/2 — p, g/2 + p'’, g/2 — p') 


Introducing the variables 7 =t,—-t,, T’ =t’ —ty 
and making the substitution G(pr) =e *P7 (tT > 0), 


we have 


i. (pp’t) = Vp-p 8 (*) 


a dp, Vp-p, exp{— = (p2 + ©) (@—*) Weloip"’) 
0 


pe geld! 


FIG. 2 


or, in the Laplace transform representation 
ie.2) 

eye eee T(r)dr . 
0 


DP, (p1p’o) 


iP )=Vew—\e i, aig a a SE ee 
Mee?! pai ana (i +g2/4/m +o 


The equation for 
, , 1 9 2 
Xe (pp ©) =Tg(pp'o) I= (p? =f ma = 0| 


is in the form of an inhomogeneous Schrédinger 
equation with potential Vq: 


e vee ak o) x (P) + \Vo-n % (P1) G3 p1 = Vp—pr 


Hence its solution is expressed in terms of the 
wave functions for the relative motion of the par- 
ticles 


; Yi (Pr) ¥y (P’) 
Xe (Pp'o) = Vee 2 Papers ad? py 


= — Doe gi 0) pa (4) 


Substituting in Eq. (8) 


(B+ )e], t<O, 


we find the Laplace transform of the function 
9 (B) = — BAK HE, 


9(w) = \ e-#* 9 (8) dB 
0 


G (p, t) = exp [uB — 


4 
= | @pa?g Pmt gym p op elP, Pro) + Veg (P,— po). 
Using Eq. (4) we have 
4 
9 (w)= —| a pd*g ‘pm + g/4m +o 


2/m 
« Dida (p) 14 (P) + (PII ee. 


Inasmuch as ¢, (-p) =+%k(p), corresponding 
to the states with positive and negative parity, 
this expression can be written in the form 


il 
— p/m 


xD de (P) >, (P) oS , 


where pan is taken over even states. Returning 
to g(f), for the correction to AG we obtain the 


expression 


808 
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x \e-seiin dig 


as aint ie i =BE4— | e-eetim of i 
yeas (iB ye as 


which coincides with that found in reference 4. For 
Fermi particles with spin ye we obtain a similar ex- 
pression which differs only in that in place of the 
sum over even states ))’ wehave 49)’ +49)", 
where >,” is the sum over odd states. 

In the quasi-classical case the summation in 
Eq. (5) can be replaced by the integral 


(5) 


2 Sy e-0F — \e On 5 GE, 
Rk 


where 
for) WELZ 
2 


=\ dr \ Qh dlV m(E — 22/mr?—-U). 


T 


n{E) = 
0 
Substituting in Eq. (5) we have 
oho zn (e-U — 1) 4nr2dr, 
; 
0 
where n is defined by Eq. (2), coinciding with the 
correction to AQ due to the second virial coeffi- 
cient in the classical case. 


(5a) 


2. SUMMATION OF GRAPHS IN THE CASE OF 
A COULOMB INTERACTION 


It is shown in the Appendix that in order to 
find the thermodynamic potentials of the plasma 
it is sufficient to know Q for Vg=) = Vo = 0: 

Ly )=0 =. Hence it is possible to neglect the 
graphs with Vy) (for example the graph of Fig. 
3a). Divergences arise in the first-order graphs 
(Fig. 3, b and c). 


oo O 


HiGs3 


Figure 3b gives a contribution equal to 
4 Ff 
Be z\@ q\ dt, \ dt, Veiko cus: 
0 0 
where 


Iq (tyto) = \ Gp—a/s (tito) Greta? (tot,) ap. 


The integral in Eq. (6) diverges linearly in the 
region of small q. Hence it is convenient to give 
11@ in the form of a sum 
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1g ++ {2 lq — Wo) Lo + (Hg — Ho)*}, 


where II) is the value of IIq at the point q=0: 
Ij = IIg=9 =—-n. 

If this expression is substituted in Eq. (6) the 
integral containing the brackets has no singulari- 
ties and becomes 


(7) 


Vat netpl Rm. 


The divergence in the integral which contains 
IIy) is due to the fact that it is not valid to neglect 
certain higher-order terms in the density. For 
example, when the contribution of the graphs of 
Fig. 4 is taken into account the integrand in the 
region of small q becomes larger than the cor- 
responding expression for the graph in Fig. 3b. 


Q Caw 
Geri leesed 


FIG. 4 


Hence, in carrying out the integration over q it 
is necessary to sum the integrands in all the 
graphs in which each Vq has the same vector q. 
Since I) = —n is independent of t, the summa- 
tion is carried out easily: 


+ (Blo Va)?-+ + (BU Va). 


iD 
1 (dar 
ae \ = [BL Vqh)? + (BIL Vqh)? + 
0 
4 ey BIT, Var? 
Pe? 2% 4 BV, 


The integration over q and A then gives 


— ?/s V xB e (— Ip)". (8) 


The contribution from the graph of Fig. 3c gives 
an integral which diverges logarithmically in the 
region in which all the q are small: 


AG = 


4 
> \ Agi dqoVq, Va. Vartae J equae 


t; t 


ts \ dts \dtsGp, (tats) Gp (tats) 
0 


0 


I 4143 — =\ai 
0 


Gata (t3te) Gp,—q(tate)Gp,—as (tot )Gp,tao(tots)- 
In carrying out the calculation it is convenient to 
give I in the form 


Fa.ge = (gg. — B°n?/6 (1 + dq?) (1 + 22) (1 + 2 (qi + qp)?)} 
+ B%n/6 (1 + dah) (1 + Xq2) (1 ++ X(qi + qe)?) (9) 


(where A = Bh?/m). 
the brackets has no singularities and is 
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EQUATION, OF, STATE OF-A PLASMA 


1/, xan? (Be2)?, (10) 


where a is a numberical coefficient of order unity. 
We shall not make an exact computation of this co- 
| efficient for the following reasons. In the case of 
low or high temperatures (where we use corre- 

| Spondingly the quasi-classical or Born approxima- 
| tions for the electrons) the coefficient in front of 
|the term of order n? in the expansion of Q in 

| the density turns out to be of order (h28/m)?/2, 
i.e., considerably larger than the quantity (Be*)? 
which appears in Eq. (10). On the other hand, 
since the term of order n° is the smallest of 
those given in the present work, small correc- 
tions of order (fe)> to the coefficient for this 

| term can be neglected. 

In the remaining second term in Igiq. in car- 
 rying out the integration over q,. we sum the 
contribution of those graphs of higher order in 

the density in which all the momenta q along 

the dashed lines correspond to one of the mo- 
menta, Qi, GW, G1+qQ.. This summation means 

_ that we replace Vg by 


Va/(1 — BIIpVq) = 4n€?/(q? + x?), 


2 


x? Se 4xe*3 TT. 


Under these conditions the integral of the second 
: term in I converges. In order to compute this 
integral it is convenient to introduce the Fourier 
transform for q: 


in 4 SSL «4 


Pelt ig? 


: eo 
= \ Gus dr, 


Ai — pe” 


after which the integral assumes the form 


4n\ Se enr/VR \3(1 — x2), (10a) 


Computing this integral to accuracy of order ni/2 
in the density and neglecting the correction ( Be")? 
in the quadratic term we have 


(x/3) n? (e28)3 In( Vix). 


Thus, to obtain the correct virial correction to 
AQ of this system with a Coulomb interaction it 
is necessary to correct the contributions from the 
lower-order graphs. The first terms in the expan- 
sion in powers of the interaction in (5) are replaced 
by the corrected expressions obtained by the meth- 
ods indicated above. 

In the quasi-classical case e?/fv > 1; thus, 
replacing the first terms of the expansion in e? 
in Eq. (52) by the corrected terms (8), (9), and 
(10a) we have: 


—BAQ = ne ‘o—bee/r oe 
2 \ ( a 
__ Get em 

en. 


(10b) 


3e2 _ (Be®/r)? 
r v2 


Boeri? 
| 6 ) 


450 es ~ V xBiet nh (11) 
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Here we have not taken account of the quantum 
corrections since the contribution in (7) is neg- 
lected and we have assumed A =0. Limiting our- 
selves to the principal values of the expansion in 
n and computing the integral we have 


~ 


— BA & = 2 ap en's + + zn (p 


(12) 


3. EQUATION OF STATE OF THE PLASMA 


We consider a system consisting of ions of 
charge z and electrons. We consider only clas- 
sical ion motion. 

It is necessary to make the following changes 
in Eqs. (8) to (10a) above: the quantity II), which 
represents the contribution from the electron and 
ion loop, becomes 


Qo = —(2n: + ne), 1 ec = ePMs, e (m;, e/ 2nkB)”. (13) 


Consequently, the quantity x? 


AntBe* (z?nj sean) 
We consider two limiting cases. 


= — 47rBe" Il, becomes 


aye Dimeorie* yee 


In this case the motion of both the ions and 
electrons is quasi-classical. The Debye term in 
AQ (proportional to n’/2) is obtained from Eq. 
(8) by substituting Eq. (13) in place of II). The 
next term in the expansion of & in powers of the 
density, which is proportional to n? Inn, is ob- 
tained from the graphs of Fig. 3c in which the 
solid lines may be considered electron and ion 
Green’s functions. The contributions from the 
graphs containing two electron or two ion loops 
are obtained from the second term of Eq. (12) 
by replacing n’e® by nge® and z‘nfe® respec- 
tively. In computing the coneipurion from the 
graph with one electron and one ion loop from 
Eq. (11) we would obtain an integral which di- 
verges exponentially at small values of r, since 
in this case the quantity e” in Eq. (11) is re- 
placed by —z’e*. This results from the inappli- 
cability of the classical expression (11) at small 
distances. Nonetheless in obtaining the term 
n? Inn it is possible to use Eq. (11), limiting 
ourselves in the integration to the region in which 
(11) applies. We obtain (neglecting terms Nnenj): 


— 5 (ze*B)? ain. In (14) 


res 
Bex 

In computing the term of order njng in Eq. (5) 
we keep only the first term in the sum; this term 
corresponds to the ground state of the electron in 
the field of an ion of charge z: 


Nitle eXp {Bz?met /| 2h?}. 
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We note that the error in the calculation of Eq. (14) 
is exponentially small as compared with this term; 
the other terms in Eq. (5) are also exponentially 
small. 

Thus, in the quasi-classical case the expression 
for the potential Q is of the form: 


BQ = BQ, — = V mB €% (221; + ne)'/* +  (Be®)? (2°74 — Me)? 
4 Pepe a) Ns {3z*me 
In ro +( 5 is Njfle EXP | F353 a (15) 


We may note that this expression applies when 
T « z*me*/n’. 
18) a S20 0) aah 

In this case the electron-electron and electron- 
ion interactions considered in accordance with per- 
turbation theory. The term proportional to n/? 
remains unchanged. The ion-ion interaction leads 
to a correction in {2 which arises from the sec- 
ond porn in Eq. (12) when n2e® is replaced by 
niz®e 

The “ non-exchange” terms of the electron- 
electron interaction of second and third order in 
e? give the expressions in (7) and (10b) respec- 
tively, in which n must be replaced by ng. The 
corresponding terms of the electron-ion inter- 
actions are obtained by the following substitution: 
in second-order it is necessary to replace n’e4 
by z’njnge* and to add the factor 1/¥2 which 
arises because the reduced mass is increased by 
a factor of 2; in the third-order graph it is nec- 
essary to replace n’e® by —z'njnee®. The “ex- 
change” terms arising in the electron-electron 
interaction (corresponding to the graphs in Fig. 5) 


Sh 8 


a b 
FIG. 5 


lead to the following contribution in the correction 
term to BA: the first-order exchange term 
(Fig. 5a) is: 


2 
£ \ Vgttp+qiottp—qnd®pdsq = xn?B?e ES 


the second-order term (Fig. 5b) is: 
ic} t, 
Z\dta\ dts \Gp+antove (tits) Gpaasave (lots) Gpayeayo (at) 
Pah: x Gptar—qi2 (tet) VVq dp d?qa*q,; 
replacing G by (1), we have 
nin 2+ netB’*h/Vm. 


Thus, in the case T > z*me‘/fi? the expansion of 
the thermodynamic potential © in terms of the 
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density is 
BQ = BQ, — ?/s V nB%e%(z2n; + ee 
(n/3)(Be2)8[26n? In (1 / 2®Be%x) ++ ne In (m*/ n3*x) 
— 22°n in, In (nm? /n8 yy] +1/,0 2 72 h3B fy 
4 nb {— ne®h?B2m) + * (In 2 + 1/4) e*nBm—"} 


Vy SP 


4 nite (Qn tenB tm"). (16) 


The terms '/,n3h?(78/m)%/* in this expression is 
independent of the interaction and is due to the de- 
parture of the electron momentum distribution 
function from a Maxwellian distribution (due to 
the identity of the electrons). 

Using the equations 


AQ / Ou; = — N, AQ / Oe = — 2zN 

we express pj and we in terms of the atomic 

density N/V =n; substituting in the formula 
F=Q+ N+ wz, 

we find the free energy per unit volume: 


BF = BFo— + V wpe? [z (2 + 1)]"n' 


: m/z 
Sia ONE BD ee 242 
b& (Bet)P 22 (e* — 1)'a4in 
3/2 3p" Bn? 
oy }) ee 2 22 
+n Z ml mZe* — 


; 1 z 4 hp’? 
alis (in Y -++ Te ae = mw /eg%e4 art ‘ 


4. CONCLUSIONS 


Equation (17) represents an expansion of the 
free energy in terms of the density. The coeffi- 
cient of the quadratic density term is a function 
of the parameter ze*VBm/f . The three first 
terms of the expansion involve this parameter. 

In the case in which ze*V Bm /hi ~ 1 the function 
is expressed in terms of the phase in the Coulomb 
field and can be computed. The term of the expan- 
sion of F in the density proportional to n?/2 may 
also be expressed in terms of the phase; however, 
in order to find the higher order terms in the ex- 
pansion in density it is necessary to know the 
wave functions of s system of three interacting 
Coulomb particles. 

In conclusion the authors wish to thank L. D. 
Landau and V. M. Galitskif for valuable comments. 
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We find Q for V)— ©, knowing the auaatine 
c= “y)=9 computed in the text. 


| 
| 
| 


| 


(17). 
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The interaction Hamiltonian is of the form 


4 SV pack at 
H’ = Vv > Va a (Qp Gy Ap —gAp+q 
q pp 


Darimecie Stel 
HB Wp'%p’—gAptq — 22Ap Mp,%p,—gAp+q), 


where ap and Q@p are the annihilation operators 
for electrons and ions respectively. The quantity 
is given as a function of we, wi and Vy by 
‘(per unit volume ) 


1 / ; 
BO — +7 In Sp exp {—8 (Ho + H 
— ve aba, waza}. 
p p 


Differentiating this expression with respect to 
Vo, Me and pj it is easy to find the relation (to 
terms which approach zero as V— 0): 


OQ / OV5 = — 4/2 (20Q / Op; — OQ / Gu). 
We introduce the variables 
MV Zhe Ue, oh = {ee — Uz) / 22, 
whence the equation assumes the form 
OQ / Vy = — 1/2 (0Q / Op). (I) 


It is required to find the solution of this equa- 
tion for the initial condition Q(y,0)=Q(y). The 


general integral is of the form 
Q=—LV, + ap + 6(a), (II) 


where a is a function of uw and Vy defined by 


the equation 
—aV,+p+bd' (a) =0. (III) 


The function b(a) is expressed so as to satisfy 
the initial condition 


a(p, O)u+bfa(y, 0)] = Q (y). 
It is apparent from Eq. (III) that as Vy—~« the 


(IV) 
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quantity a(u, Vy) approaches zero as (u+b’(0))/ 
Vo; hence Q(u, ©) =b(0) and is independent of 
the variable wp. 

In order to find b(0) we differentiate (IV) 
with respect to p; then, using (III), we have 
a(u, 0).= dQ/du. 

We define pp) by the equation 


(dQ /du),—u, = 0. (V) 
Substituting in Eq. (IV) w=, we find b(0) = 
& (Uo). 
Thus, 
Q(¥, 00) =Q(Yo, 0), (VD) 


where py is defined by Eq. (V). 

The free energy of the system if F=Q2+MN 
where M is found from the condition 92/8M = 
—N. Returning to the variables we and yi, taking 
account of Eqs. (V) and (VI) we have 


F=O+72,.N +u,N, 


where yi and we are defined by the relations 


08 /du;=—N, 0Q2/0u.= —2zN. 
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ized oarticles is considered. The angular distributions and polarizations of the products 
of direct nuclear reactions induced by polarized particles in oriented nuclei are deter- 
mined by the distorted wave method without inclusion of the spin-orbit coupling. 


1. INTRODUCTION 


‘Tae theory of direct nuclear reactions (stripping 
and pick-up reactions) is widely used in nuclear 
spectroscopy to determine the properties of nuclei. 
The angular distribution of the products of the 
direct reactions permits the determination of the 
spin and the parity of the final state of the remain- 
ing nucleus, if the spin and the parity of the initial 
state of the initial nucleus are known. Additional 
information about the structure of the nucleus can 
be obtained in the investigation of the polarization 
phenomena accompanying the direct reactions. 

Newns! was the first to point out the possibility 
of a polarization of the protons in stripping reac- 
tions. He also showed that the sign of the polari- 
zation of the proton determines the value of the 
total angular momentum of the captured neutron 
(jin =2+% or jy =1-3). Assuming the nucleus 
to be completely black for protons, Newns found 
that the polarization is negative if the neutron is 
absorbed with jy =1+%, and positive if jy = 
1-3. The positive direction is taken along the 
vector kg x ky. Horowitz and Messiah? deter- 
mined the polarization of the protons in stripping 
reactions, using for the nucleus the model of a 
hard sphere. They obtained the same sign for 
the polarization as in reference 1. The experi- 
mental sign of the polarization was in disagree- 
ment with these predictions.° 

Later Tobocman, and also Newns and Refaié 
showed that the correct sign of the polarization 
of the protons can be obtained if the scattering of 
the deuteron wave by the nucleus is taken into 
account. The experimental results®® are in agree- 


ment with reference 4. 

Cheston’ and Sawicki® discussed the effect of 
the spin-orbit interaction on the polarization of 
the protons, which is, however, small. 

Dalitz? and Lakin! considered the theory of 
the reactions of particles with spin 1. The strip- 
ping reaction with polarized deuterons was also 
investigated by Satchler.'!>!2 

In the present paper we obtain the angular dis- 
tribution and the polarization of the products of 
stripping and pick-up reactions in the interaction 
of polarized particles with arbitrarily oriented 
nuclei. The angular distribution of the protons 
produced in the stripping reaction with polarized 
deuterons has an azimuthal asymmetry. A study 
of this asymmetry leads to the possibility of de- 
termining the spin of the final state of the remain- 
ing nucleus. We also consider other possibilities 
of using the stripping reaction with polarized deu- 
terons to obtain additional information about the 
structure of the nucleus. In particular, it will be 
possible to determine the reduced widths for 
states with different values of the orbital momen- 
tum of the absorbed neutron. 

The formation of deuterons in the interaction 
of polarized protons with nuclei is also charac- 
terized by an angular distribution with an azi- 
muthal asymmetry. The produced deuterons are 
polarized. The capture reaction with polarized 
nucleons can be used for the production of polar- 
ized deuterons. 

We use the method of distorted waves. The 
spin-orbit interaction was neglected, since it 
gives a relatively small contribution to the cross 
section.4 We also neglect Coulomb effects, which’ 
are insignificant for sufficiently high energies. 


812 


DIRECT NUCLEAR REACTIONS 


2, THE STRIPPING REACTION (d,p) WITH 
POLARIZED PARTICLES 


We shall describe the polarization effects in 
the stripping reaction (d,p) with the help of a 
density matrix, whose elements completely de- 
jtermine the spin states of the particles partici- 
{pating in the reaction. 

The density matrix of the total system in the 
initial state (deuteron + initial nucleus) is given 
in the form of the direct product of the density 
pA and o, referring to the deuteron and the 
nucleus. The deuteron density matrix has three 
rows and columns: p@ = Pugng (uq and wg are 
the possible values. of the spin projection of the 
deuteron). The nuclear density matrix has 
{2i+1) rows and columns: ph = Pus (i is 
the spin of the initial nucleus, yj and pi are 
the possible values of the spin projection of the 
nucleus ). 

Instead of giving the elements of the density 
“matrix, we can expand it in terms of spin-tensors. 
These form:an orthogonal system of matrices 
which transform according to an irreducible 
representation of the rotation group when the sys- 
tem of coordinates is rotated. The spin states of 
the system are then given by the coefficients of 
this expansion. We expand the 3x3 deuteron den- 
sity matrix py, dia in terms of the spin-tensors 


Coe es aes — aM) 


Ugg 


of rank J =0, 1, and 2: 


Pauly = ia Ua Bisson (1) 
The (2i + 1) -rowed density matrix of the initial 
nucleus Pups is expanded in terms of the spin- 


tensors Tah = =(-1)}! +Uy (iiuy —yi| LQ) of rank 
L=0,1, 


= =a Gee tra (2) 


The density matrix of the total system in the initial 
state is normalized to unity: Sp p =1. 

The density matrix of the system in the final 
state (proton + remaining nucleus), p’, is con- 
nected with the initial matrix, p, by the relation 


p = ops”, 
where § is the reaction matrix. It can be shown 
that, neglecting the spin-orbit interaction, the 
reaction matrix has the form 

al 
Su puji Ug; — » C/e 


[smu sty 


X (orten | ss) (slusm | iu) V%,.JT, (3) 


Motptn | tra) 


INVOLVING POLARIZED PARTICLES 
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if the state of the captured neutron in the nucleus 
is given in the 7—s coupling scheme. Here 1 
and m are the orbital angular momentum of the 
absorbed neutron and its projection, s and ps, 
are the channel spin and its projection, j and bj 
are the spin of the remaining nucleus and its pro- 
jection, fy and up are the spin projections of 
the neutron and the proton in the deuteron, and 
YIs is the reduced width. The quantity J} is 
defined by 


m 4Ma lige r) * 
eye ib ec (sed : = Tar Vim (9s $) dg (F) a. 


Yep is the wave function of the liberated proton 


vith the wave vector kp; %, _ is the wave function 
of the incoming deuteron; ky =V2M|En|/h; En 
is the energy of the neuteron in the nucleus. 
Using the expansions (1) and (2), we write the 
density matrix of the final state in the form 


arene Cera 


Pu sus Uph; JM, LQ 
IM LOD 
XD Supups mate Tas Tei Syiuieyiyte (5) 
Ug vj: 4 


Summing (5) over the spin projections of the re- 
maining nucleus, we find the density matrix for 
the proton liberated in the stripping of the deu- 
teron by the nucleus: 


Peat > Prep » pj® 
The trace of the density matrix P ‘Lb ut determines 
the angular distribution of the protons. With the 


wave functions Yn and Ykq normalized to unity 
in the incoming ae we obtain for the reaction 
cross section 


de / do = (Up/ va) Spo’, 


where vq and vp are the velocities of the deu- 
teron and the proton. 

To find the polarization of the protons liberated 
in the stripping process, we must expand the den- 
sity matrix (normalized to unity, p’/Sp p’) in 
terms of the spin-tensors 


Tipe, = (— 1) Fp (1/2 Vattp — ys | RT) 
of rank R=0 and 1: 


oie a le a 
Pia oP pK Sie 
The coefficients of this expansion, <TRT+> wili 
then determine the spin states of the liberated pro- 


tons. 
Using the normalization condition for the spin- 
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tensors and the expression (8) for the reaction 
matrix, we obtain the coefficient <TRT+> in 
the form 


Ci Sp 0’ = > Opens CTE 
JM, LQ 


x 2 Visiewie > ( 


Usl’s'm Benth] 


4 yerae pj—m—Q—T—M 


X (2/2 2/ottd — enten | Lyra) (i/o; — 1 — Un Un | Sj — Mm) 
X(s lpj—m m | jr) (A1paM — pa | JM) 
X (iipyj —m—tn Q—pj+m+t tn | LQ) 
X C/o Ved — Bn — T vn +T — M| 1a — M) 
x (P/enj — Mm — Yn —Q Yat T—M|s'pjp—m+T—M—Q) 
x(SUuy; —m+ T= M—Q m+M+-Q—T | jy) 
X C/e Metta —Un T —va + ¥n| RT). 


With the help of known sum rules!? we carry out 
the summation over the spin projections wd, Un; 
and Mj. We have 


Mince Spp eye CE RY vias 
JM, LQ ESUAS 


Mey de SOF PAN (Od ely Oh tye 


r.P 
M2R te se 1) * (2s 1) (2rd) 3 
x (RJ —TM | rM—T)(LrQM —T {| PQ+M—T) 
Pe ssa PI) AC /aR May st t/a; Ad) X C/o Hes tL isasPs ) 
1) — mm i OT | PMO 7) 
XPT ae, (6) 
where X are the Fano functions.'4 
For R=1 this formula determines the polar- 
ization of the protons. The components of the 
polarization vector P are related to the coeffi- 
cients <TRT+> by 


bead CL Pe (CT Ey, 
P,= —V2¢T 0). (7) 


We note that <T%*> =-1/V2; with R=T=0 
we then find from (6) the angular distribution of 
the protons: 


Spe’ = > Usha CPiaty >) Vintpe 2U— ad J+P 


JM, LQ ESUS? Pe 
X 3(2j + 1) (27 + 1) (2L + 1)'*(2s + 1) (2s’ + 1)" 
X (LIQM | PQ+ M)W (il’ss'; Pj) W P/a 4/11; J4/2) X 
Saas A/a; ili; SPs’) 17 
X( —mm+M+Q|PM+Q) IPI (8) 


Formulas (6) and (8) are the most general for- 
mulas giving the angular distribution and the polar- 
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ization of the protons liberated in the stripping 
process for arbitrary polarization of the incoming 
deuterons and the initial nuclei, given by the quan- 
tities <TIM+> and <TLO@t>. 
We now consider the simplest special cases of 
(8) and (6). j 
Nuclei and Deuterons Unpolarized. In this case 


4 & 1) 


LOW 
V3 Af LTT st 


8109Qo+ 


8.499Mos 


Tate 
Substituting these expressions in (8) and (6), we 


obtain the following expressions for the angular | 
distribution and the polarization of the protons: 


Dae 


in oe Aes Yis 
(SPP) = serpy UHH 


(9) 


<PRE) 6 (Spe o= Dy V testi re 


Zss’ 


2j+1 1 , 1 
x gq Os + 1)%(2s +1)% 


OW Clee ieee) W Cl, 1/958’; Ri) W (Llss’; Rj) : 
x (— "(Ul — mn —T|R—T) STI. (10FR 


If the scattering of the deuteron and proton 
waves in the field of the nucleus is neglected, the 
differential cross section will be given by the 
well-known Butler formula 


ae 
x >) is 


ls 


_ 27+ 1%p4MaR 
21k, 
| dj, (RR) 
aR 


{a2 (Ka/2 — kp)?} 


(11) 


— jr (#R) ai In hi (RnR) 


(k = kg —Kp ). In this approximation there is no 
polarization of the protons. 

If the scattering of the deuteron and the proton 
waves in the field of the nucleus is taken into ac- 
count, we obtain a somewhat different anguiar 
distribution from that given by (11): 

Yis 


do) _ 4+4% wy 1d 
eS, = 31m, Soe Sl Ii ee 


Furthermore, the protons will be polarized. 

It can be shown that the protons are polarized 
in the direction perpendicular to the plane of the 
reaction, i.e., in the direction of the vector kg x kp. 
Indeed, the angular dependence of the wave func- 
tions Ykq and Vio in the expression for Jy is 
given by 


(12) 


bx, (r)= 2 Ri, (r)¥ lgmg (9, OY Lamy (x4, Pk a)> 
dd 


by (0) = 21 Rig (t) Y igmy (9s ) YV tgmy (Megs Pt) 
pm 


Dp 
Substituting these expressions in ae , choosing 
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fthe z axis along kg x kp, and integrating over 
; & and ¢~, we obtain 


i~ », Aigty (Lp 100 | 140) CF lm,m | lama) 


Lal pmgmp 


x Yipmy > Px) Yignd >> Pka) ; 

Yim (1/2, @) is different from zero for even 
Z+m, or what is the same thing, for even J—m. 
Contributions to ae come only from terms with 
even Jl) +mp and Jg—mg. On the other hand, 
the coefficient (1)100|1g0) is different from 
zero only for even lp +1+Jg. Therefore 1—-m 
must also be even. Formula (10) contains the 

} product SU pe The requirement that J—-m 
and /—m + T’ be even limits the possible values 
of T to the single value T=0. We therefore 
have for the polarization of the proton in this sys- 


tem of coordinates 
pasty oak ef ty = 0, LT, +0, 


i.e., the polarization vector is directed along the 
vector kg x kp, 


Dn Vite yr ese)” 
iss’ 


x Qs’ .1)*(2E 4 1)" * W A e588": 1i) W (ltss’: 1) 
m Sleds mie 
a | Sargalirr. (13) 


In the derivation of formula (13) we assumed 
that the l-s coupling scheme is valid for the 
neutron absorbed in the nucleus. In the case of 
j-j coupling we can obtain an expression for the 
polarization by using the relation between the re- 
duced widths for the two types of coupling," 


V Cs = Dies Lye (2s a 1)" (Qin “fe 14 


In 
XW (i/oils Sin) V tin: 
Substituting this expression in (13) and summing 
over s and s’, we find 


iors ae VeGnci) Oar a) F/ 4 
a 1@+1) 
In 


x Smit P | Bar BI? Pe a) 


By measuring experimentally the sign of the 
polarization of the protons in a number of strip- 
ping reactions, we can uniquely determine the 
spin of the remaining nucleus. 

Deuterons Polarized, Nuclei Unpolarized. In 
this case the general formulas can also be greatly 
simplified. Substituting in (6) 


815 
Tite ==) (Bic) *orehoe 
we find 


CTRT*Y Spo! = 2 CTS Diora 


iss’ 


Dey Sea at RiP s3 (Ope) (95 a) aie 
: Pp 


X(2R + 1) (2s + 1)*(2s’ + 1)" (RJ —TM| PM —T) 
x W (*/2*/288'; Pi) W (Llss’; Pj) X A/2 4/2 R; WJ; 1/2 4/2P) 
xe —ahy” (il nm’ PPMeeny Tara a 


Using now equation (10) as the definition of 
<TRT+>), we obtain 


TET Spo’ ={— 44 (B+ RY — RY TET + TP 
x [Fe8r0 “Oy (1) 2-8 Re eR nes 


J=1,2 


x X (Ma RYai Vala; 11) <Ta"*> |} (Spee (15) 


In particular, if R=T=0, we have 


Spe’ = {1 — 6 (Tp'*)o <Ta’*)} (Sp p’)o. (16) 


Expression < Te. > through the polarization 


vector of the deuteron Pg, we obtain the following 
formula for the angular distribution of the protons 
produced in the stripping reaction with polarized 
deuterons: 

do / do = (1 + 3P,Pz) (ds / do). (17) 


The study of the azimuthal asymmetry in the 
angular distribution of the protons in the stripping 
reaction with polarized deuterons leads to the 
same information about the structure of the nu- 
cleus as the polarization of the protons. The 
cross section is maximal if the polarization 
vectors PB, and Pg are parallel; it is minimal 
if they are in opposite directions. This depend- — 
ence of the cross section on the mutual orienta- 
tion of the polarization vectors can be easily 
understood by recalling the mechanism of the 
polarization. The polarization of the protons in 
the stripping reaction due to the scattering of 
the proton and the deuteron waves is related to 
the difference of the neutron absorption cross 
sections for the two possible spin orientations. 
Since the spins of the neutron and the proton in 
the deuteron are parallel, the direction of polar- 
ization of the protons will correspond to the ori- 
entation of the neutron spin leading to the greater 
absorption probability. The yield of the reaction 
becomes, of course, greater if the incoming deu- 
terons are polarized. The direction of this polari- 
zation coincides with the direction of polarization 
of the protons in the stripping process. 

The polarization of the protons produced by 
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polarized deuterons is given by the expression 
Ta) + <Tp*Y0 (Bro + V6 (4 —T?) 

eS /(1—6 <Tp*>9 <Ta”). 

Hence the polarization of the protons depends not 

only on the polarization, but also on the alignment 


of the deuterons. 


Deuterons Unpolarized, Nuclei Polarized. In 


this case the angular distribution and the polar- 
ization of the protons are given by the expressions 


Spo" =a CT DV tistes (— Wy 274 (2 +1) 


Isl’s’ 


TH) ={(— 
(18) 


tos al) (2st 1) PW. (Isso. /2)W (aise ; Ly) 


x Pal el tina LEQ) dra 
a Te?"> Dd Vitter pale Deore ue 


isl’s’ 


(19) 
iE Spe = 


Poy tal) SORA iya(2s oh ys (Deter: 
x (LRQ—T|PQ—T) W (ll’ss’; Pj) W ("2/2 */2 4/2; R1) 
xX X (4/2 R 1/9; iLi; sPs’) 
x 2(— Ay eth ena 0 =| POT) ai ce ie 20) 


These formulas can be considerably simplified 
for the actual values of the spin of the initial 
nucleus. 


3. THE PICK-UP REACTION (p, d) 
WITH POLARIZED PARTICLES 


We consider the polarization effects in the 
pick-up reaction (p,d). The spin of the initial 
nucleus is denoted by j, the spin of the remain- 
ing nucleus, by i. The density matrix of the total 
system in the initial state is written in the form 


p eo ie Ee Tew 


‘ ‘ ’ d 
Upp CATS RT, LQ Upp Mey ey 


where the expansion coefficients <TRT+>S 
(ie On) cand. am TES oi LOLs aq) 
determine the initial spin states of the proton 
and the initial nucleus. The initial density matrix 
is normalized to unity: Sp p = 1. 

Using the definition of the reaction matrix, 


, 
S Vegleg 5 Vpe jp = 28 1 pu; 5 Ug; ? 


we obtain the following expression for the deuteron 
density matrix in the final state: 


ee Tae 


TE SG GIG: 


x 2D 


U pit pez Hjbez 


f i Vb ‘* 
Sug : pu; is , ° Ss , Aig) 
Upp MpMy Ugty 3s Upu;” 


(22) 


The trace of this matrix determines the angular 
distribution of the deuterons produced in the pick- 
up process: 


do / do = (Ug/ Up) Sp ¢’ 


The matrix (22), normalized to unity, is expanded 
in terms of the spin-tensors TJM (J =0, 1, 2). 
The expansion coefficients determine the polari- 
zation of the produced deuterons: 

0 PS po’ = = za VE aS Faye 

vata dy 

By calculations similar to those in the previous 

case we obtain the following general formulas for 
the angular distribution and the polarization of the | 
deuterons formed in the pick-up reaction with 
polarized protons and oriented nuclei: 


Spa > Ct >) V vistvs' 


RT, £Q tsl’s’ 


4) teh +EtT—OFR 49 0] 41) (2R 4 1) "(2h 


x aI 
X (2s + 1)” (2s’ + 1)" (LROT | PQ + TY (ss. 4/2; Ri) 


x W C/e Ya Me ¥/a; 1R) X (s'sR; UIP; jiL) D\(—1)” 
. m | 


x (i —inm —T— O|P =F = On ae 


C= Spp = > CTS LINES > V tistv's’ 
RT,LQ tsl’s’ 
x > (ye Fe Eo (2j a 1) (2S ae bys (2R ae 14 
pP | 
X (QE ib 1)" (2s 21)? (25) ye (pe) 
x (JR— MT | pT — M) (LpQT —M|PQ+T—M) 
x W (ss"*/2"/23 pi) X (*/2"/2 15 */2"/21; Rod) X(s’sp; UIP; jjL) 
x Vea1 mm FOP es 
m 
Se RE Ge ae (24) 
We consider a few actual cases. 

Nuclei and Protons Unpolarized. In this case 
the initial spin state of the system is character- 
ized by the quantities 

CTESY = (= 1)" 2] +1) 80800, 
CEE = — Spero 2: (25) 
Substituting these values in (23) and (24), we find 


Yis m 
(Spe S98 eer Rea 


<Ta"* 0 (Sp eo = DVV Vistis (— ITH HH 6 (05 4 1) 


Iss’ 


X (2s' + 1) W C/21/ass"; Si) W (fa 3/2 11; 4/2) W (Ulss’; Jj) 


XEN nae (26) 


:§7e note that at reduces to zero for J = 2. 
The differential cross section for the pick-up 
eaction (p, d) is equal to 


d 7 
& ia = ry oper We (27) 


“he deuterons formed in the pick-up process are 
.§olarized in the direction perpendicular to the 
lane of the reaction: 


Pa= » V Yestis’ (= Wig ht AOA (2s ee 1) 


Zss’ 


SOP aN eae 


x 2rey i [x tes(Ql-+ 1) [JT (28) 


W (2/2 Mass’; 1i) W (Llss’; 1)) 


ff the scattering of the deuteron and the proton 
waves is neglected, there is no polarization. 

Protons Polarized, Nuclei Unpolarized. Sub- 
stituting <TLQ+> from (25) into (23) and (24), 
and using (26) as the definition of ith laspe a 
we find 


Sp p’ = (1 —<T p> <T2*)o) (Sp e'os (29) 
Ta" y= {(—1)'2W Cf Yale J4/9) <T3"*) + [8.ndm0 
2 (Aye 2072.1 1)" (J. — MM} 10) 
XX Yael; Vafe 1s ML) <T pt >) Tao} 


<p Tae (30) 


Thus the angular distribution of the deuterons 
_formed in the pick-up process with polarized pro- 
tons and unoriented nuclei is given by the cross 
section 


dco do 
ce = (1 + tPpPad (Z), » (31) 
where Pq and (do/do)) are determined by (28) 
and (27). 
| The polarization of the deuterons is given by 
the expressions 


Gp =(—7),<Tp > 
42 (Tt eho) Tp > <a do): (32) 
(Ta) = —V4/s(4— M?) 
Ss Dy f(P—XT, 9<Ta >): (83) 


We note that the use of polarized protons in the 
pick-up reaction can lead to the formation of 
aligned deuterons. 


Protons Unpolarized, Nuclei Polarized. In this 


case we have the following formulas for the angular 


distribution and the polarization of the deuterons: 


Spe’ = dy <7? ty DV tists (1 9 3 (2) + 1) W (Wii: Ls) 


LQ il's 


x H(A)" ( — mn — Q|L— Q) 7 IF-%, (34) 


where k=kq—Kp. 
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<T7 ES Sp p= py TS) Ye tian 


ts L's’ 
x d(H piece "2 6 (2j + 1) 
x x et) (2b) (2s Det 
X (2s’ + 1)4 (LIQ — M| PQ — M) W (1/21/11; J4/s) 
x W (¥/_ ass"; Ji) X (Ul'P; ss'J; jiL) a(—1)" 


x(i’— mm—Q+M|PM—Q) Jp sp-™ (35) 


4, THE EXAMPLE B!"!(d, p) B 


As an example, we consider the angular distri- 
bution and the polarization of the protons produced 
in the reaction B!!(d, p)B’ (reference 15). In 
the calculation we use the following parameters: 

Eg=8 Mev, Q=1.14 Mev, 
R=4.4-10%em, ¢=2.23 Mev. 
The orbital angular momentum of the absorbed 
neutron is equal to unity, 1=1. The initial state 
of B!! is odd (—), the spin is vA the final state 
is even (+), with the possible spin values j =0, 
it. Ag Be 

In the calculation of the integrals We entering 
into the reaction matrix we choose for the wave 
function of the proton a plane wave 7, x eikpr, 


in the deuteron wave function, on the other hand, 
we take account of the scattering of the deuteron 
by the nucleus: 


dy, (r) = eM — An 
. Ly (1) * 
x >) Ni gt ahj, (kar) Yigmg (Pkg kg) Yigmg (9, 9). 
lqma 
Regarding the nucleus as a hard sphere of radius 
R, we have for the coefficients 17: 


1a = Jig (RaR) Litg (ReR) 
ae int, (RaR)] / lity (RaR) aF Nig (Rak)). 


Substituting these functions in the integral We . 
we obtain 


m 4aM f 4ni’R? .,» 
=V Gar er Yim (x9) 
dj,(RkR ahaa 
x [in (eR) Ae Ibi (FnR)| — (40) DY ugilt 


lalp 
Wt) Oh +h 
: fae (11,00 | L40) (L0prrunng | Larne) 
X ItiptgY tym, Pup» Pky) Vane (x4 Pkg) ) ; 


We also introduced the notation 


Ce) 
iia = \ Ss (her) Fear ~ oh Ay q (Rar) 1dr. 
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In the calculations we included the deuteron scat- where 6? = 71;/Y12. We note that a measurement | 
tering states 1g =0, 1, 2, 3, and 4. of the absolute value of the polarization makes it 
The resulting angular distribution of the protons __ possible to determine the ratio of the reduced 
is given in the figure. widths for a given spin of the final state. 
1 We express our gratitude to Yu. Berezhnyi and | 
é V. Kharchenko for help in the numerical computa-; 


tions. | 


1H. Newns, Proc. Phys. Soc. A66, 477 (1953). | 
2 J. Horowitz and A. Messiah, J. Phys. radium | 


05\- 
14, 731 (1953). 
3p, Hillman, Phys. Rev. 104, 176 (1956). 
4H. Newns and M. Refai. Proc. Phys. Soc. A71, 
o aT si 6 627 (1958). W. Tobocman, Techn. Rep. 29, Case 


Institute of Technology (1958). 
5A, Juveland and W. Jentschke, Phys. Rev. 110,. 


The function m(@) (curve 1) and the angular distributions 
in arbitrary units for the reaction B*t (d, p)B*? with unpolar- 


ized deuterons (curve 2) and completely polarized deuterons 456 (1958). 
(curves 3, 4, 5). The angular distributions were obtained under ® Bokhari, Cookson, Hird, and Weesakul, Proc. 
the assumptions j = 1, and B =0.1 and ~, respectively. Phys. Soc. 72, 88 (1958). 
"WwW. Cheston, Phys. Rev. 96, 1590 (1954). 
The polarization of the protons is in this case 8 J. Sawicki, Phys. Rev. 106, 172 (1957). 
given by the expression 9R, Dalitz, Proc. Phys. Soc. A65, 175 (1952). 
10 . 
: W. Lakin, Phys. Rev. 98, 139 (1955). | 
P=c(j)m(6), m(6)= dim| JT p/ Sire. 11G_ Satchler, Nucl. Phys. 6, 543 (1958). : 
“i . 2G. Satchler, Preprint (1958). ; 
The functional dependence of m(@) is also shown 13 Biedenharn, Blatt, and Rose, Revs. Modern 
in the figure. The coefficient c(j) depends on the Phys. 24, 249 (1952). 
value of the spin of the nucleus in the final state. 1417, Matsunobu and H. Takebe, Progr. Theoret. 
For different possible values of the nuclear spin Phys. 14, 589 (1955). | 
this coefficient is equal to 15 J, Holt and T. Marsham, Proc. Phys. Soc. 
c(0) = 7/6, (> pian * 
B2 68 +4 Translated by R. Lipperheide 


Oe a hic wean AG et 221 


OVIET PHYSICS JETP 


Ja. I. GRANOVSKIT 


Submitted to JETP editor October 4, 1958 


il HE theory of elementary particles proposed by 
“WMeisenberg! makes use of the Lagrangian 


L = dypVyb — 0 02 (bd) (bb) 


ind the new commutator function 


(1) 


3 
SSO-agiw(eu—) — & 
‘The mass spectrum of the mesons, and the mass 
‘ind electric charge of the nucleons were computed 
hon this basis;? ? the results are quite close to what 
).s observed in nature. It becomes necessary, in 
‘his connection, to investigate other versions of 
@he theory in order to determine whether the 
fsimplest choice of the nonlinear term, as made 
‘in reference 1, is also the best. 

The nonlinear term in (1) can have the form 


+ 1/2 12 (On) (On), (3) 


[where On =1, 5, Yu» i¥sYu> iyuyy (u #v) are 
smatrices known from the theory of 6 decay. The 
iform of the matrices Oy and the sign of (3) have 
to be chosen such that the consequences of the 
theory be in agreement with experiment. 


| 1. MESONS IN THE MODEL WITH THE NON- 
LINEAR TERM (8) 


We choose the minus sign in front of the non- 
linear term of the Lagrangian. 
The integral form of the field equation, 


(x) = — 5 IPL G(x, 4) On (w)-F (w) Ong (X) du, (4) 


applied to the meson amplitude 
(x, y) = 0| TH (x) p(y) |®), 
leads to the equation 


g (p) ae) oe \ al G (p += q) Onp (p) 0,S (q) 
— G(p +g) OnS (q) Sp Ong (pr) — S (— 9) Ong (2) OnG (Pp + 9) 


+ S(—q) OnG (p + 9) Sp Ong (p)I, (6) 


(5) 


VOLUME 36(9), NUMBER 4 


OCTOBER, 1959 


| }HE MASS SPECTRUM OF MESONS IN HEISENBERG’S THEORY 


Institute of Nuclear Physics, Academy of Sciences, Kazakh S.S.R. 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1154-1158 (April, 1959) 


The mass spectrum of mesons is computed in Heisenberg’s theory. The comparison of 
the results with the experimental data indicates that the scalar version of the nonlinear 
term leads to the best agreement in the first approximation of the Tamm-Dancoff method. 


where 


p(p) =| <0|TH)G)|Oyerdte, (7) 
Equation (6) is only approximate, since we neg- 
lected the amplitude <0|N#(x)y(u) ~(u) y(u) | > 
in its derivation, which corresponds to the first 
approximation in the Tamm-Dancoff method. 

Substituting expression (2) and the Green’s 
function 


G(p + 4) = 2(p + 9)? YulPu + Fu) (8) 


into (6), we obtain 


Oe wOnPOntwuv + 1/2 (YuOnPOn — OnPOnty) Ju 


— (On vd uv Sp ¢On — 1/2 (Y¥nOn — Onn) Ju Sp POn, (9) 


where J, and Jy, are momentum integrals: 
(Py + I) 44q 


\z (q? + *) (p + q)? 


(Pu ty) 48g 
qi (g + **) (p+) 


L?y8 


te Baye 


which are expressed in terms of the functions B, 
C, and D introduced in reference 2. 

In the center of mass system of the meson 
equation (9) simplifies if g is expanded in terms 
of the 16 Dirac matrices: 


— puB (p”), 


iPad 
(2x) 


Jiny SuvC (p*) + PuPvD (p*), (10) 


(11) 
since we can then use the following formulas: 


oD oV n= Cpl os or Vareta cs eo1 3.402) 


(Ap, Bo, and Ep are numbers; no sum over p). 
Multiplying (9) by IT p and taking the spur, we 
obtain the equation 


OM, ATS 


1 Ey 
Po = PpAp (B.C + &,p*D) + peAa—5— 4B 


i 
—4[ bon @aC + enp*D) + 8on —Z—* PB] on, (18) 


where Pp = Sp gly, Qo =Sp ylg, and Tg= Val p- 
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This equation together with the equation for 9g 
forms a system of two homogeneous equations. By 
setting its determinant equal to zero, we obtain 
the equation 


(apDp? + 6,C — 1) (a.Dp? + bC — 1) + eB?p? = 0, (14) 


which can be used to determine p?. Its coefficients 
are given by the formulas 


Ap = & (Ap — 485n), by = Bo (Ap — 48on), 


€ =— "7/2 (1 — 2) (Ap — 48pn) (Ag — 48on) (15) 


and depend on the choice of the nonlinear term as 
well as on the spin and the parity of the emitted 
meson. All of them are easily computed with the 
help of (12). 

The functions B, C, and D contain the constant 
(41/kl)* as a factor. We calculated them, follow- 
ing reference 2, by determining the mass of the 
proton and then identifying it with x. Thereafter 
the functions B, C, and D were tabulated and 
Eq. (14) solved numerically, The results of the 
calculation and the values of the constant are given 
in Table I. 

It should be noted, first of all, that our results 
for the scalar version dre somewhat different 
from the data of Heisenberg, Kortel, and Mitter.? 
The reason for this is that these authors include 
only the first two terms of our equation (6), so 
that the coefficient e in (14) does not contain the 
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relatively small, and the discrepancy does not ex, 
ceed ~7 to 10%. 

In the vector version the mesons are absent 
altogether. By changing the sign in front of the 
nonlinear term, i.e., going over to the Lagrangian | 


L’ = Vu d+ Vol? GOnd) (Ont), (18) 


we can change the sign of the interaction potential | 
between the nucleon and the antinucleon, which | 
also modifies the mass spectra of the mesons. 

The corresponding equations are obtained from 
those above by makeing the replacement Pe —F) 
The results of the solution of these altered equa- 
tions are given in the last column of Table I. 

It is seen from these data that the masses of 
the pseudoscalar mesons, as a rule, exceed the 
observed masses by a factor of 2 to 3. It should 
be expected that the results of the theory could be 
improved by taking account of the isotopic proper -: 
ties of the field y. 


2. MESONS IN THE “REALISTIC MODEL” 


We introduce the isotopic properties of the field 
~ in the framework of the “realistic model” of 
Heisenberg,! which makes use of the iso-scalar x 
together with the iso-spinor 7% in defining the 
Lagrangian 


L = byuVub + r1uVux — 2? Onyx) (yOnd). (17) 


factor (1-—€,)/2. However, the term eB*p’ is In the first approximation of the Tamm-Dancoff 
TABLE I 
3 dn \2 : | 
Version (ar) Spin and eee M/Mp forels M/Mp for ve 
0.40 

OF { 0.42 es 

S 2.897 0- 0.23 0.23 
1+ 0.05 0,05 

1- ee 0.05 

te — 0.45 

Yi 5.078 {+ ze 0,30 
= = 0.07 

te — 0,56 
ib 4.738 ne ee = 
fis = me 

e 0.06 | 0 35 

4 i 0.68 0.68 
A 7,645 ie 0.03 ee 
4- 0.20 a 

~ A 0.386 

ied 0,392 

P 1,665 0- { Meh 0.55 
star 0.43 — 
4- 0.16 i 


t 


tall x (4, v) = €0| Ty (u) x (2) | ®>. 


ty 
jmethod the meson amplitude y (x, y) satisfies 


the equation 
Oey) = + \au [G (x, u) Ony (u, u) OnS” (ut, y) 
4. S* (x, u) Ony (U, U) OnG (u, y)I, (18) 


(19) 


| The equation for x(u, v) is of an analogous form: 


IP + S* (x, u)Ontr(u, u)OnG (u, y)] 


a (tr denotes the spur with respect to the isotopic 
| spin indices). 


- x(x, ¥)= = \ atu [G (x, u) Ontro(u, u) OnS*(u, y)- 


(20) 


We retain the form (2) for the function SX, 
while S? is taken to be! 


4 8 ‘ 

+S ON ee as Teo — ixs| ’ (21) 
where 7, is the unit matrix and 73 the third 
Pauli matrix in iso-space. Using these expres- 
sions, we go over to the momentum representa- 
tion: 

P(P) = YnOnx (P) Ontwl uv (P) 
+72 [YuOnx (P) On — Onyx (P) OntulJu(P)ts, (22a) 


X (P) = WwOn tt 9 (P) Onywuv (P) 
+ 472 [%uOn tr 9 (P) On — On tr 9 (P) Onn] Jy (p). (22b) 


| Here gy (p) and x(p) denote the Fourier com- 


ponents of ~(x, x) and x(x, x) (see (7)), and 
2(Ao)® (BoC + epp*D)? — 1 
(1 —e8.) ApAs (BsC + &.p?D) pyB 


(the coefficients Ap, Bo, and Ep and the func- 
tions B, C, and D are defined in section 2). 
For the pseudoscalar meson we have 


C4, Bei 2, e,=—l, (28) 


and Ap depends on the choice of the version. 

The constant (47/ KL)? entering in (27) was also 
determined by computing the mass of the proton. 
All the necessary quantities together with the re- 
sults of the numerical solution of equation (27) for 
the pseudoscalar meson are given in Table II. 

The amplitude of the neutral meson with iso- 
topic spin T=1 (reference 4), 


& = —l, 
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(1 —&,) ApAc (BoC + 2,p*D) paB 
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the momentum integrals Jy, and Juv are given 
by the formulas (10). 

It follows from the definition (5) that the iso- 
topic structure of the amplitude y(p) is 


(pp <pny nm 
alecierce2 


(np) <nn> : 
Comparing this expression with (22a), we conclude 
that the amplitudes of the charged mesons are in 
this version of the theory identically equal to zero: 


(23) 


. 1 


Pet (p) =0. (24) 


Since SX and S¥ are diagonal in the isotopic 
spin indices, this result is preserved even in the 
higher approximations of the Tamm-Dancoff 
method. 


For the amplitude of the neutral meson with 
isotopic spin T=0 (reference 4), 


$0 (Pp) = (pp + <n) / V2 = trap (p)/ V2, 
we obtain the following system of equations [see 
formulas (22a,b)]: 
V2 (2) = 24uOny (P) Ontwuv (P); 
x (p) = V2 {uOnPo (P) Ont uv (Pp) 
+72 Y2 [¥u9nPo (P) On — On¥o (P) On¥ ul Ju (p)- 


(25) 


(26) 


Simplifying it by the method described in the pre- 
vious section, we obtain 


=0 (27) 


2 (Az)? (BeC ++ eep2D)? — 1 


 (p) = (<pp» — <nn>) /V2 = tres (p)/V2, (29) 


is, according to (22a), given in the form 
g1(P) = [tuOnx (P) On— Onx(p) Ontul Ju(p)/V2. (30) 


But since y(p) ~ @o(p), the only non-zero Four- 
ier components of 9y;,(p) are those, whose mass 
coincides with the mass of the isoscalar meson 
mentioned earlier. The comparison of the data 

of Table II with those of Table I shows that the 
masses of the pseudoscalar mesons are in all 
versions of the theory lowered, as was to be ex- 
pected (see the remarks at the end of section 1). 


TABLE I 

ose eater low Ek cl el a a nd a Se 
Version| (4m/x/)* Ap As M0/M p Version (Are |x)? Ap Ag | Met 

0.19 
Ss 3.345 4 4 x Vb 41.209 6 0 <0,01 
0. A 7,208 Pe gts 0.46 
0,42 0.34 
v 21464) io 21 0:64 P 2.470 I ey 0.42 
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However, even in this case the disagreement be- 
tween the theoretical and experimental results in 
the scalar version amounts to ~ 25% and even 
more in the other versions. We obtained a simi- 
lar result in the calculation of the mass of the K 


meson. 5 


3. CONCLUSION 


The above calculations of the mass spectrum of 
the mesons show that the scalar version of the non- 
linear term is preferable to the others in the first 
approximation of the Tamm-Dancoff method. It 
should be kept in mind, however, that it is not ob- 
vious that the first approximation is sufficient. 
The comparison with experiment therefore is 
rather of a qualitative nature. 

Taking account of the isotopic properties im- 
proves the results for the mass, but also leads to 
difficulties with the charged mesons. As long as 
the Lagrangian (17) is retained, this difficulty can 


GRANOVSKII ; 
| 


only be removed by a complete change of the iso-- 
topic structure of the commutator function Ss? (q)) 

In conclusion I express my gratitude to Prof. W 
Heisenberg and Dr. H. Mitter for making availablé 
the numerical calculations omitted in their paper., 
I. G. Golyak was very helpful in the calculations o; 
SCC. al 
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DS rupy of the interaction of particles of high en- 
ergy (> 10° ev) with nucleons and nuclei are made 
' difficult by two fundamental causes: 

a) The absence of any sort of complete theory 

| for the description of the processes of interaction 
| of particles leads to the result that it is not pos- 

+ sible to analyze the experimental data from a 
single point of view. In the majority of cases 

| there are no theoretical representations at all 

| which could be verified or refuted by experiment. * 
b) Experimental setups currently used for the 

_ study of the interaction of high-energy particles, 
both in cosmic rays!“ and in accelerators,® ‘ as 
a rule do not yield exhaustive information on the 
observed processes. 

Such a situation leads to the fact that at present 
partial methods are used for the analysis of the 
experimental data, which permit us to find indi- 
vidual phenomenological characteristics of the 
processes. 

The purpose of the present research is the con- 
sideration of methods of analysis of the nuclear 
interactions that make use of kinematic relations. 
Such an analysis permits one to obtain separate 
particular characteristics of processes that are 
free from specific model representations. 


} 
{ 
1 


1. APPLICATION OF CONSERVATION LAWS 


In what follows we shall denote the total energy, 
momentum, angle of flight of the particle relative 
to the primary, and mass by E, p, 9, and M, 
respectively. 

In the laboratory system of coordinates (l- 
system) we shall denote the first particle by the 


*An exception is the statistical theory, the development of 
which has permitted a satisfactory description of the multi- 
plicity of generation of particles in the region of energy of 
primary particles 10°—10°° ev 
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Kinematic methods for the analysis of nuclear reactions of fast particles are considered. 
! Application of such a method of analysis of the interactions observed in cloud chambers 
and photographic emulsions permits us to obtain angular and energy characteristics of 
the interaction in the center-of-mass system of the colliding particles. 


index 0, the more rapid of the two nucleons after 
the nucleon-nucleon collision by the index n, and 
the much slower nucleon by the index 6. The same 
system of characterization is preserved in the 
center-of-mass system of two colliding particles 
(c-system), but in this case all of the parameters 
are identified by an additional index c. In what 
follows we use a system of units in which the ve- 
locity of light c=1. 

Considering the kinematics of the interaction 
of fast particles, especially when the colliding 
particles possess the same mass, it is convenient 
in a number of cases to transform to the coordi- 
nate system of the center-of-mass of the colliding 
particles, inasmuch as in this system, in the mean, 
there should be symmetry relative to the plane that 
is perpendicular to the direction of motion of the 
primary particle. In a determination ina c-sys- 
tem, >) p=0, whence is easy to obtain yg — 
the Lorentz factor of the c-system for the case 
in which one of the interacting particles is at rest 
in the /-system: 


Yo oe M,/Mo 


Ve VY BreM My + (My Moy + A 


2 Bo 
? Be ney 1+ M,/Moyo ’ (1) 
where M; is the mass of the target nucleus. In 
the particular case in which two nucleons interact, 


te= V (to + 1)/2; Be = Bo/(1 + 1/0). — (L’) 


the angles of flight of the secondary particles in 
the c-system are determined by the formula 


4 sin 0 
tan6jc=: Gee (2) 
For the determination of the angles 0, itis 
convenient to use a graphical representation of 
Eq. (2) put forth by Bradt et al.® Figure 1 shows 
a nomogram, with the help of which we can quickly 
carry out a transformation of the angles. The 
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ti Ln ee a 
FIG. 1 


values of the ratio Bc /8 are marked along the 
horizontal diameter in units of the radius of the 
larger semicircle. The divisions on the larger 
semicircle correspond to the values of the angles 
67. Setting the center of the smaller semicircle 

at the point corresponding to the given value of 

Bo /B, we draw a ray from its center to the point 
on the larger semicircle corresponding to the 
angle 67. The point of intersection of the ray with 
the smaller semicircle gives the value of the angle 
6 =tan ! (ye tan @¢). To accelerate the transfor- 
mation, it is best to draw the small semicircle on 
a separate sheet of transparent material and to 
mark the corresponding values of In tan 6 against 
the values of the angle 6. 

Hereinafter, the only general laws that will be 
used in the analysis of the interaction of high- 
energy particles will be the laws of conservation 
of energy and momentum: 


Eo +t Mt = DE. 


Po = > p cos §;, Dy p; sin 8; = 0. (3) 


The index i denotes all particles after the colli- 
sion, independent of their nature. 

Inasmuch as we are interested in interactions 
due to particles, whose energy is large in com- 
parison with their rest mass, it is convenient to 
write (3) in the form 


E,— Po-+ Mt = Dy (Ei — p08 8). (3’) 


We write Ej —pjcos@ =Aj, while A is written 
in turn as the sum of two quantities € and xp: 


e= E—p=p(V1—(M/p)? — 1), 


x= 1—cos9. (4) 
Then Eq. (3’) takes the form* 
Det Dx: = Mt +e. (5) 


In Fig. 2 we have plotted the curves «¢€ = «(p) 
for pions and nucleons. It is seen from the curve 
that when the primary particles are nucleons, we 


*The conservation laws were first written in this form by 
S. N. Vernov. 
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can neglect ¢€) in comparison with My in Kq. (5) 
for all energies Ey > 5 X 10? ev (here Ey =5 X1 
€) = 0.1M,) and, consequently, 
Dyer + Dupi= Me. (5, 

In the case in which the interaction takes place 
on one of the nucleons of the nucleus, one must tak: 
account of the Fermi momentum of these nucleons, 
This inaccuracy in Eq. (6) is less than 0.1 Mp. | 

The laws of conservation of energy and longitud! 
inal momentum, written in this fashion, can serve 
as an excellent criterion for discovering the lack 
of a nucleon-nucleon interaction. Actually, in a 
certain interaction produced by a primary nucleon, 
let the sum of all quantities Aj for all observable: 
secondary particles exceed the value of the rest 
mass of the nucleon, >) Aj > Mp. In this case we 
can state unambiguously that the target is nota 
free nucleon and that the interaction takes place 
either simultaneously with several nucleons of 
the nucleus or that more than one consecutive 
reaction takes place inside the nucleus.* The 
opposite conclusion, that a nucleon-nucleon re- 
action apparently occurs if )) Aj < My, is not 
possible, since the summation is carried out only 
over the observed charged particles, and the pres- 
ence of secondary neutral particles (neutron, 7° 


*It should be noted that a strict application of the criterion 
(6) pertains to the nucleon-nucleus class of interactions and 
to the case in which evaporation of the nucleus takes place 
owing to the small energy transmitted to the nucleus in the 
interaction of the primary nucleon with one of the peripheral 
nucleons of the nucleus. In the analysis of similar case, it is 
possible to form the sum Aj, without considering the heavy 
nuclear fragments that are formed in the evaporation. 
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| meson) can reverse the inequality sign. How- 
| ever, if it is known that there is a nucleon-nucleon 


interaction, and ye are < M,, then it can be veri- 


| fied that there are neutral particles among the sec- 
| ondary particles. 


If it is assumed that only a single neutral par- 


| ticle is not found, then we have for it Ay = My — 


>) Aj. The value of the quantity Ay can serve as 


| an indication of the nature of the neutral particle. 


In the case in which there are 7’ mesons as 
well as a slow neutron among the secondary neu- 
tral particles, the neutron makes the principal 
contribution to the total value of A. Actually, the 


} value of ¢ for relativistic pions is small, as is 


also kp =p siné@ tan(0@/2), since p sin@ ~ My, 
while the angular distribution of secondary pions 
is rather narrow for large values of Ey. Neglect- 
ing > A; for neutral mesons and a fast nucleon, 
we can estimate Ag for the 6 neutron: As < 
BAe. 


2. KINEMATICS OF A SLOW NUCLEON IN A 
NUCLEON-NUCLEON INTERACTION 


A series of important conclusions on the nucleon- 
nucleon interactions can be made by considering 
the data applying to a nucleon emitted, in the center- 
of-mass system, in the direction opposite to the 
motion of the primary nucleon (6 nucleon). In 
the laboratory system, such a nucleon will be 
comparatively slow, whence it is easily shown 
that the range of permitted angles of emission is 
bounded from above. For the case in which only 
the number of secondary pions is known, the value 
for the limiting angle of emission of the 6 nucleon 
in the laboratory system was obtained by Stern- 
heimer.'! The dependence of max on Ey is 
shown in Fig. 3 for various values of nz calcu- 
lated according to his formulas. Actually, the 
value of 9max depends on the angular and mo- 
mentum distribution of secondary pions in the 
laboratory system. 

Let us look at the case in which the angles of 
emission and the values of the momentum of the 
relativistic particles are known, or at least if 
their lower boundary in the laboratory system is 
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known. In this case, as was shown above, one can 
estimate the value of A for the slow neutron, 

So Mine Ach. The connection between the 
angle of emission 65 and the momentum pg in 
the laboratory system for a given value of Ag is 
given by the relation 


Ps = [Ascos 83 + Ve cos? 0s — (1 — Aj) sin? 93] / sin? 43. (7) 


This dependence is shown graphically in Fig. 4. It 
is easy to see from the drawing that to each value 
of As (the numbers on the curves given the value 
of As, measured in nucleon masses) correspond 
a maximum possible angle of emission (6§)max 
and a minimum momentum (p§)min. The analytic 
expression for these quantities can be represented 
by the formulas 


tani (03)mdy = (As? = 11) 
(Ps\min = (1 — A§) / 2Asz, 


(8) 
(9) 
where Ag is measured in nucleon masses. In the 
case in which Ags is known precisely, Eqs. (7) -- (9) 
give precise values for p5(9), |p5 lmin and 

| 965 Imax. 


G0 066 
50 OIG 
oS 06% 

5% 
0 | iD 
20 1 aaa = 
10 

Qn 


1 2 8486610 20 50 100 200 500 1000 


PU ev /c 
FIG. 4 


However, only the highest value of Ag is always 
found experimentally, inasmuch as the neutral par- 
ticles are not included in yy Aj, while in certain 
cases, only the lower boundary is known for the 
values of A of observable particles in certain 
cases. This leads to the result that the value 
|pslmin» determined from the curves of Fig. 4, 
may prove to be only underestimated and the val- 
ues of |@5lmax only overestimated in compari- 
son with actual values. Particles emitted at 
angles exceeding |65|max, determined by the 
formulas developed above, certainly cannot be 
nucleons. 

For nucleon-nucleon collisions, it can be con- 
sidered that, on average, the scattering of nucle- 
ons after the collision takes place symmetrically 
in the center-of-mass system. In this case, 
knowledge of the value of Ag allows us to deter- 
mine the character of the distribution of energy 
between the secondary particles of different types. 
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We denote by a the fraction of the energy asso- 
ciated with the faster of the two nucleons after 
the interaction. 

Let us consider a system of coordinates bound 
to the incoming nucleon (all quantities in this sys- 
tem are identified by the index s). Then the en- 
ergy of a fast nucleon after the collision will be, 
in the laboratory system, 


En= Yo(Es + Bos cos oS) 


and, if Eg and pg are measured in nucleon 
masses, 


a= EVES a Ee - BoPs cos 6.. 


For all interactions in which multiple meson pro- 
duction takes place, we can set By) =1. Then 


a = E,+ pscos§,. (10) 


As a consequency of symmetry, the distribution of 
a inthe s system will coincide with the distribu- 
tion of the values of Ag = Eg —p6 cos 96 in the 
laboratory system, while the mean value is 


a = As. (11) 


At the same time, as shown above, the quantity 
Ag determines the maximum value of the angle of 
emission of the 6 nucleon in the laboratory sys- 
tem. It then follows that the existence of 6 nucle- 
ons, emitted at large angles, demonstrates the 
presence of interactions for which a significant 
fraction of the energy is connected with the fast 
nucleon. Thus, to interactions in which the 6 
nucleons are emitted at angles 05 > 32°, there 
should correspond interactions for which @ = 0.5 
(see Fig. 4).* It must be emphasized that in sep- 
arately chosen interactions there is no direct con- 
nection between the quantities As and a, inas- 
much as in the individual interaction the scatter- 
ing of the nucleons after collision can also take 
place unsymmetrically. 

We now find a connection between the energy 
spectrum of the 6 nucleons in the laboratory 
system and the angular distribution of the nucle- 
ons in the center-of-mass system. 

For simplicity, we assume that in the center- 
of-mass system the scattering of nucleons takes 
place isotropically. In this case it is easy to find 
the relative number of interactions in which 6 
nucleons emerge in the laboratory system with 
energy Es less than a certain value Egg. Let 
the energy of the nucleons in the center-of-mass 
system be equal to Es,; then all the nucleons 


*A, E. Chudakov first pointed out this relation between 
O65 and a. 
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lying within the cone of generating angle ®a¢, 
defined by the relation 


cos Occ = (Esa/e gg Esc) / Be V £2,—M?, 


will possess energies = Eg, in the laboratory 
system. For the condition of isotropy, the rela- 
tive number of such nucleons k will be deter- 
mined by the fraction of the solid angle 
& (5c = 9a) 41. 

Taking it into account that two nucleons take 
part in the interaction, we get 


2 180 
Weer \ dQ = 1+ (Esa/te— Ese) / Bo V E2, —M2; (13) 
9ca 

| 


k reaches a maximum value for Ego = Y¢/Eéa: 
Rimax = 1{— V E32, / %cBe- (13) 


The values of kmax for E,) = 3.5 and 10 nucleon 
masses are given at the end of the article. We | 
used here a value of 1.08 Bev for Egg, which 
corresponds to a value J/Jmin = 2, at which the 
proton still differs from the pions under experi- 
mental conditions. 


3. APPLICATION OF THE RELATIONS OB- 
TAINED TO EXPERIMENTAL DATA 


a) We apply the criterion of non nucleon- 
nucleon collisions [ Eq. (6)] to the interaction of 
nucleons with various nuclei: the light nucleus 
Bei and the nuclei in the composition of photo- 
emulsions. Data on the interaction of protons of 
cosmic rays with nuclei of beryllium were taken 
by us from references 1—3, where Wilson cloud 
chambers located in a magnetic field were used.* 
For analysis of the interactions observed in photo- 
emulsions,f sixty seven interactions were selected 
which were brought about by charged particles with 
Ey ~ 10'° ev, in which the secondary particles with 
ionizations exceeding seven fold were lacking and 
in which the number of “gray” tracks with ioni- 
zations with one half up to 7-fold did not exceed 1. 
The result of the analysis is shown in Table I. 

It is seen from the table that in the interaction 


*It should be observed that kinematic analysis can be rig- 
orously applied in those cases in which the charged products 
of the interaction are observed. In Wilson chambers with 
plates there is a possibility of distortion of the results be- 
cause of secondary processes in the plates. 

tA survey and measurement of the angles and ionization 
of tracks of secondary particles were carried out in the Cos- 


mic Ray Laboratory of the Physics Institute, Academy of 
Sciences, U.S.S.R. under the direction of G. B. Zhdanov, to 


whom the authors express, their gratitude for making the ex-  - 
perimental results available for the present analysis (prior to 
publication). 


; 
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TABLE I 


gai 


Energy of ae 
Target and the primary heal of | Total |Numberof| Total | Number of 
teletencs nucleon | Télativistic | number | nonN—N| number | non N—-N 
Eo, 10°ev | Particles ng| of inter-| interac- | of inter-| interac- 
actions tions actions tions 
pe i a a eB aed a ON ee Od eee 
Be!» ~w5 eS 14 0 34 0 
ai >4 0 0 6 0 
5—50 S4 3 4 41) 4 
Nuclei of photo- 9 1<n<4 
c s Uy 42 20 —* 
emulsions, G. B. Ags 5 5 20 —* 


Zhdanov et al. 


*Lack of data on the momenta of relativistic particles prevents an applica- 
tion of criterion (6) to the interactions with N, = 0. 


TABLE II 
| Experimental date for particles 
Number of whose nature has not been 
particles h established from the momenta 
in the Dar /Mm | (43) max/Mm (93) eax and ionizations 
shower, ng Perey ae eet ee 
r) J/Jmin | p:10%ev/c ne 
48 4} >13 ? 
8 0.8 0.2 10 11 4 -— ? 
25 1 >9 >? 
4 0.4 0.6 34 48 4 SY) ? 
7 Od 0.5 30 32 4 12+6 + 
7 0.4 0.6 34 45 4 aa 
153) 1 >3 ? 
6 0.5 0.5 30 37 4 $3 > 


of protons with nuclei of beryllium, the only insig- 
nificant fraction of the total number of interactions 
is not nucleon-nucleon. For interactions of protons 
with nuclei of the photoemulsion, there is a signif- 
icantly different result: among the interactions 
which in most researches on photoemulsions are 
interpreted as nucleon-nucleon interactions, a 
significant fraction (not less than 0.5) are inter- 
actions of more than with a single nucleon of the 
nucleus. 

b) In Sec. 1 it was shown that in the case in 
which the difference My — >) mane for the inter- 
action of nucleons with nucleons pe Ai < Mn (the 
summation is taken over all observed charged 
particles) determines the maximum value of A 
for the 6 nucleon. 

Knowing (As) max, it is possible to find the 
value of (9§)max from the curves of Fig. 4. 
Comparing the value of (95)max thus obtained 
with the experimental value, we can establish the 
nature of the particles emitted at large angles in 
the laboratory system. 

The result of such an analysis carried out by 
us according to the data of reference 3, under 
the assumption that nucleon-nucleon interactions 
are generally absent in Be, is given in Table II. 
All the particles listed in the table were pions. 


In the data of Fowler et al.,® the nature of the 
particles emitted at large angles in the interac- 
tions of neutrons of Ey = 2.7 Bev with protons 
was identified by means of the curves of Stern- 
heimer (see Fig. 3). Application of the method 
that we have advanced would in this case permit 
a substantial reduction of the value of (9§)max 
and at the same time determine the nature of the 
particles in most cases. 

c) It was shown above that the distribution of 
values of As should coincide with the distribu- 
tion of values of @ — the coefficient of elasticity 
for the interaction in which the pions are gener- 
ated. The distribution of values of Ag is plotted 
in Fig. 5 from the data of Smorodin.* 

Out of a total number of 54 cases of production 
of one or more pions, in 6 cases, ng = 4. In 14 
of 48 cases with ng < 4, showers were observed 
with a slow 6 proton, the momentum of which 
was less than 700 Mev/c. The distribution of Ag 
for these cases is shown in Fig. 5 by the solid 
lines. In 10 cases, analysis based on the law of 


*Only the research of Smorodin is used for such an analysis 
inasmuch as the operation of the Wilson chamber in this case 
was achieved by means of a system of counters which did not 
introduce any appreciable discrimination as to the character of 
the interaction. 
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conservation of electrical charge and of the quan- 
tity Mn - Dy Aj showed that in the interactions 
slow protons ought to be released, which are ab- 
sorbed in the plate of Be. The value of Ag in 
these cases exceeds 0.7. These cases are shown 
by the dashed lines. Thus, among showers with 

ng <4, in half the cases a proton is emitted with 

p < 700 Mev/c. It is natural to assume that in 

the remaining half of the cases with ng < 4 the 
slow particle is a neutron. In showers with 

ng => 4, not in a single case was a proton observed 
with increased ionization. This shows directly that 
even in these cases the momentum of the nucleon 
must be greater than 700 Mev/c, and consequently, 
Ag > 0.5. Assuming that in these cases also, a 6 
proton is emitted in half of the interactions, we 
complete the histogram in Fig. 5 by three cases 
with As > 0.5, distributing them conditionally in 
the interval from 0.3 to 0.5 (the shaded rectangle), 
since at Ey ~ 5X 10° ev, @ cannot be less than 
053. 

The value @=0.7, which is obtained from the 
histogram, is in excellent agreement with the av- 
erage value of the elastic coefficient obtained by 
Grigorov'” from the analysis of the energy losses 
of the nucleon component of cosmic rays with en- 
ergies ~ 10!" ey in their passage through the 
atmosphere. 

The demonstration obtained in reference 2 of 
the small value of the coefficient of elasticity in 
those showers in which a large number of pions 
is generated is confirmed by the research of 
reference 3, in which the interactions of rather 


high energy (5 x 10°—5 x 10! ev) were separated. 


In this work, among 18 recorded showers with 

Ng = 4, only a single case was observed of a 
proton with J/Jmin > 2.0 (Ag in this case is 
equal to 0.64) and at the same time relativistic 
particles emitted at large angles (which could be 
identified with 6 protons) were not observed. 
This circumstance suggests that the recorded 
cases are characterized by a small value of A5.* 


*In reference 3, the coefficient of elasticity is determined 
in a different manner; the result obtained there agrees well 
with our conclusion. 


The determination of the coefficient of elas- 
ticity in a fashion not connected with the deter- 
mination of the energy of the primary particle at 
high energies of primary particles is of funda- 
mental interest. We have considered the value 
of >,A; for showers described in the research 
of De Benedetti et al.!? The shower, recorded in 
a photoemulsion, contained 39 relativistic par- 
ticles whose momenta were measured. The au- 
thors of reference 13 estimated the energy of the 
primary particle to be Ey ~ 5 x 10! ev.. The 
value of >) A was determined to be 0.7 Mn, | 
while in this sum there were not taken into account 
two pions emitted at a large angle with respect to 
the axis of the shower. The momenta of these 
pions are not found in reference 13. We can con- 
sider this case to be interaction of two nucleons 
only if the number of emitted mesons is signifi- 
cantly smaller than one half the number of charged. 
mesons. If this shower is the result of the colli- 
sion of two nucleons, then Ag =0.3My, and con- 
sequently the coefficient of elasticity is small. 

d) Kinematic analysis permits us to establish 
the fact that in the center-of-mass system, the ) 
nucleons are emitted anisotropically after the ‘ 
interaction, being concentrated in directions close © 
to the direction of motion of the nucleons before 
the collision. 

Let us write out the data taken from reference 2} 
for the values of kmax: 


Calculated Experimental 


= ———— 
E,/Mn = 3 by) 10 3 5 


Rmax(%)= 35 15 5 60[4] 80 (13a) | 


In the calculation, the value of Eg, was taken 
equal to 1.08 Bev. On the right we have given the 
values of k found by experiment (the data of ref- 
erence 4 applied to the interaction of neutrons with 
mean energy ~ 2.7 Bev with hydrogen). From the 
data set forth it is evident that the observed num- 
ber of slow nucleons does not agree with the as- 
sumption on the isotropic scattering of nucleons in 
the center-of-mass system. A similar conclusion 
was obtained earlier in the work of Grigorov.'” 

The anisotropy of the scattering of nucleons in 
the center-of-mass system after the interaction 
takes place is in accord with the results of refer- 
ence 3, evidently in those cases also in which the 
number of pions generated is large. 

In conclusion, the authors consider it their duty 
to note that individual aspects of the work were 
discussed with many co-workers in the Cosmic 
Ray Laboratories of the Physical Institute, Acad- 
emy of Sciences, U.S.S.R. and the Scientific Re- 
search Institute for Nuclear Physics, to whom 
they express their acknowledgment. 
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The singularity of the Bose-liquid Green’s function near the excitation disintegration 
threshold is investigated by quantum-field theory methods without assuming weakness 
of the interaction. It is shown that three possible types of decay thresholds exist. In 
the first case the excitation velocity at the threshold point p = pe equals that of sound, 


so that starting with this point the excitation can 


ing proportional to (pe —-p )°. In the two other cases, excitation at the threshold can 
break up into two excitations with non zero momenta, which are either parallel to each 
other or form a definite angle. In either case, the spectrum curve ends at the threshold 
point, and the excitation velocity at this point equals that of each of the excitations pro- 
duced in the decay. Scattering of neutrons in the liquid, involving the production of ex- 


citations near the threshold is considered. 


1. STATEMENT OF THE PROBLEM. POSSIBLE 
TYPES OF DISINTEGRATION THRESHOLDS 


ls paper is devoted to an investigation of the 
properties of the spectrum of elementary excita- 
tions in a Bose liquid near its point of termination. 
As is known, at small momenta, the excitations in 
a Bose liquid are phonons, i.e., the excitation en- 
ergy depends linearly on the momentum. As the 
momentum increases, the spectrum deviates from 
linear and its further course depends on the spe- 
cific properties of the interaction between the 
liquid particles, and cannot be calculated theoret- 
ically in general form. Thus, the energy spectrum 
of liquid He* has a complex form with a minimum 
atep= 2 x10," g-cm/sec. Upon further increase 
in momentum, the excitation energy reaches a cer- 
tain threshold value, above which the excitation is 
unstable and may break up into two or more ex- 
citations with lower energies. This point is the 
end point of the spectrum, and at larger momenta 
undamped excitations no longer exist.* The end 
point is a singular point of the spectrum, and the 
work presented is devoted to a clarification of the 
character of this singularity.; We shall see later 
that this investigation can be carried out in gen- 
eral form, without assumption of weak interaction. 

*This pertains to absolute zero temperature. At absolute 
zero, disintegration is the only mechanism of damping Bose 
excitations. 

+tThis statement of the problem is due to L. D. Landau.! 
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produce phonons, thus leading to damp- 


When an excitation breaks up into two, the en- 
ergy and momentum conservation laws must be 
satisfied, as given by 


e(p) =e(q) +e(|p—al). (Ly 


Here p and e(p) are the momentum and en- 
ergy of the excitation that breaks up, q and e€(q) 
are the momentum and energy of one of the exci- 
tations formed in the breakup, and q; =p-—q and 
€«(|p—q|) are the momentum and energy of the 
second excitation produced. If Eq. (1) does not 
have solutions for q fora given p, no disinte- 
gration is possible. The threshold of the disinte- 
gration [we denote the momentum of the excitation 
at the threshold point by Pe, and the energy by 
€c = € (Pc)] is characterized by the fact that Eq. (1) 
when taken with respect to q, has no solutions for 
€ < €q and has a solution for € = €g. it is obvi- 
ously necessary for this that the right half of (1), 
when expressed as a function of q, have a mini- 
mum at p=pc for certain values of q. When 
P =Pc the right half of (1) depends on two vari- 
ables, q and cos ¥, where # is the angle be- 
tween the vectors p and q. For the foregoing 
expression to have a minimum with respect to #, 
it is necessary that cos ¥ have a maximum, i.e., 
that the angle # be zero, or else that the function 
e(\p-q|) =€(q,) have a minimum with respect 
to cos ¥ for certain ¥=.), and consequently, 
that it have a minimum with respect to its argu- 
ment q; atacertain value q; = pp. 


: In the former case, the excitations produced in 
_the disintegration proceed “forward,” i.e., along 
_the direction of the vector p, and have identical 
velocities ve. (Otherwise the right half of (1) 
would contain terms linear in the increments of 
q and could not have a minimum). There are two 
possibilities here. First, one of the disintegration 
_excitations may have a momentum as close to zero 
as desired. This corresponds to the case when 
the speed of excitation at the point pg equals the 
velocity of sound c, and the excitation may pro- 
duce a phonon (case a). Second, the two created 
_ excitations may have finite momenta (case b). 
Let us proceed to the case of finite 4. In this 
_ case each of the excitations is produced with a 
~Mmomentum equal to po, at which the energy € (q) 
_is a minimum, i.e., it has in the vicinity of py the 
_ “roton” form 


¢(q) = A + (q — po)?/2u. (2) 


If the excitation energy is € = €g = 2A, the ex- 
citation breaks up into two rotons with q=p ) and 
€ = A, emitted at an angle J) such that the sum of 
the momenta is pe (case c); it is naturally nec- 
essary for this that pa < 2p). These three cases 
cover all types of thresholds of disintegration into 
two excitations.* 
To investigate the form of the spectrum near 
' the threshold we use the methods of quantum field 
theory. Specifically, we calculate the Green’s 
function of the elementary excitations, the poles 
of which indeed determine the excitation spectrum. 
We consider here elementary excitations as being 
Bose particles capable of disintegrating. We also 
assume that the interaction between the excitations 
has a three-particle character, i.e., that the inter- 
action Hamiltonian is in the form of a product of 
three ~-operators. This assumption is made 
only to simplify the formulas. It is easy to verify 
that the result is not changed if the Hamiltonian 
contains terms with products of a larger number 
of operators. Let us note that the Bose liquid can 
be considered more rigorously by the technique 
developed by Belyaev,’ in which the system is de- 
scribed not by one but by two Green’s functions. 
It can be shown, however, that in our case both 

- approaches lead to the same results. This is 
caused by the fact that both functions, as can be 
readily shown in the general case, have the same 


¥*N, N. Bogolyubov? has shown that a nearly-ideal Bose 
gas would have a phonon spectrum with (0° €/dp”)p = 0 > 0- 
Such a spectrum would be unstable from the very outset. Ac- 
cording to calculations by Belyaev, > the attenuation damping 
in this case is proportional to p* at small p. In real helium, 
however, (0’€/dp”)p= 9 < 0. 
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poles, so that any modification of the analysis 
given below reduces to the appearance of equa- 
tions with not one but several terms having an 
identical analytical behavior. 


2. FORM OF THE SPECTRUM NEAR THE 
THRESHOLD POINT 


To clarify the character of the singularity of 
the Green’s function G(p), we use the Dyson 
equation, the form of which is shown in Fig. 1.° 


iG i) by by th C 
o-g 
las 


FIG. 1 


The heavy line denotes here the complete Green’s 
function G, and the thin line the free Green’s 
function Gy, while the shaded circle denotes the 
complete vertex part I and the dot denotes the 
vertex point I‘) in the perturbation-theory ap- 
proximation. In analytical form this expression 
becomes 


G~ (p) — Go" (p) = iT Op; G. Pag) 
x G(q)G(p — 9) To (P34, p —Q) d*q/ (2n)*. (3) 


Hereinafter p in the arguments of Green’s 
functions and in the vertex parts will denote the 
energy-momentum 4-vector with components 
{e,p}, and analogously q = {w,q} ete. 

Near the thresholds of all three types listed 
in Sec. 1, the equations in (3) have properties 
that are entirely different, and we must consider 
each case separately. 

a. Properties of the spectrum near the thresh- 
old of phonon creation. We consider the proper- 
ties of the excitation spectrum near the point 
where the speed of excitation becomes equal to 
the speed of sound. Starting with this point, the 
excitation may create a phonon. The conservation 
law (1) becomes in this case 


e(p) =e(|p—k|)+ (hk), (4) 
where w(k) is the phonon frequency, and k is 
its wave vector.* At small k, w(k) becomes 

w (Rk) = ck — ak? (5) 


(c is the velocity of sound). We assume that @ >0, 
i.e., that the phonon Spectrum is stable (see footnote 
in preceding column). The function ¢€ (p) hasa singu- 
larity at p = poe. Weassume, however (this willbe con- 


*We use a system of units in which h = 1. 
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firmed later on), that this singularity appears only 
in terms of higher order of smallness than second, 
i.e., that 


e (Pe + Ap) = ee + cAp + B(Ap)?. (6) 
(We have assumed the speed of the excitation to be 
c at p=Dc.) 
When p=De and cos ¥=1 (¢# is the angle 
between k and p) the right half of (4) becomes, 
taking (5) and (6) into account, 


e- + (8 — a) Rk. (7) 


The point p =Dpe is actually the threshold only 
if (7) has a minimum at k =0, i.e., if the inequal- 
ity B >a is satisfied. 

Since in this case the excitation can produce a 
phonon with k—0 when p=D)g, the region of 
small values of the argument of one of the Green’s 
functions, say q, will be significant in the inte- 
gral of (3). If w>€e and q=k<D)g, the 
Green’s function G(q) is the propagation func- 
tion of the phonon and has the form 


G> (k) = BO [w? (k)—w?—i8}] 
~ B [(ck— ak?)? — w? — id], 5—> +0. (8) 


When p * pg and € ® €g, the function G7! (p) 
has a singularity. We assume, however, that ac- 
cording to (6) G4(p) has the following form near 
zero (i.e., near the pole of G) 


Gp) = A“ [cAp — Ae + 8 (Ap)? — i8} 
(Ap = p— pc, As = & — &) (9) 


plus certain terms of higher order, which we must 
determine. 

At small k, the vertex portion I), as is known, 
has the form g)k. We assume that when k —0, I 
is also proportional to k: 


T(p,k,p—k)=gk for k-0. (10) 


In this case the integral equation (3) for G can be 
solved by successive approximation. 

We separate the region of integration in (3) into 
two regions — one of large k and w (k=K and 


w=) and one of small values of k and w (k < 
K and w<®2), with 
Mpak< p;, Ase Qe. (11) 


In the second region it is possible to use expres- 
sions (8) through (10) for G(k), G(p—k) and TI. 
Assuming that the integral over large k and w 
has no singularities, we obtain from (3) 


Gis 
“ik k*dkd (cos 9) dw 
bn CES kcos9)—Ae-+o+8(Ap—k—is]* (12) 


The symbol ~ here and hereinafter denotes 
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that the right half of the equality may differ from © 
the left half by a coefficient that has no singulari- | 
ties and by an additive term. We shall henceforth | 
drop the regular coefficients, without stating it 
specifically. 

Small angles ’ «1 are significant in the in- 
tegral (12), and we can therefore put, with suffi- 
cient accuracy, cos #=1 in the quadratic terms. | 
The integration over w can be extended to the | 
interval —-o<w<+0. Asa result, the integra- 
tion reduces to taking the residue with respect to 
w at w=ck—ak?. We have 


k3dkd (cos 9) ] 
x + ck (4 — cos 9) — 2BApk — k? (a — B) i 


(13) 


Gp) 
aS \ k? In [x — 28kAp + (8 — a) 2] dk. 


We introduce here x = cAp + B (Ap 2 —Ae. Factor’ 
ing the expression under the logarithm sign and in- 
tegrating, we get 


Gas (p) Nw Ay (R,/2)8 In ky a (ony (Re /2)8 In Roe (14)| 


where 
kyo = Ap + V GAp)— (B—a)x. 


It is seen from (14) that G™! really has a singu-_ 
larity in terms of higher order than those used in 
Eq. (9), thus confirming the assumption made. 

We determine G!(p) in the direct vicinity 
of the pole of G(p), namely at 


[*| <8 (Ap)?. 


In this case the term with ky can be neglected. 
We then obtain 


(15}) 


G1 (Ap)? In(— Ap) (16) 

or, taking (9) into account, | 
G7 (p) = A+ [cAp +8 (Ap)? | 

+ a (Ap)? In (— Ap) — Ag]. (17) \ 


Equation (17) determines the energy of the ele-_ 


mentary excitation near the threshold: | 


&(p) = & + ¢(p — pr) 


+ B(p — pe)? + a(p — pe)? In (pe — p). 


Thus, when p> pg, the excitation energy has a 
negative imaginary part equal to —am(Ap)°*. This 
means that when p > pg the excitations are dampec 
out, and their lifetime is inversely proportional to 
(p-pc)®. We note that the same result would have 
been obtained by perturbation theory, since the in- 
teraction with long-wave phonons is always weak, 
owing to the presence of the factor k in I. 

Knowing the Green’s function it is easy to verify 
that all the corrections to I have an order not les: 
than k, thereby justifying the assumption that I 
is proportional to k. 


(18) 


ea 


| 
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b. Properties of the spectrum near the thresh- 
old of disintegration into two excitations with par- 


allel non-zero momenta. In this case, when inte- 
grating over q in (3), the significant values of 
the 4-momentum q, as expected from physical 
considerations, are those with which the excita- 
tions are created near threshold. However, the 
values of the momentum and energy at which the 
excitations are created near threshold are not 
singular for the Green’s functions. The only sin- 
gularity of this point is that the given excitations 
may “coalesce” with the other in the vicinity of 
this point, a process which is impossible at ab- 
solute zero, owing to the absence of real excita- 
tions. Therefore the Green’s functions under the 
integral in (3) have near the pole the usual form 


G™ (q) = A [e (4) —o — id}, (19) 


This circumstance makes it much easier to inves- 
tigate the problem. 

Let us examine the right half of (3). The quan- 
tity I) in this equation has naturally no singular- 
ity at p=Pc. We also assume that the total vertex 
portion neither vanishes nor goes to infinity at the 
threshold. 

Let us break up, as in the case of phonon pro- 
duction, the region of integration over q in Eq. 
(3) into a small one, near the values of momentum 
and energy qd) and €9 with which the excitations 
are created* 


d+ +0. 


lq—Q|<K<pPe, |w—H|KN<e, 


and a large one. In the small region TI’ and Ty 
can be assumed constant. As a result 


dod? q 
[e@) —o— @][e(p—a) —e+o— a 


G> (p) eri 


pire eae Tt a 20 
Nae ae are 2o) 

Since the expression €(q)+¢€(|p—q]|) should 
have a minimum at p =Dge, it has the following 
form at values of p close to pe 


e (q) +e(\p—q)) 
=e + 0,Ap + a(q — qo)? +B (a — 4o, Pe)?/P?, 


where vc is the velocity of each of the excitations 
produced at the threshold point, q) =< is the 
momentum of one. of the created excitations, and 

a and £ are coefficients that are determined 

by the type of the function ¢(q) and ¢«(!q-p]): 


(21) 


*An important region in the integral of (3) is also the sym- 
metrical region q ~ pe~ 4, @ = &c— & This region makes 
exactly the same contribution as the first one, and we shall 
not write down the corresponding terms. 
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go UPe 
290 (Pe— qo)’ 
4 (/Oe Oe U,p 
ep ate | ein Sc (ge ei yg 
P 2 ae 7G=o ; Cale Jo (P, rae qo) } 
Introducing a new variable u=q-q), UDe = 
UPe cos 2, we get 
oy u>dud (cos v) a eee 
G Za v,Ap— Ae + au* + Bu? cos *p re Vv-Ap — Ae. (22) 


The square root in (22) should be taken with the 
plus sign, since when vcAp—Ae > 0, the integral 
in (22) is positive. Since the point p=pe, €=€e 
is by definition a point of the spectrum, G™!(p) 
should vanish at Ap =0 and at Ae =0, and con- 
sequently at small values of Ae and Ap the reg- 
ular portion of G™4!(p) should have the form 
a’Ap + b’Ae. Finally 

G\(p)= Ay" [aAp + Ae +6 Vv,Ap— Ae]. (23) 


The excitation energy is determined by the equa- 
tion 
Gt (p) = 0. (24) 


For this equation to have a solution at p< pg, it 
is necessary to satisfy the inequality 


(a+ v-)/b>0. (25) 
Now the solution of the Eq. (24) is of the form 
a+ %,\? , 
Sa Paap) | D 2 (P — Pr)”. (26) 


When p>Dg, Eq. (24) has no solutions at all 
for ¢€ in the vicinity of €¢, neither real nor com- 
plex. Thus, in this case the curve of the energy 
spectrum approaches the threshold point with a 
slope equal to vg, and does not continue further. 
It is easy to verify then that all the corrections to 
TI are finite, thus justifying the assumption that 
I’ is finite at the threshold point. 


c. Disintegration into two excitations emitted 


at an angle to each other. In this case, as in the 
preceding one, the region of importance in the 


integration is of those values of q, with which 
the excitations are produced near the threshold 
point. In this region the Green’s functions have 
the usual form (19). However, one cannot state 
now that the vertex I’ is finite when €=€,. To 
clarify the character of the singularity I (p;q, 
p-—q) we express it in terms of I) (p; q,p—q) 
and-an irreducible 4-particle vertex part y; (qj, 
p-q;q,p—q), i.e., the set of all the 4-particle 
diagrams, which cannot be divided between the end 
points qy;,p—q, and q, p-—q into two parts, con- 
nected only by one or two lines. In order to ex- 
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press IT interms of I) and yj, it is necessary 
either to sum the series presented in Fig. 2a, or 
to solve the integral equation, shown in Fig. 2b, 
which is a result of this series. Theoretically 
this expression can be written in the following 
form* 


P'(p;9, p —4q) —1o (p59, P — 9) 
=i \Co, 91, P — U1) G(N) G (p— %) 


XG P — 13 P» P—Q) F4Qi/ (27)*. 
We emphasize that this is an exact equation. 

Since the quantity y,; does not contain at alla 
singular integration of the type contained in Eq. 

(3) it is natural to assume that, like [9, it re- 
mains finite at the threshold point. 

We also assume that [I (p,q, p—q) has near 
the threshold a singularity only with respect to the 
first argument. (Each term of the series of Fig. 
2a has this property.) All these assumptions 
should be verified in the future. 

Separating in (27), as customary when inte- 
grating over the frequency ,, the region 
|w,;-A|<«<A and carrying out the integration, 
we obtain 


(27) 


D(p; 9, Pp —9)—T0 (P34, Pp —4) 
DP (p; 1.P — 1) V1 (Ms P— 915 P— 9) _ As 
| e(m) +e([p—ail)—« o4:: 

When integrating over q; we separate the follow- 
ing region: |q;—Po| «po, |la;-p|—po| «po. In 
this region I. and y; can be considered independ- 
ent of q,;. Considering that in this region € (q,) 
and ¢€(|p-—q;|) have the form given by Eq. (2), 
we get 


(28) 


T (p) Ty (p) 21 (p) 


x \ dqy 
24 —e+ (9:—Po)* / 22 + (| a1 — p| — pp)?/2p. 


(29) 


*With the aid of Eq. (27) it is easy to determine I'(p; q, 
p—q) for case b. It turns out that in this case ['(p, + Ap; q, 
Po + Ap—q) is of the form 

[=P+Q\Vv,Ap—Ae. 
As is to be expected, this expression approaches the constant 
limit P when Ap and Ae go to zero. 


(We recall that the symbol ~ denotes equality 
with accuracy to a regular coefficient and a regu- 
lar added term.) 

Let us change to cylindrical coordinates qn 
dp, and y, in accordance with the following for- _ 
mulas (the z axis is aligned with p): i 


2=PoCoSh+ Gi, qx = (posind, + g,) cos ¢, ] 
qy=(po sind; + 9,)sin¢, (30) | 


where the angle 3, is given by | 
2D COS == 0 (31) | 

Inserting (30) into (29) and neglecting the higher 
powers of q; and Up» we obtain 
T (P= Typ) T ON pce ee 
or, introducing the polar coordinates r and jy, 


sin %.qo/V » =rcosd, cos 9q2/Vu = rsingd, 
5 d 1 
P (p)—To (pol (p)\ sxe P (p) In (2A —e). (32) 


From (32) we find T'(p) at |2A-—e| «A: 


P(p.q,p--g—=P| 1+QIn 


eee ip 


where P and Q are functions that have no singu- 
larities at « = 2A. The expression (33) for [ 
should be inserted into Eq. (3) to determine G(p). 
The integration in (3) is fully analogous to the in- 
tegration in (27) and yields a term proportional to 


In oO Thus 
a 


G+~[In(2A—e) + B’] E Se Q In 2A —e a 


24 — a 
a. 


(33) 


a 

2A —e \-1 

«(In aS)". (34) 

Finally, considering that by definition G7! ( Pc) = 0, 
we find 


G1 (p) = A>] (p — pe) —a(In (35) 


So}. 


Thus, in this case the spectrum at p < Pc has 
the form 


&(p) = 2A — ge—2Ke—p), (36) 


In this case, too, the curve ¢€(p) terminates 
at the point p=pe¢ and has at this point a horizon- 
tal tangent of infinite order. 

Knowing the Green’s function, it is easy to check | 
the assumption, made in the solution of Eq. (27), 
that the vertex part y; is finite at the threshold 
point. 

We note that in all the foregoing cases the 
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Green’s function has a branch point at € = €g, 
P =Pe.- 

The experimental data available at the present 
time do not permit an unambiguous answer to the 
question of how the phonon spectrum in He’ is 
terminated. There probably occurs here either 
an emission of a phonon with zero momentum 
(case a) or a disintegration into two rotons with 
€=A (case c). 


3. INELASTIC SCATTERING OF NEUTRONS 
WITH CREATION OF EXCITATIONS NEAR 
THE DISINTEGRATION THRESHOLD 


The most effective method of investigating the 
excitation spectra is inelastic scattering of neu- 
trons. In connection with this, we shall consider 
briefly the question of the probability of inelastic 
neutron scattering with a neutron energy loss 
€ © €c and with a momentum loss p * pg, i.e., 
with creation of excitations of energies close to 
their disintegration threshold. 

In inelastic neutron scattering, the following 
energy and momentum conservations should be 
satisfied 


(37) 


p = P, —P», (38) 
where m is the neutron mass, e€ and p are the 
energy and momentum of the excitations created 
by the neutron, while P,; and Py, are respectively 
the initial and final momenta of the neutron. 
Squaring (38) we get 


p? —— 2m (Ey oe Es ——4 y y ESE cos ), 


where E, and E, are neutron energies before 
and after scattering, and ¢ is the scattering 
angle. When p pcg and € * €g, the neutrons 
are scattered through angles ~ ~ Ya, where Ye 
is determined by 


pe = 2m (2E, — &¢ —2Y E, (E; — &) cos ¢). 


P2/2m = P2/2m +8, 


(39) 


(40) 


The energy and momentum transfer in the 
scattering angle are connected here by an equa- 
tion that follows from (39) and (40): 


B[V epee) Eas) 


isa Ge 


+VE,(E.— &) sin ¢ (9—¢e)] 


= fo’ + ve’ (p' =9— Ge, 8 =e — &). (41) 
If the momentum transfer p is close to the 
threshold of photon creation, then the distribution 

of the scattered neutrons has a sharp line when 


p<pe andas p—Dc the intensity of this line 
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has no singularity whatever. When p> pg the 
line starts broadening in proportion to (p—pg¢ )?, 
The distribution of the scattered neutrons has in 
this case the form 


an (B@’ + ve’)8 


te = Tere) — Bee’ an Gg pe 


do'de’. (42) 
We now proceed to scattering with creation of 
excitations near the threshold of disintegration into 
two excitations with finite momenta. To be specific, 

we shall treat the third type of disintegration. In 
this case, one excitation will be created at « > 2A 
and two excitations, each with energy =A, will 

be created at ¢€ > 2A. Graphically these processes 
are presented in Fig. 3. The wavy line corresponds 
here to the free neutron, the point V(P, P); q, Py - 
P,-—q) denotes the amplitude of the scattering of 
the neutron by the free atom, and vy», (q1, p—443 
q,pP-—q) denotes the aggregate of all 4-particle 
vertex diagrams, which cannot be separated be- 
tween the terminals qi, p—q, and q,p-—q into 
two parts joined by a single line only. We have 
taken into account here that the interaction between 
the free neutron and the atom can always be con- 
sidered weak, and therefore we neglected all the 
graphs where the vertex V is encountered two 
times or more. 


7 7 q q 
% rT A-P 4 % v 4 Pr p-0, r 
2, AAG, bitty 7, AE 
a b ae 4 c A-P-g 
FIG. 3 


When e¢ < 2A, when only one excitation can 
be created, « and p are related by Eq. (36), 
which together with Eq. (41), in which we put €¢ 
= 2A, determines the energy lost by the neutron 
as a function of the scattering angle 


E, — Ee — A me—8Pe—9) - 


a’ = ap-/mYV E,(E\—2A) sing,. (43) 


The probability of neutron scattering in the 
momentum integral is given by the expression 


dw = 2n|NyM|28(E, +e — Ey) d3P2/(2n). (44) 


Here M(P;, Pe, Py—P,) is the matrix element 
corresponding, in accordance with the usual rule, 
to the graph of Fig. 3a, and N, is the renormali- 
zation constant, equal to the square root of the 
negative residue of the Green’s function of the 
created excitation at the point corresponding to 
the excitation energy. (Such a renormalization 
factor must be written down for each free end of 
the graph.) From (35) we find 
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—e 2A —e 

i) ee (45) 
As regards the matrix element M, it ap- 

proaches, when ¢ approaches 2A, a constant 
limit, since the logarithm arising as a result of 
integration with respect to q (see Fig. 3a) is 
cancelled by the logarithm from the numerator in 
I (V, naturally, has no singularity). Therefore 
the behavior of dw is determined by the behavior 
of N,, and the angular distribution of the neutrons 
(when y < gy) has the form 


dw = Cy (Pe — gy 2e-A%e—®) dep. (46) 


Thus, the probability of creation of excitation 
as ~Y —@q tends rapidly to zero. 

We now proceed to scattering of neutrons with 
transfer of an energy greater than 2A. The scat- 
tering probability in this case has the form 


GP» aq 


Gap Gay 0) 


dw = 2n|N2M,/28(E,+e —- Ej) 
Here My, is the sum of the matrix elements corre- 
sponding to the graphs of Figs. 3b and 3c. Now the 
normalization factors Ny», pertaining to excitations 
with energies close to A, have no singularities. 
Nor does the matrix element of the diagram in 
Fig. 3b have a singularity, since the vertex yo, 
like IT, has a factor [In(2A-—e)]7!, which, as 
can be readily seen, cancels out the integral with 
respect to q;. The singularity of M, is therefore 
given by the graph of Fig. 3c. The matrix element 
of this graph has a maximum at @ < @e and gives 
in this region the main contribution to the scatter- 
ing. The corresponding probability has the form 


dw =2r I\v (Py SPA GMP pes P= gy) 


2 


AO) (Pi P= qi) TP (G1, Pi Pag EPs) ea a 


x NADP, =P2;'q, Py —P,—q) G (Pi—P2) 
@P, d? 
(Each Pa E sire oye (48) 
The singularity of M, is contained in the term 
with the product [G. Integrating over q and 
using (33) and (35) we get 
dw = Cid¢dE, {a —(p = Pc)In | 2A — E, + Ex I 
. og 
1 
+e (p—qer}". (49) 


Inserting (41) into (49) we obtain the distribution 
of the scattered neutrons by angles and by energies 


dw = Code'dg' {| a — "In <4 atgapeh”. (50) 


Let us describe qualitatively the scattering of the 
neutrons in this case. When ¢< ¢@e there isa 

sharp line, corresponding to the creation of one | 
roton, and its intensity tends to zero when ~ — @¢.. 
The creation of two rotons leads to a continuous 
spectrum of scattered neutrons, and the scattering | 
intensity has a minimum at ¢€ = 24; when ¢ < ae | | 
it has a smeared maximum at \ 


ge’ = ae—UK%e—9) , 
| 
The calculations for the case of disintegration 


into two excitations with parallel momentum 
(case b) are analogous. We shall cite only the 
final formulas. The scattering probability with 
energy loss € < €g is 


The probability of scattering with «’ =«-—€@>0 
is of the form 


dw, = C,de'dg’ [(a-+ 0,) © 


+6 Gv — le — Bel? for (ver — 1) e’— Bg’ > 0, 


dw = C,de’de'{(a + v,)?e”? 


+ b?[(uev — l)e’— Bo’}}"? for (uev— 1)e’— Be’ <0. (52} 

In this work we did not investigate the case 
when the threshold of disintegration into three 
excitations lies below the threshold of disintegra- 
tion into two. excitations. Although logically such 
a possibility does exist, it is of little likelihood. 

Our entire investigations pertain naturally not 
only to the phonon spectrum of liquid He*, but to 
any Bose excitation mode in condensed bodies. 

If, however, the interaction that leads to the ex- 
citation disintegration is weak, all the singulari- 
ties described will appear only within a very small | 
momentum interval near pe, making it possible to 
determine them experimentally. It must also be 
borne in mind that in cases a and b, at weak in- 
teractions, the curve of the spectrum may, after 

a brief interaction, continue again with damping. 
Furthermore in the case of crystals the situation 
becomes greatly complicated by anisotropy. 

In conclusion, the author expresses his grati- 
tude to Academician L. D. Landau for valuable 
advice during the course of the work and to V. M. 
Galitskil, L. P. Gor’kov, and I. E. Dzyaloshinskif 
for useful discussions. 
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The angular distribution of neutrons emitted in the absorption of unpolarized ~~ mesons 


by polarized nuclei is calculated. 


I, INTRODUCTION 


‘- this article we consider the angular distribu- 
tion of neutrons emitted in the absorption of un- 
polarized .~ mesons by polarized nuclei. The 
shape of the angular distribution and, in particular, 
the asymmetry relative to the direction of polari- 
zation of the nucleus, depend on the variant of 
four-fermion interaction between » mesons and 
nucleons, the degree of nonconservation of parity 
in »” capture, the degree of polarization of the 
nucleus and, of course, on specific properties of 
the nucleus considered. Results are calculated 
for nuclei in which the spin arises complete from 
a single proton outside filled proton subshells of 
the nucleus (this proton will be called the ‘outer’ 
proton in the future). 

The process of nuclear absorption of u~ mes- 
ons proceeds through an intermediate stage with 
formation of a mesic atom, and then through the 
reaction 


a ee (1) 


in which the proton (P) absorbs the u~ meson 
and turns into a neutron (N) with emission of a 
neutrino (v). In considering this effect, itis 
especially important to take into account the hy- 
perfine structure of the ~ meson inthe K orbit 
of the mesic atom, since, owing to the slowness of 
the process! (tT ~10™ to 1077 sec ),* unpolarized 
u#~ mesons falling into the K orbit of the mesic 
atom can acquire a substantial polarization in the 
direction of polarization of the atom because of the 
hyperfine structure, and, in the process, they de- 


*The frequency corresponding to the energy of hyperfine 
splitting AE in the K orbit of the mesic atom is equal to w = 
AE/h ~ 10**Z* sec so that tw > 1. 
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polarize the nucleus appreciably.* This leads, in 
particular, to an anisotropy in the angular distribu-— 
tion of neutrons emitted in the absorption of p~ 
mesons by protons in closed subshells of the atom, 
which has the form 


dW , (En, 9) ~ 1+ Pua (En) cos 9, 


where @ is the angle between the direction of 
emission of the neutron and that of the polarization | 
of the nucleus, and a@(En) is the asymmetry co- 
efficient calculated by L. D. Blokhintsev and the 
author.! 

It should be noted that, together with the aniso- | 
tropic angular distribution of neutrons emitted by 
the nucleus immediately after absorption by the 
~ meson (‘direct’ process), there will be an iso- 
tropic background of neutrons which are decay 
products of the compound nucleus formed in re- 
action.! However, as shown in reference iy 
selection of neutrons of energies Ey 2 3 Mev 
significantly decreases the background. 

Thus, the resulting angular distribution of neu- 
trons of given energy En emitted in the absorp- 
tion of unpolarized «~ mesons by unpolarized - 
nuclei, will have the form 


*It is easy to show that the degree of polarization acquired | 
by the y~ meson in the K orbit of a mesic atom is equal to 
P,, = [4j/(2j + 1)°] Pi, where Pj is the initial degree of polari- 
zation of the nucleus, and j is the spin of the nucleus. The 
resulting final polarization of the nucleus is equal to Ps = 
[1—2/(2j+1)]Pj. It should be noted that the hyperfine struc- 
ture interaction can, in special cases, be important also for 
# mesons in excited states of mesic atoms. However, if one 
tries to take this property into account, one meets a series of 
essential difficulties connected, in the main, with the absence 
of sufficiently reliable information about the initial stages 
of capture of u~ mesons from the continuous spectrum into 
mesic atom orbits and about the way the y~ meson makes tran- 
sition from the excited states to the ground state. 
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aW (Ey, 9) = dW» (En) 
+ dWnue (Ey, 8) + dW, (Ey, 9), (2) 


where dWp (En) denotes the isotropic background, 
and dWyyc (En, 6) and dW (Ey, 9) denote; the 
angular distributions of neutrons, emitted from the 
nucleus as a result of the direct process on the 
outer proton and on the protons of the closed sub- 
shells, respectively. Formulas for dW,, were 
given in reference 1.* The present work is devoted 
to consideration of dWnyc (EN, 4). 


2. NEUTRON ANGULAR DISTRIBUTION 


The Hamiltonian for the interaction between p 
mesons and nucleons, the form of the wave func- 
tions of the particles, and the assumptions at the 
basis of the calculation coincide with those of 
Sec. 2 of reference 1. No difficulties arise in 
taking account of the hyperfine structure of the 
mesic atom. It is easy to show that, in the pres- 
ence of hyperfine structure, the angular distribu- 
tion of neutrons emitted in the absorption of 
unpolarized ~~ mesons by the outer proton of the 
nucleus, of spin j and projection j, on the z axis, 
should be calculated from the formula 


AWauc( En, Q: njliz) 


=>) > [Cizs,' |paWauclEw, 8: ie t+s2), (3) 
Sz f 

where dWp(Ey, 0;11,) is the angular distribu- 
tion of neutrons emitted in pw” capture by the 
outer proton of the mesic atom, in state with 
spin I and projection I,; s, is the projection 
of the u~ -meson spin, which is averaged over; 
summation is carried out over I = j + 44; 
eas 

The general formula for the angular distribution 
of neutrons emitted in absorption of unpolarized 
jf. -mesons by the outer proton of a polarized nu- 
cleus with arbitrary spin j, is rather complex 
and is given in the appendix [Eq. (A.1)]. In the 
special case of absorption of unpolarized p~ 
mesons by polarized nuclei, the spin of which 
comes from the proton in state n S4/) (qe ee 
1=0) Eq. (A.1) simplifies considerably, and has 
the form: tf 


dWaue (En, 9; 121/20) = {(f + 3fo2 + V3lop 
—_ oxy Re fep) Qn (Ew) SF 1p ‘pe {Au Sn hee +2 Re hy, 


nuc 


—- App == avy Re (Aip PF hop) On (Ey) COS 0} dE ydQy / An, (4) 


*Equation (9) in reference 1. Summation over 4, j, 1 in 
Eqs. (A.2)—(A.4) is now carried only over the closed 
proton subshells. 
+The notation used in this article is given in the appendix. 


where Py = 2<j, > is the initial (previous to for- 
mation of the mesic atom) degree of polarization 
of the nucleus, and the quantities a, (Ey) and 

by, (En) are function of the neutron energy, de- 
pending also on properties of the nucleus con- 
sidered. We note, for comparison, that in the case 
of uw~ capture by a free polarized proton, the neu- 
tron angular distribution is described by a formula 
analogous to Eq. (4), with y,, = 0.053 and 

an (Ex)/b, (Ey) =1, 

If the interaction between ~1~ mesons and nu- 
cleons is described by the theory of Feynman and 
Gell-Mann,” which assumes vector (v) and pseu- 
dovector (a) variants of interaction, then the for- 
mula for the neutron angular distribution again 
simplifies considerably. Neglecting renormaliza- 
tion of the pseudovector coupling constant 5.7 ae 
obtain from Eq. (A.1): 


dWauc (En, 9; njl) 


= 2) g) [Ain (Ew, 9) — Ae ne (En, 0))dEndQu, (5a) 


if Go=—Go= 8, £,=8o, £,= ai 


GWauc(En, 6; njl) 
= =) gP [Aran (Ew, 8) — Be nt (En, 9)|dEydQu, (5b) 


if ¢, =, = 8.8) = Sy» 4 = 8. Incase c= 
—fy» 8g = —8g, the sign preceding B, njl should 
be changed from minus to plus in Eq. (5b). We 
remember that in the theory of Feynman and Gell- 
Mam for |g, |= |g, |, as noted in reference 1, 
the angular distribution of neutrons emitted in the 
absorption of polarized w~~-mesons by nuclei with 
zero spin is isotropic. Therefore, in Eq. (2), 

dW, =: dW, (Ey) and all of the dependence upon 
angle in the angular distribution of neutrons emitted 
in the absorption of unpolarized ~»~ mesons by po- 
larized nuclei will be contained in the term 
dWp(En; 9), which arises from the absorption 
of the u~-meson by the outer proton. Insofar as 
Ay njl and Ag, njl areeven functions of COs) = 
and Bo njl 20 odd function of cos 6, then it is 
clear from Eqs. (5a) and (5b) that in the case 

Sy =—8g, there is no asymmetry in the angular 
distribution of neutrons relative to the direction 
of the polarization of the nucleus, and, in the case 
Sv = Sa: the indicated asymmetry occurs. In the 
case of w~ capture by an ns;/2 proton, Eqs. (5a) 
and (5b) take on the especially simple form 


dWauc(Ey, 9; 11/y0) = =| gan (Ev) dEndQn (6a) 


and 
AWanuc (Ey, 9; n 1, 0) 


os (6b) 


2 | gf [an (Ew) + 3/2 Phys On (En) C08 6 dEwdQn, 
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i.e., for g,=—g,, the neutron angular distribu- 
tion is isotropic, and for gy =a, anisotropic. 

We note the following, relevant to the absorption 
of polarized p~ mesons by unpolarized nuclei. We 
assume that the neutrino is longitudinal (e.g., for 
definiteness, gf = g,) and do not consider the 
pseudoscalar variant. We use the notation 


=| 87+ Gal) s+ Sol, 


A = arg (gt + ga) — arg (gs + 8»). 


Then, from Eq. (11) of reference 1 for the coef- 
ficient of asymmetry in the angular distribution 
of neutrons arising in the direct process of ab- 
sorption of polarized ~ mesons by nuclei with 
zero spin, we obtain the following expression 


= \(— 1 2 x2) By Qesin A- Ga) (1 327) A. 


On the other hand, from the results of the present 
work and those of reference 1 it is easy to show 
that the coefficient of asymmetry in the angular 
distribution of neutrons from the direct process 
of absorption of polarized ~~ mesons by unpo- 
larized nuclei, the spin of which comes from a 
single proton in state nsy/, above filled proton 
subshells, is given by 

oy, = [((—1 + x?) Bp + 2x sin A-Go 


+ (1 + x? + 2x cos A) ba] [(1 + 3x?) (Ao + an). (8) 
In both cases the angular distribution has the form 
1+ BP, a@cos 0(a@=aQ or ay/2) where Py de- 
notes the polarization of the ~~ meson inthe K 
orbit of the mesic atom.* The quantities Ap, Bp, 
Gp, a, and by entering into Eqs. (7) and (8) can 
be calculated theoretically (we note that the quan- 
tities Aj, By and Gp) in Eqs. (7) and (8) are, in 
general, different, since they refer to different 
nuclei). 

Thus, measurement of the coefficients of asym- 
metry in the angular distribution of neutrons 
emitted in the direct part of the absorption of po- 
larized y~ mesons by nuclei of the type con- 
sidered, would make it possible to determine the 
ratio of moduli and relative phase of the Fermi 
and Gamow-Teller constants for the interaction 
of u~- mesons with nucleons. 

In particular, for the interaction proposed by 
Feynmann and Gell-Mann (where x =1 and 
A=0,7), @=0 and ayy ~ (14 x)’, Therefore, 


*In the derivation of Eq. (8), we have assumed that the only 
depolarizing factor for the y~ meson, falling into the K orbit 
of the mesic atom, is the interaction giving rise to the hyper- 
fine structure of the mesic atom. In this case, for a nucleus 
of spin j =%, the w~ meson falling into the K orbit of the 
mesic atom, depolarizes by 50%. 


measurement of the coefficient of asymmetry of 
the angular distribution of the direct neutrons 
from the absorption of polarized »~ mesons by 
unpolarized nuclei, the spin of which comes from 
a proton inthe nsj/, state, would make it pos- 
sible to differentiate directly between the case 


By = Bq (a1/2 # 0). 


3. NUMERICAL ESTIMATES FOR p~ CAPTURE 
IN F? 


The quantities entering into Eq. (4) were ovale 1 
ated for p~ capture by the outer proton in the Fi 
nucleus. This proton was assumed to be in the 
state 2817(n=2, j='4, 1=0). The assumptions 
in the calculation were the same as the assump- 
tions noted in Sec. 3 of reference 1. The following . 
penal ys were used inthe calculation: R =1.45 
x 10-3 AY3 oem, Up = 44.7 Mev, Uy = 42 Mev, 
¢=0 and —0.15, where R is the radius of the 
square-well potential, Up and Uy are the poten~: 
tial depths for protons and for neutrons, ¢ is the 
ratio of the imaginary part of the complex potentiai. 
for the neutron to its real part. 

The angular distribution, integrated over energy, 
for neutrons emitted in the absorption of unpolar- 
ized F!® nucleus, can be represented to a good ac-- 
curacy as 


dW, (8) = const (1 + P*. Bar cos 8) dQy, (9) 


where @,, is the asymmetry coefficient for p 
capture in mesic hydrogen, calculated including 
the hyperfine structure of the mesic atom [Eq. 
(A.16) of the appendix], and B =0.52 for ¢=0, 
B=0.76 for ¢=-—0.15. Eq. (9) also describes 
the angular distribution of the neutrons in the ab- 
sorption of polarized ~~ mesons by the outer 
proton in unpolarized F!°, if PN is replaced by 
2P,, where Py, is the polarization of the p- 
meson in the K orbit of the mesic atom. In so far 
as eee is a quantity of order? ~ 0.2, and 
=|a |= 1, then for B~ 0.7 we find the up- 

per limit of the quantity | 2P ROH | to be of the 
~ 0.14. From the peiculaonk given in refer- 
ence 1, one can expect the maximum asymmetry 
in the angular distribution of direct neutrons from 
the pecans of polarized y- mesons in unpolar- 
ized F!® to be of the order of ~ 5%. 

The author would like to sincerely thank I. S. 
Shapiro for discussion of the results obtained in 
the present work. 
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APPENDIX 


The probability of emission of a neutron in the 
direct process Eq. (1) with kinetic energy between 
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Bx and Ey + dEy into the solid angle dQy at the nucleus, in the absorption of a w~ meson by an 
given angle @ to the direction of polarization of outer proton in subshell (n, j, 7) is of the form: 


| 


AMulEw, 9; njl) = {[finAr + fer (3Ay — 2A) + Y2fppAi + 2Re fin: Av — 27v Re fips As — 2ry Re fap-(Ay — Ao + As)] 


To (A,B, —= hiss (By + 2B) -- VA ppBy == 2Re hyo: B, + 2Im hy: Bs 
+ 1: 2Re Ayp- By — 27, Re Aap: By — 24, Im hop: Bs]} dEydQy / Ar, 


where the following notation has been employed 


Ani Ama (Ex, 9) = ~>) a?k |, (Ew) f2*Por (cos 8); 
(CR=Os 15 2recn) 
Bm a= Branjt (En, 6) == “ >; Oba (Ey) feet Ponty (cos 9) (m => lle De 3)3 
== (pul 2 cy) 


ak (Ew) =(1 —R(R + 1)/(2] + 17) W (ski; jl) D>) (yt? (2A +1) W (LARI; IL) Re Friara (En): 


LEC 


en = Oe OA  1)(2f 1) (DARI: IL’) V.GER) Ki jfj- eles!) Re Papua En); 


LL’ Af 


Cohen = Ba) (OAS ION ey (pet) 


LL’ AA'thg 


x (2g +1) CiioC Kon’ V (ikg) W (kegel; Lf) X (igi; Ufl; s1s) X (LAL; Ufl; AcA’) Re Feiravn (Ew); 


en) OA yA QA Sy *2F 1) 


LL’ Af 


x V (jkf) W (jsfl; tj) X (LRL’; Ofl; ALA + 1)Re Frywavati (En); 
OF njt (Ew) = 2-3 (1 —k(R+1)/(2)+ 171 ) (er 
LL’ Af 
sf(2Ae 1)(2A + 2) (2A + 8)]* (OF - 1). X (jj; tft; sls) X (LAL; Uff? AVA + 1) Re Fr araig (En); 


posi ORI (=) OA ION 2) ON 3)I 4 
SLING 
x eV (jkf) X (LRL’; tel; ALA + 1) X (jfj; tel; sis) Im Fryavas (En); 
Sie (2k +1) (27 —k)! 2 
Fruaew (Ex) = CP 21+) (¢)|“arpeemr | CL +0 
x (QL’ + 1) Cir Cian Ci'on’o [bi anit (Ew) Oc:n’njt (Ew) Pnje (Ew); 
V (jkf) = Dy (21 + 1)W (jskl; 1i) X (iff; TRI; s1s); 
if 


= (2k+3)(k/(R+E WI ea =—(2k—1) (+ 1)/k1 


Crt 


OP ae i)! Gti)! a 
k -—R A 
pl) ae 3 3 Se | , 


1z=—i 


Pe es a 2) bt Eales, (Ew); 


L=0 
bn (En) = CZOr + 2)Re [OLtn > o (Ew) Op atvin + » (En)I Ce 0 (Ew); 
ony =o [yy + hee + 17 App + 2Re hy, — 27 Re (Aip + Aap)] (Fu 


+ 3fe2 + Y?fpp — 27 Re foo) ts ¥ = Uw / 2c = 0.053; 
HA=ete, €=8t+h BH ste B= G4+8;; 


fn = S8n4 8,'6,3 tn= 8/8, + 8) an (i R= 1, 2, p)s 


vhere M is the nucleon mass, Ey njl is the neutrino energy. 


ean ee OM C= (2M) hater: 


(A.1) 


(A.2) 


(A.3) 


(A.4) 


(A.5) 


(A.6) 


(A.7) 


(A.8) 


(A.9) 


(A.10) 
(A.11) 


(A.12) 


(A.13) 


(A.14) 


(A.15) 


(A.16) 


(A.17) 
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In the case of a longitudinal neutrino (gh = gi.) 
we have: ay = 1, for s, v and p variants and 
ay = ye for the t. and a variants of interaction. 
The parameters f*, which were introduced in 
reference 4, characterize the orientation of the 
nuclear spin; Pj, is the probability of finding the 


nucleus in a state with spin projection on the z axis 
equal to jz. The quantities DLAnj 1 (En); Pnjl( EN); 


W and X were given in the sonendis to reference 1. 


We note that for f! > f*, £3, . the neutron, 
angular distribution takes on the form: 1 + 
fe Anjy(EN) cos 6, where f! is the degree of 
Priatization of the nucleus, and Anji (En) is a 
function of neutron energy only, depending on 
properties of the nucleus considered and on the 
properties of the nucleus considered and on the var- 
iant of interaction between u- mesons and nucleons. 
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Scattering of charged particles by nuclei with large quadrupole moments is considered in 


the adiabatic approximation. 


ee excitation of nuclei by charged particles has 
been thoroughly investigated both theoretically and 
experimentally! for the case when the energy of 
the incident particle is considerably lower than 
the Coulomb energy barrier B. For these condi- 
tions the nuclear forces are not involved and the 
excitation is controlled completely by the electro- 
magnetic interaction, which usually may be con- 
sidered as a small perturbation. Here, however, 
only the E2 transitions have a significant prob- 
ability of occurrence (and E1 transitions occur 
rarely). Because of the fact that excitation cross- 
sections increase rapidly with an increase of col- 
lision energy, it is of interest to examine the 
excitation of nuclei by particles with energy close 
to the Coulomb barrier level. The interpretation 
of such experiments is complicated by two cir- 
cumstances: firstly, the nuclear interaction be- 
comes significant in this case, and secondly, the 
electromagnetic interaction between the particle 
and the nucleus may be not small. Nuclear in- 
teractions may be most simply accounted for by 
considering the level group excitation, when the 
internal structure of the nucleus remains un- 
changed. The nucleus in this case can evidently 
be described sufficiently well by a complex po- 
tential. On the other hand, the difficulties arising 
from the presence of a strong electromagnetic 
interaction will indeed be related to the group 
excitation, and expecially to the excitation of 
rotational levels. 

In the present paper we have concentrated par- 
ticularly on this aspect of the problem. We ex- 
amine the scattering of protons or a particles by 
deformed nuclei for the conditions when the non- 
central portion of the electrical potential cannot 
be considered as a small perturbation and we 
confine ourselves to constructing a wave function 
for the scattered particle in a region outside the 
range of the nuclear forces. We neglect in this 
case the possibility of excitation of vibrational or 
any other (non-rotational) levels by the target 
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nuclei. Consideration of nuclear interaction will 
be taken up in a later paper. 


1. CONSTRUCTION OF THE WAVE FUNCTION 
OUTSIDE OF THE NUCLEUS 


We set the origin of a fixed coordinate system 
at the center of gravity of the excited nucleus and 
set the z axis in the direction of the incident 
beam of particles. 

We describe the orientation of the nucleus by 
Eulerian angles (6;) and the position of the in- 
cident particle by its radius vector r (r, 6, 9). 
We assume that the shape of the nucleus is axially 
symmetric. If the particle energy E=B, then 
the excitation of the low rotational levels may be 
considered from the adiabatic standpoint, that is, 
the particle is assumed scattered by a fixed nu- 
cleus. Indeed, the cross sections for Coulomb 
excitation obtained by perturbation theory depend 
on the excitation energy AE through the param- 
eter nAE/2E, where? 


1 = Z,Z.¢ | ho. (1) 


The condition for which the adiabatic approxi- 
mation holds consists in this case of the require- 
ment that 


qAE[2EK1. 


It can be seen that this condition is not con- 
nected with the application of perturbation theory 
and may therefore also be used for the general 
case. Let us note that since 2n =kR when 
E =B (k is the wave number for the particle, 
and R is the nuclear radius), Eq. (2), will in our 
case be simultaneously the criterion for the ap- 
plicability of the adiabatic approximation to nu- 
clear scattering.’ 

Assuming for purposes of computation that 
R=1.2x 10-8 al” cm (where A, is the atomic 
number for the target nucleus), we find that the 
left member of formula (1) (for E = B) is equal 


(2) 
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to 0.08VA; A, /Z, Z. AE (Mev) and therefore 
inequality (1) is fulfilled for AE = 1 Mev. 

The scattering process of interest to us will 
therefore be described by the Schrodinger equa- 
tion 


{ — (h? /2m)V? + Vi (r, 9) 
+V.(r, 9) — E} ¥ (r, 9;) = 0, (3) 


where V, and V, are respectively the nuclear 
and Coulomb potentials. The wave function W of 
the particle for large values of r has the form 


Pat f (9, @, 8;) 
W —s ethr+in In (kr—kr) AE Re 
r 


ikr—in In Rr. (4) 
The amplitude br of the nuclear transition from 
the initial state with total momentum 1j, of its 
projection Mj on the fixed axis z, and of the 
projection Kj onthe nuclear symmetry axis in 
the final state Ig, Mg, Kg =K; =1; with the si- 
multaneous scattering of the particle at solid angle 
dQ is equal to 


Beh peu 
biy =| Dye 0) £0, ¢, 8) Dyin, (8 (4%), (5) 


where ene (6;) is the normalized wave function 
for the rotational state (I, M, K). 

For the total excitation cross section of the 
level with momentum I¢ we have 


1 
Sip mat \e2 Y | bir? (6) 
rey 


We examine Eq. (3) outside the region of nuclear 
force action. In this region Vy =0 and Va may 
be represented in the form 


co 
Ve = Z,22¢7 [r+ 9) Z,Ze¢*r—OQEP yn (cos 6’), (7) 
n=1 
where P, is a Legendre polynomial and 6’ is 
the polar angle of the particle in the system of 
coordinates fixed with respect to the nucleus. 
For multipole moments Q(20) of highly de- 
formed nuclei, we may take as an estimate 


Qe”) eke R*"8", (8) 


where £6 = AR/R is the deformation parameter. 
If we make use of (8) it is not difficult to conclude 
that for E=B the n-th member of summation (7) 
may be considered a perturbation in Eq. (3) if 


7p" <1. (9) 

We shall assume henceforth 
7B ~ 1, (10) 
B<=] (11) 


and neglect in all cases quantities of order B ] 
compared with unity. Condition (10) denotes that 
we may consider only collisions of nuclei with 
protons and a particles, because for heavy ions | 
nB >>1 at E=B, while for E <<B the adi- | 
abatic approximation is not applicable. 
If condition (10) holds, then the first (quadru- 
pole) member of summation (7) can no longer be 
considered a perturbation and must therefore be 
exactly accounted for in the solution of Eq. (3). 
On the other hand, the other members of this 
summation, in accordance with (8) and (11), re- 
main small. With this condition in mind we sub- | 
stitute for potential (7) in Eq. (3) the expression | 


(12), 


Ve sa loZalge leet tal, 


where r; and ry are the distances from the par= 
ticle to two points located on the major axis of the 
nucleus, symmetrically on opposite sides of the 
origin of coordinates at a distance d from the 
origin with 


d=VQ®, (13) 


Expanding Eq. (12) in Legendre polynomials in 
cos 6’, it is easy to prove that the first and sec- 
ond members of such a series coincide with the 
spherically symmetric and quadrupole terms of 
potential Vg and therefore V, differs from the 
exact potential only by a small quantity of the orde2 
Osi [8 

Introducing the elliptical coordinates 


E= (4 + re) / 2d; 


we can write Eq. (3) for the region outside the 
nucleus in the form 


= (1; — 12) / 2d; 9, (14) | 


af av 1 1 \or 
Eahe = eet ee 


+ {kd (&? — yu) — Inde} W = 0. (15) 


This equation may be solved by separation of the 
variables and its particular solutions may be 
written. as 


Rig(e) 
Vet 


Dia (u) e?, 


for which Rio and I79 satisfy the equations 


d AD jo 63 

ae (a Sate) } as: (aa cue Ata} Pin =0, (16) 
PRig 2ne Aig 2 (Q2?—1 

fot | ge ee — eee | Re 


where c? = kK d?, p= &ce, and Ajg are the eigen- 


' 


values of Eq. (16). If ¢c 0, Ayg — 1(1 +1), 


-B — cos 0’, and Eq. (16) is transformed into the 
_ equation for the associated Legendre polynomials. 
_ We will consider $79 (H) normalized so that 


\ Bra (4) ia (¥) dy = br, (18) 


a 


Dia (u) e* > Vio (0’¢’) for c—>0, (19) 


where Yj¢ (6’¢’) is a spherical function. It is 
_ convenient to represent the “angle” functions 
$79 in the form 


Dig (u) ee = mi C2 Y¥ ng (arc Cos p, ¢). (20) 


_ The prime on the summation sign indicates that 
n takes on values of only the same parity as l. 
Tables exist’ for the eigenvalues of Ni9 and for 
_ the coefficients oft (a more detailed solu- 
tion of Eq. (16) is taken up in references 4 and 5). 
The “radial” equations (17) have two linearly - 
independent solutions, Fz 9(p) and Hyg(p) and 
ac) —> 0 


Fig (p) > sin (p — Ix/2 — q1n 29 + aj), (21) 
H 19 (p) — expi {p — In/2 — y In 2p + og}. (22) 


The nuclear and Coulomb potentials in Eq. (3) 
_have inherently different symmetries (if, for ex- 
ample, we consider the nucleus to be a uniformly 
charged ellipsoid and the potential is taken as the 
approximation (12), then the surface of the nu- 


cleus will not be an equipotential). For this reason 


the “momentum” 7 is not conserved in scattering 
and the particular solutions for Eq. (3) describ- 
ing the existence of a particle with a definite 
“momentum” in the incident wave will have the 
following form outside the nucleus 


Wo = Fia(p) Dia (vw) ee + D>) 0% Hra Dyaei®?. (23) 
7% 


The amplitudes of the nuclear scattering be, are 
determined from the condition that (23) must be 

finite and continuous. A solution of Eq. (3) which 
goes asymptotically into (4) can be represented by 
the linear superposition of the functions (23). 


es Yiaio (9;) Pia. (24) 
herein 


The coefficients ajzQ(@j) can be easily found if 


we make note of the fact that for r—~ ~™, p — cos &” 


and therefore at great distances from the nucleus 
the entire dependence of function Wjg on angles 
0; which characterize the nuclear orientation is 

contained in the spherical functions Yo (>9’). 
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[Here it is convenient to use form (20) for the 
functions P10 (L).] 

If we examine in functions (24) and (5) the con- 
vergent wave and equate the coefficients of simi- 
lar spherical functions we obtain 


aia (9;) = Anite Sy V*, (6). (25) 
fn 


In deriving formula (25) we use the fact that the 
coefficients of form a unitary matrix. 

Substituting (25) and -(23) into (24) we obtain for 
the scattering amplitude, 


FQ, 9, &) = = Gn +62,) 


1l’Qpn 


x exp {i(s1a + sra)}ch CRY Fo (8) Yna (8’9’). (26) 


l'p-in 


Integration in (6) and (7) and summation over 
Mj and Mf in (7) are now readily carried out, 
and we obtain finally 


fer 
ou = mk 2) (Cubs; 1,)* he fs ae hee), (27) 
IG 


where C’. are the Clebsch-Gordan coefficients 
and 
(L) UO), OOH iss a 
C= > CrRCin€ 12 rn—0 ’ (28) 
RAT LO 
(L QO Os iE 2 
{P= Sy D) cPecinbire intra che al’, (29) 
k,n|li’Q 
£ a QQ vis8;9 AL 
eRe (2 Ciucine "Crna 
k,n 12 
ee sees ; : 
‘S (a CrRCindi ve were -a)| so 
Wo 


are dimensionless functions. 

The first of these describes the purely Coulomb 
excitation of the nucleus, the second the excitation 
as a result of nuclear interaction, and the third the 
interference between these two processes. We will 
not compute here the nuclear amplitudes b2,, 
however, it is immediately clear that, owing to the 
quasi-classical character of the problem, these 
amplitudes for E = B decay rapidly (exponentially) 
with increasing 1 and Jl’, and therefore the sum- 
mations in (29) and (30) contain only a few terms. 
In (28) the convergence of the summation over 1, 
with k and n fixed, depends inherently on the 
magnitude of the parameter c =k Vv Ql?) and im- 
proves rapidly with increasing k and n. There- 
fore the members of the summation over n decay 
as 1/n® for n>7. For this reason for large 
values of 7 formula (28) is not convenient for the 
practical computation of f, and we shall obtain 
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below another expression for this function. In 
order to determine the phases @j9 of the “radial” 
wave functions we may utilize the quasi-classical 
approximation, which when applied to Eq. (17) 
yields 

sa =(L+y)$ t+ Hint + Ame} 4 


ae SS 2 —/s 
— VY Ain — care sin} 1+ S| 
Ajg—& 


c2(Q2—1) ‘ig 
(9? a ee j 


(31) 


Expression (31) reduces to an elliptic integral. 
However, since we already consider terms of the 
order of B = c7/p? as small quantities, then, to 
compute the phases 07¢Q to the same degree of 
accuracy, we can expand the integrand in (31) in 
powers of c?/p? and use only the first two mem- 
bers of this series. For this case we obtain 


In [77 | Ajo c*] q 


~——> 2 1, 
—V Ainp— c arcsin E + | 
iL 


aS 


sia = (1+) ca 3 


c2 (Ajo+ Q? — 1) 
4h%o 


2. 
peers. We ee aaa — 
Vw+Ajo9 


x | (Bn? a. Ato) 7 —— arc COs Z _— 37 | : (32) 
Ara 


Vn—Ajg 


2. SEMI-CLASSICAL COMPUTATION OF 
FUNCTION f ~) 


The functions f(T) actually depend on two 
dimensionless parameters, 7 and nB. Inview 
of the fact that in many practically important 
cases 7 >>1, it would be interesting to obtain 
a limiting value of this function for n ~ ~© and 
for a set value of 76. It is difficult to make this 
transition to the limit in formula (28) because of 
the complicated character of the relation for the 
coefficients c; and the characteristic values 
AjgQ of Eq. (16) as a function of the parameters 
of this equation. However, from the usual theory 
of Coulomb excitation? it is known that the limit 
for quantum-mechanical expressions for excita- 
tion cross sections at 7 > © coincides with the 
expressions obtained on the assumption of inci- 
dent particles moving in classical trajectories. 
There is reason to believe that this coincidence 
is not connected with the use of perturbation 
theory and that, therefore, we can obtain by 
analogous means the limiting values of function 
£(L), (28), as well. 

Let us, as before, consider conditions (2), 
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(10), and (11) satisfied, and let us look into the 
collision of a charged particle moving in a | 
classical trajectory with an even-even nucleus | 
which is in the ground state (1; =0). The inter- | 
action of a particle with the nucleus is described 1 
by the potential (7). In view of condition (10) we | 
can neglect the effect of the non-central portion 
of the Coulomb potential on the shape of the par- 
ticle trajectory (this signifies neglecting correc- 
tions of the order of 8), while in view of (11) we | 
can neglect all the terms of summation (8) with | 
n = 2. The adiabatic approximation used above is 
equivalent, when using this type of approach, to 
neglecting the kinetic energy of rotation of the nu- 
clear target (because the adiabatic approximation 
signifies formally that the moment of inertia of the: 
nucleus is considered infinite). 

The motion of the nucleus is described there- 
fore by the Schrodinger equation 


ihOW (0,) / Ot = Z,Z,e?r-* (t) QP, [cos 8’ (¢)] ¥ (82) 


with initial conditions W = 1/V 40 for t=-®%, 
Here r(t) and @’(t) are specified time function 
determined by the classical laws of motion of a 
particle in a trajectory. These functions depend 
on the particle scattering angle as a parameter 

(or on the eccentricity of its hyperbolic orbit). The? 
probability of exciting a level with momentum L 
by a particle scattered through an angle @ is equal, 
to 


(33) 


wz (8) = | 2x; (8) | ie (34) 
Me 
where 
4 ae 
Cr, = ate M 5 (8 ¢") 
exp [| Etat] ao. (85) 


In order to compute al,Mr it is convenient to 
use a system of coordinates with an xy plane that 
coincides with the plane of particle motion, and an 
axis x directed along the axis of symmetry for 
the hyperbolic orbit of the incident particle. The 
integral im t in (35) is then expressed through the 
orbital integrals I) and Ig known from the theory 
of Coulomb excitation (their explicit form is given 
in reference 1). To obtain the total excitation 
cross section corresponding to the level with mo- 
mentum L we must multiply (34) by the cross 
section for Rutherford scattering and integrate it 
over” ds. 

Writing down this cross-section in the form 


a, = -naph fe (x), x = 0/2 Ziz.e/ Sey me ae) 


, 
i) 


Ie 


| 
| 


| 


we obtain 
1 
‘L) 4 
fe) == \ B|\ Vim (6 @) 
=] 
Poe as 3 2 arc COS z x 
x exp fixe sin? IF ee (4 _ ype) — cos 2¢ | 
2 
x sin Odidp| ©, (37) 


where z =sin (0/2). Formula (36) refers to the 
excitation of the even-even nucleus (I; = 0); in 
the general case the cross section for the transi- 


| mon |; > I, as can be easily shown, will be 


2 > 
op = Fe DyCihit,, PRD (2). (38) 
Pe 
In accordance with what has been said above we 
can assume that Eq. (38) is the first term of the 
series expansion of the exact expression (28) in 


powers of 1/n [moreover, it differs from (28) by 


a quantity of the order of 8 because it is derived 
with the use of a potential different from (12)]; it 
can be used in (27). The figure shows a plot of the 
functions f (2) and £4). For x <1 these func- 
tions can be conveniently represented as series in 
powers of x; for the functions £2) and f\,’ this 


series has the form 


f (x) = 0.2279x? — 0.015x4 — 0.0056x° +... 
f (x) = 0.00453x4 — 0.000407x° +... 
It is worth noting that functions f _ are the 


even functions, owing to the use of the adiabatic 
approximation. 
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J ; 


aa| 


0 O5 7 MS CG, 


plots of functions Peay (x); 2— hse (x) x 50; 
3—f, (x) by perturbation theory 


In conclusion the author expresses his gratitude 
to K. A. Ter-Martirosyan for proposing the subject 
of the present paper and for helpful discussions. 
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The necessary and sufficient conditions for stability of a flow in a magnetic field have been 
found. It is shown that the critical value of the magnetic field that stabilizes the flow is 
0.1 V)vV4mp where Vj) is the velocity in the center of the channel and p is the fluid density. 


1. INTRODUCTION 


Iw this paper we investigate the stability of flow 

of an ideally- conducting liquid in a longitudinal 
magnetic field with respect to infinitesimally small 
disturbances. We use here the asymptotic method 
of Heisenberg and Lin, the applicability of which 
was proven by Wasow and Tatsumi as well as by the 
agreement with the results of Thomas, obtained with 
a calculating machine. The physical interpretation 
of this method was confirmed in the experiments of 
Schubauer and Skramstad (see reference 1 and the 
literature therein). The inverse limiting case of 
poorly-conducting liquid was considered by Stuart.” 


2. STATEMENT OF THE PROBLEM 


The motion of an incompressible conducting liq- 
uid and of the field in it is described by the equa- 
tions of magnetohydrodynamics 


§|= 


= —VP—~ BxculB + VV; div V = 0: 


2) 
‘ 


dB / dt = (BV)B+2V’B; divB = 0; } =c?/47<, (2.1) 


where v is the kinetic viscosity and o the con- 
ductivity of the liquid. The character of the flow 

is determined by the values of three dimension- 
less parameters: the hydrodynamic Reynolds 
number Rg = VoL/v , the magnetic Reynolds 
number Ry = Vc LN and the Alfven number 
A=B,/Vce V4Tp (Vg is the characteristic veloc- 
ity, Be is the characteristic induction of the mag- 
netic field, and L is the characteristic dimension 
of the flow). 

At the critical values of these parameters the 
flow becomes absolutely unstable, i.e., infinitesi- 
mally small disturbances in the flow start in- 
creasing with time. To find the critical values 
of the parameters, we restrict ourselves to a con- 
sideration of the initial stage of the increase in 
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disturbances, while they are still considerably 
smaller than the corresponding stationary values. } 
We therefore seek all quantities in the form of 
large stationary terms and small disturbing in- 
crements 


V=V,+v, B=B,+b, P=P,+p. (2.2) 
Inserting (2.2) into (2.1) we obtain a system of 

equation for the disturbances. The coefficients of 
this system are independent of the time. Its solu-: 
tions are therefore of the form 


LO) 0) 


where w is determined from the solution of the 
boundary-value problem for the system (2.1) with | 
corresponding boundary conditions. The sign of 
the imaginary part of w determines whether the 
disturbances increase or decrease with time. 

We shall assume henceforth that the speed of 
flow and the field are directed along the x axis 
of a rectangular system of coordinates, and that 
all quantities depend only on z. The solutions 
have therefore the form 


f(r, t) =f (2) exp (— iwt + ik,x + ik,y). (2.3) 


It was shown by Michael® that the most danger- 
ous are two dimensional disturbances with k, = 0. 
Using this, we obtain from (2.1) a sixth-order dif- 
ferential equation for the z component of the 
disturbance of the magnetic field. 

In dimensionless symbols, it has the form 


fi @ 2 3S iw” 
w— =) — A — 
(( k RRy 


— 8 {(w —+)— A ia \o. 


\o. a 2w!(w ae +b: 


_ __ t ((@jde@— Bw (w — w/k) 
yv (& We 4 d? \8 
x Ga #) be| + BRR, (G—) bs (2.4) 
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t 


P 


ie 
fi 


Uz = (W — w/k) bz + (i/RRm) (@/dz® — k*) bz. (2.5) 


The boundary conditions at infinity consist of 


the vanishing of the disturbances of the velocity 


and of the field 
v=0; b=0 for z=+o. 


On solid surfaces we need specify only the 


| vanishing of the velocity disturbance 


V ==10.for. 2-245: (2.6) 


The magnitude of the field disturbance on a 
solid surface depends on the material of the solid. 
On a wall made of material with » ~ 1 and acon- 


: ductivity ob, the boundary condition has the follow- 
ing form 


bz [bz == -k(B —iw4no, LV o/c?) forz=-+1. (2.7) 


It is obtained by joining the solution of the magneto- 


_ hydrodynamic equations inside the flow with the 
' solution of Maxwell’s equation inside a thick wall. 


Thus, the problem has been reduced to the de- 
termination of the eigenvalues of w from the sol- 


ution of the non-self-adjoint differential equation 


(2.4) with boundary conditions (2.6) and (2.7). 


3. SUFFICIENT CONDITIONS OF STABILITY 


For a well conducting liquid, Ry, >>1. In most 
problems of practical interest the instability can 
be expected only at Rg >> 1. Therefore all the 
terms in the right half of Eq. (2.4) are preceded by 
small parameters. However, it is dangerous 
merely to discard these terms, for this reduces 
the order of the differential equation and raises 
the paradox of vanishing dissipation.! 

As is known, the dissipation is important not 
only in the thin boundary layer near the walls, 
where it is necessary to satisfy a larger number 
of boundary conditions than there are solutions for 
the “ideal” equation, but also near the singular 
points of this equation, obtained from Eq. (2.4) by 
going to the limits Rg > © and Ri) wc eAtithe 
point z)(w =w/k). phase resonance occurs be- 


tween the disturbances and the flow, and at points 


z, and z resonance occurs between the disturb- 
ances and the local Alfven wave. 
However, as will be shown below, a strong mag- 


netic field prevents such a resonance. Therefore 
in a strong magnetic field there should be no van- 
ishing-dissipation paradox and the liquid can be 
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where k=ky and w=V)/Vce. The z component 
of the velocity disturbance is connected with the 


Z component of the disturbance of the magnetic 
field by the following relation 
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considered as ideal. Eq. (2.4) now becomes 
d 5 d 
zz |[@—ot? — A | be 
— Rk? [(w — w/k)? — A?]6,=0 (3.1) 


with boundary conditions by, = 0 onthe walls. If 
the characteristic velocity of flow is taken to be 
at a maximum, Ve = max Vo, then .0<w <1. 
Let us multiply (3.1) by b% and integrate be- 
tween the walls. Integrating by parts, we obtain 
2b, 
0; \ (w—o,/k) (6/27 +R 
2 by, 


OA idgezanl: (3.2) 
Zibin 

\ [(w — @,/k)? — A? — w2/k?] (| 6, |? + k?| 6, |?) dz=0, (3.24) 
252 

where W =W,,+i0j;. 

It follows from (3.2) that for disturbances that 
increase with time to exist it is necessary that the 
phase velocity of the disturbances coincide with 
the local velocity of the flow somewhere inside 
this flow. Therefore 


Oi Oe (3.3) 


Analogously, we obtain from (3.2a) 
w/k? < max (w — o,/k)? — A? << 1 — A?. 


This leads to the sufficient condition for the sta- 
bility of flow: 


Atk: (3.4) 


In this case resonant points z, and Zz) are outside 
the flow. For disturbances that increase with time 
to exist, it is apparently necessary that all three 
resonant points be present. 

As expected, a strong field (A >1) stabilizes 
the flow no matter what the velocity of distribution. 
However, the critical value of the Alfven number 
Acy» depends on the profile, particularly on whether 
this profile has a point of inflection, which deter- 
mines the stability of flow of a non viscous liquid. 


4. ASYMPTOTIC METHOD OF SOLUTION 


We confine ourselves to an examination of mon- 
otonic distributions, symmetrical with respect to 
the point z=0, of the speed of flow between solid 
surfaces at adistance 2L apart (at z=+1, 
where z is a dimensionless vertical coordinate) . 

Equation (2.4) is now symmetrical with respect 
to the point z= 0. Its solutions therefore break up 
into a group of symmetrical and a group of anti- 
symmetrical solutions, bz and bz. We confine 
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ourselves to an examination of the symmetrical 
disturbances, which have a smaller number of 


zeros and lead to instability at lower values of Rg. 


By solving the boundary-value problem we can 
obtain w; as a function of the parameters k, Rp, 
Rg» and A, The equation w; = 0 determines the 
critical surface that separates the stability region 
from the instability region. To obtain this equation 
we put wj; = 0 inthe original equations, i.e., we 
consider neutral disturbances. 

It is obvious that the region of instability is 
bounded on the side of large k, since short-wave 
disturbances bend very strongly the lines of force 
and are, furthermore, attenuated by dissipation. 
This region is also bounded on the side of small 
Rg, since the field apparently cannot lead to a 
reduction in the critical value of this number. 

Such limitations cannot be established for Ry, 
and A, since they determine the influence of the 
field only in conjunction with each other. When 
Rm < 1 the role of electromagnetic retarding 
force, as shown by Stuart,” is determined by the 
product RA’, and when Ry >> 1, as we have 
seen, the flow is stable for A> 1. 

Using these limitations, we seek approximate 
solutions of Eq. (2.4) in the form of asymptotic 
series in powers of the small parameters 1/kRg 
and 1/kRy: 


b, (2) = >) 82; », n(RRm)—" (kRe)? 


For the zero approximation we obtain the 
Begins aa. 2 


{wo — elk — AP] Igz bao.o} 


— k? {(w — w/k)? — A} bz, 0, 9 = 9. (4.1) 


We seek a solution of this equation in the form 
of a convergent series in powers of k® (we shall 
henceforth drop the index z): 


be x gtk", ba = >) qrk? (4.2) 
n=0 
where 
z d Zz 
rae = lee eee A2 \(@—ofey wy Tx de, (4.3) 
0 0 
ioe re dz 
ee i at (4.4) 
0 


+ 
Thus, boy & 1 + k’q{. We shall call the solution 
bo) “ideal” and denote it by byq- The four other 
linearly-independent solutions will be sought in the 
form 


b,= exp { \ g (2) dz\, (4.6 


VERm oot 1 + o2/VRRm +O (1/RRm). 


For gy(z) we obtain the expression 


g (2) = 


g= > (w— ok) 


i 1— o/R)2 R Y/g | 
4[—eaolit 5 Fe wot)? — 49] (4 


Away from the points z=Z) and Z2=Z, 22, 
have when Ry/Rg >> 1 

4 i 
V ER, I 


&0;3,4 = 


Ry (w — ofk)* — a 


w— w/k 


Lo56= tViw—ofk). (4.29 


The asymptotic expressions (4.8) and (4.9) are 
poor near the points z = Zp, Z1, and Z. Approxi- | 
mate solutions near these points can be obtained, 
as in the WKB method, by expanding the coefficier 
of Eq. (2.4) in a series about the resonance pointss 
and by stretching the scale, so as to retain only — 
the essential terms. For this purpose we make © 
the change of variable ) 


Z— 2p =e, 
where 
e8 = — e-Sinl2 Qu’ kR,, w, = w (2p), 
n= —iV— 2w i kRg (2 — Zp). 


Inserting this new variable into Eq. (2.4) and put-- 
ting Rm =@ inthe same equation, we obtain, 
with accuracy to €, 


se (tbo + 65) = 0. (4.13) 


This equation has the following solutions: 
br =1+0(2); be = \ Sim Clan) V9 dn, 
bos = \ Ay (4) an, 
boa = \ hy (x) da, 


(4.144 


where h is the Airy function (see reference 4) 
and S is the Lommel function (see reference 5). 

The region of applicability of these asymptotic 
expressions differs from the region of applicabil-_ | 
ity of expressions (4.8) and (4.9), for these are 
valid for fixed n and kRe —~, while (4.8) and 
(4.9) are valid for fixed z and KR, > och, 

Away from the resonant points, the asymptotic 
representation of (4.15) and (4.16) coincides with 
(4.8), for in the sector 


— 7/6 < arg’ < 7n/6 (4.17) 


FIG. 1. Critical points on the 
velocity profile. 


j ak wD 


we have (see reference 4) 
bos (0) = 0" exp (7/ge—fr/4 CA JI 4. O (EA), 


C= (— 2WkRg)* (2 — 2p). (4.18) 


We thus have obtained asymptotic expressions 
for the linearly-independent solutions of Eq. (2.4). 
However, the resonant points are branch points of 
these functions. 
| Therefore, for neutral disturbances, it is nec- 
‘essary to find the correct path around the branch 
‘point. For disturbances that increase with time, 
‘the asymptotic expression for solutions (4.4), (4.8), 
and (4.9) has no singularities. If one considers a 
neutral disturbance as the limiting case of an in- 
creasing disturbances as wj— 0, this corresponds 
to going around the singular points in the complex 
z plane from above, since upon passing through the 
point w = w; /k, the argument w = wy /k— iwj/k 
(where w,; > 0) changes by —m (see Fig. 1). Ifa 
neutral disturbances are considered as the limiting 
case of an attenuating disturbance, the phase 
changes by 7. This paradox was resolved by Landau 
and Wasow. Landau® solved the initial-condition 
problem in an analogous case with the aid of a uni- 
lateral Laplace transformation, while Wasow’ in- 
vestigated the problem with allowance for dissipa- 
tion. It was found in both cases that one must go 
around the resonant points from the w; > 0 side. 
The same can be concluded from the condition 
(4.17), for when it is satisfied the four linearly-in- 
dependent solutions of Eq. (4.13) go into two “ideal” 
solutions and two rapidly fluctuating ones. 

As seen in Sec. 2, for neutral or increasing 
disturbances to exist it is necessary, apparently, 


PLANE POTSEUILUE FLOW OF AN IDEALLY CONTINUING FLUID 


851 


that all three resonant points be located inside the 
flow. Therefore the point z, should be located 
near the wall. A numerical calculation for z, > 1 
also discloses no neutral disturbances. 

Since arg (w — w/k), arg(w —w/k — A), and 
arg(w — w/k+A) change by —7 in going about 
the resonant points, the real part of (4.7) does not 
reverse its sign. Therefore the solutions by, and 
bog increase exponentially from the wall inside the 
flow, and their contribution to the symmetrical 
combinations a4 bo3 + aghog and czbo5 + Cybyg is 
negligible near the wall. The point z is separated 
from the boundary by a finite distance, and one can 
use for bos the expression 

bos = exp {\ gos dz}. (4.19) 
On an ideally conducting wall, the boundary con- 


ditions for b are of the form 
=0; b'=0; ioRmb’ +6" =0. (4.20) 


Inserting (4.4), (4.15), and (4.19) into (4.20), and 
neglecting Ry/ Rm compared with unity, we obtain 
the dispersion equation 


O4,/ 04 = (bos / bos) {1 + (6f4 /B 34) i@Rm}- (4.21) 
When Ry = (4.21) becomes 


O51 Big = O05 / bos. (4.22) 


5. STABILITY OF PLANE FLOW FOR Ry = 


The right half of Eq. (4.22) is expressed in 
terms of the Airy function h, (0 — ig): 


C 
j hy (O—i€) dl 
bos —oo 


a 2 ee a 


= O(¢). (5.1) 
The function @(f£) is calculated by numerical 
integration and is shown in Table I and Fig. 2. It 
is important that the imaginary part of this func- 
tion has a maximum equal to 0.387 at ¢ & 2.4, 
and tends to zero when £— 1.5 and ¢—~». This 
behavior of Im(¢) results in two branches of 


TABLE I. The function (2) 


c | Re © (6) | Im  (¢) c Re ® (£) Im  (¢) 
1.4 1.054 —0.03784 2,8 0, 2316 0,3373 
1.6 0.9677 0.09275 3.0 0.1644 0.2926 
1.8 0.8476 0.2125 3,2 0.1190 0, 2470 
2.0 0,7195 0.3082 3.4 0.09002 0.2049 
2.2 0,5789 0,3683 3,6 0.07436 0.1678 
2.3 0,5087 0,3822 3.8 0.06408 0.1393 
2.4 0,4421 0.3874 4.0 0.06026 0.1164 
2.0 0.3803 0.33835 4.2 0.05917 0,.09858 
2.6 0,3241 0.3727 
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FIG. 2. The func- 
tion © (Z). 
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the neutral curve. Asymptotically, when £—-~%, 


i Graces = c a ®/ea + 2i)]. 


O (6) woe AT (5.2) 


The imaginary part of the “ideal” solution b}y 
equals the sum of the half residues at the resonant 
points z, and z . When going around these points, 
art(w — w/k+ A) changes by —7. Therefore 


—-\ [(w — w / k)? — (5.3) 


w 


— A?] dz}. 
‘ 
It follows from Sec. 2 that the neutral disturbances 
are possible only when A < 1. Therefore Eq. 

(5.3) can be calculated approximately by expanding 


it in a series* in powers of A: 


. “is By '2 wo 
Die aa | ee At ray, 
(C0) (2) 


H, = \ w—o/k)? dz, (5.4) 
6 
where 
12 0,0, 20 w,? 20D bw 26 
Py = "5 1 ‘6 A, 3 ‘A 9 5 ve: 
an oT ot oe a 


The derivative of the symmetrical solution is 


Re ° 


F b= waar | {(w — w/ k)’ — A®} de. 
0 


(5.5) 
Let us consider disturbances arising in a thin 
layer near the wall, i.e., let us put 1 — zy << 1, 
which is not a limitation, since it follows from 
(5.6) that actually the distance between this point 
and the wall is always small. This permits us to 
express the critical values of the parameters in 


*Actually, it follows from the results [see (5.10)] that 
Ac; © 1/10. 
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terms of the flow characteristics near the wall. 
Inserting (5.4), (5.5), and (5.3) into (4.22) and 
considering that 


(lL—24)~—(o/k —A)/w,; (w, =v’ (1), (5.5aff 


we get 
RW wii + (w, "] @, —3w? jw? ee +) 


eae H 
w; b 


=Im @ (¢). (5.6 ey 
The left half of (5.6) increases with Be | 
w/k, i.e., with decreasing z,, provided 


(wiw, — 3wi?)/wt <0. 


This condition is satisfied for convex profiles 
of the Poiseuille-flow type. Therefore, tthe left 
half of (5.6) has a minimum at z;=1 and equals | 

— (2rA/w?) [wy | 
+ A (wy /wi, — 3 02/1. (5.34 


If (5.8) is greater than max Im @(¢) = 0.387, 
the flow is stable. From this condition it is pos- ff 
sible to determine the critical Alfven number 

Ag = — 8.120, /we 
[66 + 48.7/Hy) we /we 


16 2H ew, fey. (5. 
b 


Teor" lec | wy? /wt* |, we obtain from (5.9) 


Ag = — (8.12 + V66 + 48.7/ Ay) oy /we 


~=— 210, /@,; 


1 
since Hj, = f (w - w/k)2dz~ ue . Finally 
0 


Acer = — 0.05 we /w,. 


For a Poiseuille flow, it follows from (5.10) that 


(5.10a) | 


Ace = — 20.6.0, /we = 10. 
A more exact numerical calculation given in Sec. 6] 
yields a value 9.8. 

The smaller the critical magnetic Alfven num- 
ber, the stronger the stabilizing influence of the 
field. It therefore follows from (5.10) that the 
greater the curvature of the profile, the more 
stable the flow and the less the field required for 
its stabilization. For example, when Poiseuille 
flow is established, the profile at the inlet of the 
tube is almost exponential near the wall, 
| w/w’? |~ 1, and the critical Alfven number 
is half that of a steady-state parabolic profile. 

If A < Aey, then the flow is unstable when 
Rg > Re (A). The curve of neutral stability 
k (Re) for flow in a field has a different asymp- 


| 
| 


sotic value than without the field, since the “ideal” 
solution has no solutions with k =0 and w/k =A. 
Since Im€(¢) is a function with a maximum, 
|Eq. (5.6) has two solutions for A < Bey f= oy 
or ¢). The left half of Eq. (5.6) is bounded from 
below. eae E> oy >) fo > 10 and (1 —z,) 
~ (kRe)~ -Y3 ; , the resonant point z is lo- 
cated at all cite within a viscous layer near the 
wall. To find analytically the asymptote of the 
rel: -stability curve, we note that in the term 
~ In(1 — z,) in the expression for Rebt iq near 


The wall is particularly large. Therefore 
, H 
Re bh~ at ee et In(l— a), 


(1 — 2) ~ exp (2 wi, A/ FH}. (5.11) 


Since ¢ ‘is finite, we have 
R, = — © /2kw, (1 —%)? ~ exp {— 6 w,,.A/RHp}. (5.12) 


For Poiseuille flow H~ 8/15 and Rg ~ 
exp (22.3 Ak™). 

The critical Reynolds number is determined by 
the point where the two branches merge. The 
phase velocity w/k of such “critical” disturbances 
is determined from (5.6), Im@(z¢) = 0.387 where 
on the right side. The corresponding value of the 
wave number k is determined from Eqs. (4.22), 
(4.4), (5.1) and (5.5a) for ¢~ 2.4 


G+ eRe ea tirml ((o—4)— #}4) 
Saas ae (5.13) 


The integral in (5.13) can be found approximately 
by using the transformation 


1=\eaotipae \e-4)-“}e 


(w— o/h)? — A? 
0 
1 1 


=| eaotipae \[e—FT— 41 
0 


1 1 
pee ae Dende ea Sas (5 14 
—\ sate | {(e- Sy fe 6149 
0 2 
Since w/k < 1, the internal integral in the sec- 
ond term is small in the vicinity of the poles of the 
integrand. Therefore 


‘1 
dz 
tee eae 
0 
ees ae PIE ES) (5115) 
2w, o/k—A—4A/w, 
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k=+V—H,/o, 


o/k—A 
o/k—A(1+4/w,) 


0,44 —/, 
Paves, . (5.16) 


In spite of the fact that k depends on the differ- 
ence of the small quantities w/k and A, the ac- 
curacy of the expression is not bad, since this 
dependence is logarithmic. 

Using these expressions, it is possible to obtain 
from (4.18a), with accuracy to within the order of 
magnitude, the critical hydrodynamic Reynolds 
number 


ai 
x {pain 


3 
Cer 


cr 
Ri —2wik(1—2)? 


13,8 w? const 
cre A)? ‘ 


OS 5,17, 
Talat a TE ( ) 
We note that one cannot put A =0 in any of the 
resultant expressions, for in this case the singular 
points will merge into one and the expansion in the 
vicinity of z, loses its meaning [see (4.13)]. 


6. STABILITY OF THE POISEUILLE FLOW. 


NUMERICAL METHOD 


In conclusion let us give the results of the cal- 
culation of the stability of a parabolic velocity pro- 
file. In this case 


2 tA 2+A 
oe 2 4 -4(4 1 =) is Rona o 
a= ite A 15 “0 5 In z?— 22 A 2 A 


Inserting this expression into (4.21), we obtain 


= {Re @ (C) —Im @ (€) 5} 
id 


+ i {Im @ (6) + Re ® (€) 5}, (6.2) 
where 
. L 24324922 A? 4543 A? 
~ RR \ (4-2) 1— aa)? (t + a)? (1 — 22 + A)? 
pit gp 
z—222/3— A Tee 
and ze is the coordinate of the mean resonant 


layer w= w/k. This equatlon was solved nu- 
merically for kR, = °, 10°; 10'S and) 2 10% 
The neutral curve for A= 0.08 and kRy =© 
is given in Table II and in Fig. 3. Table II and 
Fig. 3 contain the neutral curve for kRm = 108 
and the initial portions of the neutral curves for 
kRm =10' and 2x 10°. It is seen that as kR,, 
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TABLE II TABLE III 


Neutral curve at A= 0.08, Neutral curve at A = 0.08 


kRm ee) 2 he Re he | Re ] 
First branch Second branch 
ze RR = 108 
1/ 1 5 x 
: Ls Re Be Re 0.918 | 0.426 | 2210 | 0.129 | 2520 
0.915 | 0.486 | 880 | 0.208 | 1185 
0.910 | 0.222} 330 | 0.258] 462 
0.919 | 0.430 | 3460 | 0.445 | 5230 0°905 | 0.255 | 214 | 0.299] 293 
0.918 | 0.148 | 1700 | 0.168 | 2550 0.900 | 0.286 | 159 | 0.834] 244 
0.915 | 0.183 | 663 | 0.240] 974 0.895 | 0.316 | 128 | 0.365] 164 
0.910 | 0.222 325 0,260 445 0.890 | 0.364 407 0.394 434 if 
0.905 | 0.255 | 214 | 0,299 | 293 0.885 | 0.380] 92.4] 0.420] 108 1 
0.900 | 0,286 | 159 0.334 214 0.880 | 0.400 84.4] 0.439 90.2 
0.895 | 0.316 | 128 | 0,365 | 164 ens 1 
0,890 | 0.346 | 107 | 0.394] 434 Rn = L 
0.885 | 0.380 | 92,1} 0.420 | 108 0.880 | 0.393 | 86.6] 0.402 89.3 
0.880 | 0,400 | 84,4] 0,439 90,2 aR, = 2-108 
0.890 | 0,334 113 | 0,365 | 129 


(GY) KF 
800 


KR eM 


03 


60 700 750 200 250 500 FIG. 4. Dependence of RS 


FIG. 3. A neutral curve at A= 0.08, kRy, =~. and of the wave number of 
critical disturbances on A. 
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decreases, the critical hydrodynamic Reynolds 
number increases. It is impossible to trace the 
reduction in the stabilizing influence of the field, 
owing to the limitations of the method. 

The dependence of RG and of the wave num- 
ber k of the critical disturbances on the Alfven 
number A is given in Table IV and in Fig. 4. The 


critical value of the Alfren number is 0.102, i.e., The field necessary for stabilization depends ov 
to stabilize the flow it is sufficient to have the specific type of the velocity profile. The resul 


GQ 002 004 006 008 Of 


Be>V. V 4m 0.102 ~ 0.36 Vs. of this work and of earlier research on stability 

are given below. 

CON GUUSIONS Arbitrary form of velocity profile A=1 | 
Tangential discontinuity of | 

An analysis of infinitesimally small disturbances magnitude Vy (reference 8) A= hs | 

of plane flow in a magnetic field shows therefore Convex profile with maximum | 

that in the case of ideal conductivity of the liquid it velocity Vo A = (wh)?/20| wp | 

is sufficient, to stabilize any flow, to have A > 1, 

ie., BY/8r = pVv2/2. Poiseuille flow Ae Qt 


TABLE IV. Dependence of Re and of the wave number of 


critical disturbances on A 
— ee 
po» | 


(éct)"* A ze | 2 | (ast) 


0,00 1.0845 17.45[}] 0,06 0,8608 | 0,5502 41 ,92 
0,02 0,8266 | 0.7162 20,58 0.08 0.8784 | 0,4429 83.04 
0.04 0,8438 | 0,8352 | 27.78 0.10 0.8956 | 0,2389 | 873.7 


}\ 
i) 


1 The difference in the magnitude of the stabiliz- 
ling field is due to the fact that in flow with a tan- 
gential discontinuity the disturbances arise inside 
the entire layer, which is approximately replaced 
by the discontinuity, where the total velocity gradi- 
jent is effective. In the case of a profile with an 
{inflection or a kink, the disturbances arise between 
\the point of inflection and the wall, and in the case 

| of a convex profile they arise in the thin layer near 
|the latter. Therefore the field need merely sup- 
|press the tesla nality in this layer. If we insert in 
|the Syrovatskii® criterion, instead of the magnitude 
| of the discontinuity, the speed of the extreme reso- 
nant layer for critical disturbances ze = 0.8, 

|w/k + A~ 0.2, we obtain for Af). exactly the 

| critical value 


“ Veminy 1 BS 
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A method is proposed for an estimate of the effect of impurities on the parameters of transi- 
tion-metal x-ray emission spectra. The method is applied to the case of dilute alpha-solid 


solutions with iron as the base. 


SysTEMATIC investigations carried out over the 
last few years for the study of dilute solid solutions 
with transition-group metals as a base have shown 
that a considerable influence is exerted by small 
impurities (of the order of 0.01 to 0.1% atomic) on 
some of the physical properties of these solutions. 
This influence is evidenced by changes in the x-ray 
emission and absorption spectra parameters, in the 
optical constants, in the diffusion coefficients, in 
the coefficient of linear expansion, in the electrical 
resistivity, etc. 

A study of experimental data and a theoretical 
investigation of the subject have led us to a model 
of a physical mechanism describing the action of 
impurities on the electron energy spectrum for 
the transition metals and on the interatomic bind- 
ing forces in theee metals.'*? We examine in the 
present paper the possibility of applying this model 
to a quantitative estimate of the wavelength changes 
in the emitted x-ray spectra. 

The model can be described as follows. 

Upon entering a metal, an impurity of substitu- 
tion (or inclusion) loses its outer (valence) elec- 
trons, which are distributed in the conduction 
band of the base metal. The resultant positive 
charge on the impurity ion may be either greater 
or less than the positive charge on the remaining 
atomic cores, i.e., the impurity in the metal will 
possess an excess positive or negative charge. 

It turns out that the perturbing potential of this 
excess charge is active only with a finite radius, 
because of the shielding effect provided by the 
conduction electrons. The effective radius ofthe 
excitation potential comprises only a few coordi- 
nation spheres around each impurity atom. The 
resultant polarization interaction leads to a dis- 
tortion of the electron shells of the base-metal 
cores. In transition metals this effect also in- 
fluences the defective (not fully built up) nd or 
nf shell. Since the corresponding energy band 
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overlaps the conduction band, an equilization of 
electron energies takes place about the Fermi 
level, i.e., in the immediate vicinity of the im- 
purity, electrons pass from the defective shell 
into the conduction band (or vice versa, depend- 
ing on the sign of the excess charge of the im- 
purity). Thus, in the vicinity of the impurity, the 
effective charge of the base-metal core changes, 
which is equivalent to the appearance of induced 
excess charges on these cores. These excess 
charges are always opposite in sign to the charge 
of the basic impurity. Therefore, an additional 
(polar) bond arises between the basic impurity 
and the surrounding cores. Thus, distinct re- 
inforcement blocks appear and remain until thé 
impurity concentration reaches a value such that 
the impurities develop strong interactions among 
themselves. 

In Gurov’s work? an investigation was made of 
the degree of validity of such a model and the 
limits within which it could be applied. It was 
shown that the model holds for those cases when 
an approximation of strongly bound electrons 
holds. The concepts thus developed are therefore 
applicable to all electrons of the atomic core in- 
cluding electrons of the “defective” shell, whereas 
if applied to the conduction electrons, they can 
cause considerable discrepancies. 

Gurov? also showed that if the potential for the 
excess charge of the impurity drops off rapidly 
with distance and changes very little at distances 
on the order of the radius of the first coordination 
sphere (that is, practically constant over a range 
on the order of the dimensions of the core), then, 
the local deformation of the electron spectrum 
(isolated at each site) can be conveniently described 
by the “rigid band” approximation,‘ according to 
which 


AE = —eW (r), (1) 


| 
| cise form see reference 6) 


fk 
|where W is the potential of the excess impurity 
charge, e the absolute charge of the electron, and 
|r the distance from the core of interest to the im- 
| purity. It is common practice to express W(r), 


| after Mott,° in the following form (for a more pre- 


W (r) = — (Ze/r)e-" (2) 


| where Ze is the excess charge. 


On the basis of the concepts described above 


| and Moseley’s law we can make an approximate 

) evaluation of the influence of the impurities on the 
) X-ray spectra of the transition metals. To illus- 

| trate how this evaluation is carried out, we exa- 

} mine the line shift of the x-ray emission spectrum 
| of iron in dilute qa-solid solution from the posi- 

| tions in the spectrum of pure q-iron. 


We can consider the position of the Fermi level 


| fixed for small impurity concentrations. For this 


case the change in effective charge takes place as 
a result of the “local deformation” of the 3d band 
and because of a corresponding leakage of electrons 
from the 4s band into the 3d band (or the re- 
verse, as determined by the sign of the excess im- 
purity charge). Thus, the mean change of effective 
charge, A Ze, per atom of the system is equal to 
the total change of effective charge in one block 
multiplied by the number of blocks, Nimp: for a 
given atomic concentration of impurity, c, and 
divided by the total number of atoms in the system, 
N(c = 100 Nimp/N). For an approximate compu- 
tation, in view of the rapid falling off of potential 
of the excess impurity charge, the order of mag- 
nitude of the total change in effective charge in the 
block can be determined from the change of ef- 
fective charge on the atomic cores situated on the 
first coordination sphere around the impurity. 
Therefore 


IM ecces 
N 


\ é tpt; Epo Er)} dt 
layer 
me. 10.01 ce \ AEp (00 /OE)e, a 
layer 
= }0.01 cNe?W (Rp) n°, (Er) \ Idsa(r, Er) i)? dt 
layer 


N, exp (— 9Rz) 
Ss mee ae a Bed (Er), 


| AZe! =| 


= 0,01 ce?| Z| (3) 
where faq and P34 are the densities of the 3d 
electrons respectively in the dilute solid solution 
and in the pure metal, ngq (EF) is the density 
(per atom) of the levels at the Fermi surface in 
the 3d band of the pure metal, N, is the number 
of atomic cores on the first coordination sphere, 
and R, is the radius of this sphere (for qa-iron, 
Ny = 8, Ry = 2.4 Xx 10° cm). The integration is 
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taken over a monatomic spherical layer which en- 
compasses the atomic cores on the first coordi- 
nation sphere; the transformations take into ac- 


count the fact that in the approximation of strongly 
bound electrons 


| IYoa(r, Er) [Pde Me / WN; 


layer 


(4) 


the parameter q is connected with the effective 
radius of the blocks and may be approximated with 
the aid of the Friedel’ scheme, or else empiric- 
ally’® from the position of the extremal points of 
the concentration curves for the diffusion coeffi- 
cient or for the linear thermal expansion coeffi- 
cient.?!° The concentration corresponding to the 
extremal point determines the concentration of 
impurity at which “dense packing” of the blocks 
takes place. This determines in turn the radius 

of a block and hence the parameter q. The the- 
oretical and empirical values are of the same order 
of magnitude (q=0.5 to 1.0x 10° cm). Es- 
timates of the concentration that yields optimal 
action of impurities (c = 0.1% atomic) , computed 
by this formula, lead to the following magnitude 
for the change of effective charge 


[AN Ze)| =A 10F4)| Ze, (5) 
(the density of levels in the 3d band at the Fermi 
surface in a-iron is taken from the Landolt-Bern- 
stein tables: nq (Ep) = 7x 10!! erg). 

We now estimate the change in the lines of the 
x-ray emission spectrum for iron. Let us take 
as the excess charge of the impurity a quantity 
on the order of unity (here and in all that follows, 
everything is expressed in units of electron charge) 
i.e., according to formula (5), |AZ| = 107°. 

The entire computation is carried out by means 
of Moseley’s law in the following manner. We 
write Moseley’s law in the form 


v/R=const-(Zaue — 9)’, (6) 


where Zyy, is the absolute nuclear charge and 
o is the shielding constant 


= D> )Bizs, (7) 


where each term indicates the contribution of a 
particular electron shell to the shielding (z, is 
the charge of the corresponding electron shell). 
Evidently 


A (v/R) = —const+2 (Z nue — 9) Ac (8) 


or 


Ay fy = —2Ac/(Znuc — ). (9) 
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Let us estimate the value of Ao. For the gen- 
eral case we have 


Ac = >) BeAz, + )2sABs. (10) 


A change in the charge of any one electron shell 
causes all the Bg to change, i.e. ABg = 
F(Az,, Az ,...) for any s. Moreover, it is 
evident that upon change in sign of any one AZj 
the signs of all the ABg change, i.e., the F(A Z;) 
curves have inflection points at Az; = 0. There- 
fore, if we expand AB, in powers of Az; the 
series will start with the (Az)? term. For this 
reason we can neglect allthe ABs if Azj <<1. 
On the other hand, the terms which have been 
dropped become the dominant ones for Az; = 1. 
In the scheme that we have investigated, the 
charge changes only inthe 3d-shell, and |Azgq | 
~ 107 <<1, so that 


Ac = Bygh2sa- (11) 


The coefficient Bgq is determined by Sommer- 
feld’s formula’ 


Bsa = Qn/ 4, (12) 


where a, is the radius of the electron shell, with 
respect to which the screening is under consider- 
ation, and a is the atomic radius. 

Let us investigate, for example, the shift of the 
ep iron line (the 1s—3p transition). Here the 


determining quantity (of greater magnitude) will 
be ag,, so that we must determine the radius of 
the 3p shell. This quantity can be found in the 
Landolt-Bernstein tables for a free iron atom (the 
radius of inner shells changes insignificantly for 
transitions in the metallic state). This radius is 
equal to agp = 0.2 x 10° em (overestimated). 
For the atomic core of a-iron (metal), we find 
from the same tables a = 0.4 1078 cm, so that 


Beg 10s: | Ac| = Bgq| Azgq | = 107%. (13) 


It follows from the above that the estimated re- 
lative displacement of the Kp line is (bearing 
1 


tory Alloys), Vol. I, U.S.S.R. Acad. Sci. Press, 


in mind the fact that (Z, — 7) = 20) 
jAv/v| =|—2Ao/(Zaue— 9) |= 10°. (14) | 
Experimental data show a displacement of Av = 


0.7 ev for v =7X 10% ev, i.e., of the same order || 
of magnitude. 
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theory is necessary for a unified description of 
physical fields, of the interactions between them, 
- and of the structure of particles .1~3 At the present 
time, the only widely accepted version of the theory 
is Einstein’s theory of the gravitational field, which 
may turn out to be a consequence of a more funda- 
mental unified theory of matter. However, non- 
linear effects can also be analogous to a quantum- 
mechanical vacuum.*?? In lowest order of pertur- 
bation theory, the corresponding non-linear vacuum 
Lagrangians give effects which are known in high 
orders for the linear theory. In this connection, it 
should be emphasized that there is a fundamental 
difference between “bare” and vacuum nonlineari- 
ties. Both types of nonlinearity are serious ob- 
stacles to the realization of second-quantization 
program.°?? Hence it becomes necessary either 
to develop new methods for second quantization, 
or to use known approximate methods which are 
useful in the theory of interacting fields.® 
Leaving aside for the time being the unified 
field program, we will consider here interacting 
gravitational and scalar fields, and compare the 
bare and vacuum nonlinearities. The authors of 
an earlier work? tried adding a linear vacuum term 
to £.; they also used an unusual Lagrangian for 
the scalar field £.,. In calculating concrete ef- 
fects, we use the interaction representation (as 
does Gupta’), but do not use tetrapods’? but follow 
instead reference 11 in determining £, and vari- 
ous physical quantities. Following Piir,!? we do 
not consider y= Opp yHY to be independent 
we bear in mind the expansion 


3 
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Second-quantization theory leads to a new interaction between gravitons through the virtual 
quanta of other fields. For the case of a scalar field in a slowly changing metric, a vacuum 
cosmological term arises, and can be obtained using Schwinger’s method. This can be used 
to evaluate an additional scattering of gravitons by a Schwarzschild field in a scalar particle 
vacuum. For low-energy gravitons, the effect is comparable with the nonlinear effect in the 
classical theory. 
1. INTRODUCTION V—ggr =o — ky, (1) 
Tue ideas of nonlinear field theory are gaining WRete 1D Ces a URIs Deseo ea ee 
an ever increasing acceptance in physics. This k=V2x=V165G/e =6.1-10- cm”. g—” (2) 


G being Newton’s gravitation constant). In the 
following we use, in addition to cgs units, natural 
ones (c =1,f =1). 

In the usual formalism for second quantization, 
in the interaction representation, ® the field La- 
grangians and other physical quantities are ex- 
panded in power series with respect to the constant 
k; only orders higher than the first are of interest 
tous. The Lagrangian {£, for the gravitational 
field was expanded in reference 14; the first few 
terms of £6¢ are 


Loo = ln V— 8 (BP, 2 — PG”) 
fo (8 pry =) ke Aare — “fo ee) 
+ k2m?¢? (*/s Hat wants: "He YX) +O (R?). (3) 


Since, in the interaction representation, the com- 
mutation relations are taken in the (linear) free- 
field approximation, they agree for the scalar 
(meson) field with those derived in reference 13. 
For the gravitational field they are 


~ ) 
[> (k), oo a) a (S762 a ge 8’*8°°) d(k—1) (4) 


which is in accord with the form of the canonical 
energy-momentum quasi-tensor.'! It is not diffi- 
cult to verify that the spin of the gravitational 
field is two (we could equally well take the non- 
antisymmetrized spin of reference 11). Starting 
from a non-covariant Lagrangian for gravity,” 
Piir also obtained the relations (4). 
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2. THE VACUUM NON-LINEAR TERM IN Lo 
(SCHWINGER’S METHOD) 


In this section we obtain a vacuum correction 
(analogous to a cosmological term) to the La- 
grangian of the gravitational field, i.e., we con- 
sider stationary fields only. This will give an 
interpretation of further conclusions to be drawn 
about cross sections. 

Variation of the gyp in the action integral, 
constructed with the exact Lagrangian (3), gives 


i Bil fe, Serr eee Be 
8W se = z\ (dx) | ( ag —o 
+ mV —B)D' ew) | (6) 


Introducing the notation 
D = V—g(g**d/dx20x° + m?) (6) 


this expression can be written in the form 


SW =7°\ ds-s-! Sp exp(— is D). (7) 
0 
We have used kere the following property of Green’s 
functions: 


D D* (x —y) =3(x—y). (8) 


It should be noted that the 6 function defined in 
this way should be a scalar density, which is in ac- 
cord with invariance of the integral. In this way 
we are led to the assumption that the matrix ele- 
ments 


(x’ | exp (— ¢D s) |x") = (x(s)’ | x (0)"), (9) 


are scalar densities. According to the total dif- 
ferential (7), they enter into the vacuum Lagrangian 
of the gravitational field in the form 


foe} 


eres) = pe pues \ds-s (x|exp(—i Ds)| x). 


0 


(10) 


The calculation of the matrix elements (9) for a 
constant field is really no different from Schwing- 
er’s calculation.’ The final result is: 


(x (s)’| *(0)’) 


AC Stark 29 ea 9 ae 
yas im sV g|. (11) 


Hence, the vacuum Lagrangian of the gravitational 
field is 


— is~? 


~ (4nypY~—g “P | 


Ver 


Qoac (x) i a \ dt. 38e— oa 


T) 


(12) 


where a cut-off at a minimal proper time 7) has 
been introduced to avoid a divergence. In contrast 
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with electrodynamics‘ and mesodynamics,° we are | 
faced here with a strong divergence in Lygc,3 it 
is impossible to cut off the integral correctly, and 
this makes our conclusions only qualitative. Since 
the sign of the quantity obtained agrees with the 
sign of Einstein’s cosmological term,’ (12) leads 
to the following value for the cosmological con- 
stant due to the vacuum 


x 


—m? —2 pa Wee 4 
Novae = eva pent Ge mr m* In t,) 


— m4 (0,58 + In m?)]. (13) 


Expression (12) leads formally to the gravita- 
tional equations, at least up to corrections linear 
in the Sup? but since the multiplier V—¢ has an 
infinite power series expansion in k, it must be 
interpreted in a nonlinear sense. Indeed, this 
term gives rise to a nonlinear effect in the scat- 
tering of gravitons by a Schwarzschild field, there 
being some extra scattering over and above that 
calculated previously.!* It is clear that here we 
have to deal with the analogue of a mass term, al- 
though further difficulties arise, connected with 
the problem of quantizing the gravitational field, 
and due to the fact that Einstein’s equations with 
a cosmological term have no solutions in empty 
space which differ but little from the Galilean 
ones. 


3. THE SCATTERING OF GRAVITONS ON A 
SCHWARZSCHILD FIELD IN A SCALAR- 
PARTICLE VACUUM | 


The vacuum nonlinearity can be approached 
from another point of view, using the S-matrix 
formalism. The cosmological term does not enter 
into the usual theory, but on the basis of the re- 
sults in Sec. 2, can be expected to affect the scat- 
tering in third order with respect to k. We ex- 
amined the simplest processes giving scattering 
of gravitons on a Schwarzschild field (the cross 
section for the latter-is given in reference 14, 
along with cross sections for scattering of other 
particles on this field). It is not possible to pre- 
sent all the complicated expressions here. We 
considered the interaction of gravitons with a 
vacuum of scalar particles having zero rest mass 
(for which it is relatively easy to calculate the 
total matrix element); a typical matrix element 
was also calculated for the interaction with vacuum 
meson of mass m # 0. In the first case, some of 
the terms, which describe processes where spin is 
not conserved in the intermediate states, diverge 
in an unusual way (the denominator vanishes iden-: 
tically because of the relativistic relation between 
energy and momentum for real particles). This 


« 
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might be connected with the quantization difficulties 


mentioned above. In the interests of regularization, 


we introduced a graviton “mass” w; the integrals 
were cut off at a maximum momentum L (cf. the 
earlier note on the minimum value of proper time). 
Considering only terms which do not violate spin 
conservation, the cross section in the first case 
(m = 0) can be written 


4R8M*L8 v2 + 4k2/3 2 dQ 
d SS . v / 
Saraae te ean) i? sin® 0/2) (12) 
| while for the case m # 0 
4RMP2msL4 dQ 
ee ners (15) 


These can be compared with the expressions 
given in reference 14 because they have the same 
angular dependence at small 6. We see that for 
long graviton wave lengths the vacuum effect dom- 
inates over the classical one. The critical wave- 
length can easily be obtained. For example, from 
(15), 

he = (8x°A/kmL) V hi/c. (16) 


The divergence of the cross section for scat- 


_ tering from a Schwarzschild field is characteristic 


of all particles with nonvanishing rest mass.'4 The 


mass of a graviton can be obtained by comparing 


our cross sections with those in the paper just 


quoted. According to (15), the mass in grams is 
w= kmLf4nV nc 10-mL. (17) 


The meson momentum is to be obtained from the 


radius of a nucleon, and the mass obtained does 


not contradict the astronomical data (taking into 
account the qualitative nature of the calculation). 
The result (17) can be understood in light of the 


deep analogy between the cosmological term and 
the mass term in Klein’s quation. Then (13) 


leads to 
u=kVc/8xt,Vr (m=0). 


The mass p could decrease or even vanish if ac- 
count were taken of the interaction between gravi- 
tation and fields other than the scalar one con- 


(18) 


’ valuable discussions. 
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sidered. If the theory we started with had had a 
cosmological term, we could speak of its re- 
normalization also. : 

In conclusion, the author would like to thank 
D. D. Ivanenko, M. M. Mirianashvili and A. M. 
Brodskii for their interest in this work and for 
He is also indebted to 
A. D. Danilov for his kind help in checking some 
of the calculations. 
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The connection between the structural parameters (type of lattice, interatomic distances, 
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coordinational number, etc.) and the magnetic parameters (atomic magnetic moment, 

Curie point, Curie constant) is considered for the pure transition elements Cr, Mn, Fe, 

Co, and Ni as well as for a number of their ferromagnetic ordered alloys and chemical 
compounds. These relations and the available experimental data on the crystalline and 
electronic structures of the metals are used to compute the magnetic parameters, which 

are found to be in good agreement with the experiments. 


Arrer a detailed analysis of extensive experi- 
mental material, we noted the close connection 
between the structural and magnetic parameters 
of ferromagnets, which we expressed by means 

of semi-empirical relationships.!? The latter, 

in conjunction with known optical data on the 
crystalline and electronic structures of the ferro- 
magnets, were used to calculate the magnetic 
parameters of pure ferromagnetic metals, of the 
same metals in their alloys, and finally of the 
alloys themselves; the agreement with experiment 
was Satisfactory. 

Recent years have brought to light many new 
facts in ferromagnetism. Neutron-diffraction 
investigations have shown that the use of the 
Heitler-London-Heisenberg approximation (along 
with its natural extension, the polar model of 
Shubin and Vonsovskil) is more suitable for the 
description of the interaction of the internal elec- 
trons (d) in ferromagnets than the collective- 
electron model (cf., e.g., references 3—6). 
Furthermore, neutron-diffraction and x-ray meth- 
ods have shown that the electron structure of 
transition metals differs greatly from that pre- 
viously suggested in the literature.’ !° 

In the present paper we attempt to improve the 
equations proposed by us for the purpose of (a) 
taking account of the results of the aforementioned 
new research and (b) extending these equations to 
include other transition metals (Cr and Mn) in 
the paramagnetic and ferromagnetic states, and 
not merely Ni, Co, and Fe in the magnetic state, 
as done essentially in the earlier investigations. 
In the first part we develop the concepts underly- 
ing the aforementioned relations. These are then 
applied to pure ferromagnetic metals and to their 
ordered alloys, and finally to Mn and Cr in ferro- 


magnetic chemical compounds with a structure of 
the NiAs type and to Mn in ordered Geisler alloys 
of the type MnCu,Al. 


1. PRINCIPAL PREMISES 


We consider the transition elements of the first | 
long period of the periodic table, with atomic num- 
bers Z from 21 to 29. Each of these is character- 
ized by a constant, derived by us, which has the 
dimensionality of a length, equal to (Angstroms) 


R =0.13 [(Z/2)? — 14.75 Z + 235.5] 
R =0.13[(Z/ 2)? — 13.75 Z + 209.5} 


(for Z > 26), ~@) 
(for Z< 26). (2) 


For lattices of metals of type A2 (cubic volume: 
centered, as in Fe) and of type A3 (hexagonal 
close-packed, as in Co) one consideres in the gen-. 
eral case the first and second coordination zones 
of the lattice (i= 1 and i= 2, where i is the 
number of the zone). 

We denote the interatomic distance and the num- 
ber of neighbors of the atom by r, and n, for the 
first zone and by ry and n, for the second; n,=8 
and n,=6 for lattices of type A2, and n, =n, = 6 
for lattices of type A3. In the nearest-neighbor 
approximation, only the first zone is considered. 
An exception is Co, for which the neighbors of 
the second zone are also the nearest (because 
ry * r,). For lattices of type Al -(cubic face cen- 
tered, as in Ni) only the first zone was considered 
(ny =12) because r2=a>r, (a is the lattice 
parameter ). 

We introduce the concept of the “effective” in- 
teratomic distance reff=rj—R, where rj is the 
equilibrium interatomic distance in the i-th zone.. 
This concept is introduced so as to take into ac- 
count, in the calculation of the magnetic param- 
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Metal 
(lattice 
type) 


ct 


ny(r., AE) N2(Te, AE) R, A 


Ni (A4) |12(2.486s)| = — 
Co (A3) | 6(2.495) | 6 (2.502) 
Fe (A2) | 8(2.477,)| 6 (2.8640) 


2.4085 Z 
2.533 1 
2.7339 1 


j eters, only the magnetic electrons (of the unfilled 


| electron shells that participate in the magnetism; 
{ the nonmagnetic electrons of the filled shells are 


_ also located at the interatomic distance rj). 
It is seen from Table I that the difference r,;-—R 


d is quite small for pure ferromagnetic metals. 


Pure metals can be divided into two classes, 


| depending on the sign of the difference r,—-R. 


The first class (1) contains the metals (Co, Fe, 


| Mn, and so on) for which this difference is nega- 
» tive, while the other (2) contains those (Ni etc) 


with a positive difference. This grouping of metals 


' explains many experimental facts (see below). 


Let us consider the law that governs reff. Let 


i the abscissa (see the figure) represent the concen- 
} tration C of the electrons (the number of the s and 


d electrons) of the isolated atom, first in ascending 


} order (from C =3 for Sc to C = 11 for Cu, left seg- 
' ment of the axis), followed by a descending order 


(right segment) along the same axis. Let the ordi- 


nates represent the difference r;— R. We plot the 


corresponding points for type A2 lattices over the 
left segment, and those for types Al and A3 over the 
right segments. This results in the triangle shown 


_ in the figure. 


Class of 
metal 
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TABLE I. Structural Parameters of Ni, Co, and Fe 


m—R, A | m—R, A A Ay Nd (M5) 
0.0785} — | 0.605s|0.605| 2 (2) 

—0.03) | —0.03, | 0.26) | 0.269 | 3 (2) 

—0.2555| 0.1275] 1.8054] 1.3134) 4 (2) 


An analogous picture is observed also for many 
binary ordered alloys of transition elements. The 
figure shows the dependence of the effective inter- 
atomic distance in the alloy lattice, reg = ry —-R, 
on the mean concentration of the electrons of the 
alloy atom, C =AgCg+ApCp, where Cg and Cp 
are the concentrations of the electrons of the 
atoms of components a and b; Ag and Ap are 
the atomic concentration of the latter in the alloy; 
r, is the equilibrium interatomic distance in the 
first zone of the alloy lattice (it depends on the 
concentration of the alloy); R=AgRg +ApRp; Ra 
and Rp are constants of the components a and b, 
calculated from (1) and (2). It is seen from the fig- 
ure that the points of the alloys under considera- 
tion lie as a rule on the same triangle. Exceptions 
are certain alloys, particularly of manganese 
(Co-Mn, Ni-Mn, and others), whose points de- 
viate from the triangle. 

Along with the effective interatomic distance, 
one must consider also the number of neighbors 
of the atom in zone i, nj; we introduce for this 
purpose the quantity > nj|rj—R|, which has the 
dimension of length. The change in the number A 
of magnetic electrons of the atom (with uncompen- 


Curve 1—type A2 lattice; 2—type Al and 


A3 lattices; A— pure metals, x — Fe-Cr, 


e—Fe-V, ¥—Fe-Ni, @—Co-Mn, O—Ni-Cr, 
A—Ni-Mn, 0—Fe-Co. 


Fae al A PPR a Re MOS 
Cr mn fe Co Ni Cu Ni Co fe Mm Cr V Te So Co 


Electron concentrations, C and C 


864 PUM. GALSPERIN | 


sated spins) corresponding to this quantity, a 
change due to the fact that the outer portion of its 
electron shell (s and d) is substantially deformed 
in the crystalline state (compared with the shell 
of the isolated atom), is equal to* 


A = 0.642En;|r;— RI. (3) 
In the nearest-neighbor approximation we use 
instead of (3) 
A, — 0.642 thy | fi == Ik i, 


An exception is Co, for which A is used in this 
approximation, and not A) (because rp, ~ r;). 

It will be shown below that A or Ay enters 
into the relation for all magnetic parameters, thus 


connecting the latter withthe structural parameters. 


Let us dwell on the question of the electronic 
structure of the considered transition elements, 
a structure which must naturally be taken into 
account when formulating the foregoing relations. 

Isolated atoms of these elements, with the ex- 
ception of Cr, have two s electrons each (Cr has 
one s electron) and either five (Cr, Mn), six 
(Fe), seven (Co), or eight (Ni) d electrons. 


Bohr magnetons (Mp) comprising the magnetic 
moments m of the atoms (m = 2.20Mp for Fe; 
according to neutron-diffraction data,!° Cr is anti- 
ferromagnetic with an antiferromagnetic moment 
Maf = 0.40 Mp),* the d shell contains electrons © | 
of only one spin orientation. Second, the d shell 
of a metal with Al or A3 lattice contains many | 
electrons, 10-m in number, where m = 1.71 for 
Co and 0.60 for Ni. A considerable portion of 
the s electrons, belonging to the s_ shell of the 
isolated atoms prior to formation of the crystal, _ 
shift to the d shell of the metal, and the electrons} 
in the latter form two groups with opposite spin 
orientation. 

Let us proceed to examine the connections be- 
tween the foregoing crystal-structure, electron- 
structure, and magnetic parameters. 


2. MAGNETIC PARAMETERS 
Ferromagnetic Atomic Magnetic Moment 


We first revise the concept of the number of 
electrons with uncompensated spins, participating 
in the spontaneous magnetization (ferromagnetic 
electrons 


The question of the distribution of these electrons 
in the atoms of the same elements in the crystal- 
line state (transition metals) has been under dis- 


13) The theory usually employs approxi- ) 


mations for which e is an integer. For example, — 
in the Bloch-Moller formula for the “three-halves” 


cussion for many years. It follows from recent 
experimental x-ray data!’ that the number of d 
electrons per atom of the metalis 0.2 + 0.4 for 
Cie (UNA), Foo) 28 Wee) ioe (Co) (04's), Sof ae Wash aifore 

Ni (Al), and 9.8 + 0.3 for Cu (Al). We see, 
first, that the electron distribution in a metal with 
an A2 lattice differs greatly from the distribution 
in isolated atoms: the d shell contains few elec- 
trons,} their number being equal to the number of 


*The coefficient 0.642 in (3) is justified by the following 
reasoning. Co and Ni have the same coordination numbers (12) 
and practically equal interatomic distances (2.50 and 2.49 A). 
However, their constants R (2.54 and 2.41 A) differ by 0.13 
A, and the number of d electrons of their atoms differ by 1. 
On this basis, we propose the following generalization to in- 
clude metals with arbitrary types of lattices, interatomic dis- 
tances, and coordination numbers: when the interatomic dis- 
tance r, in the lattice of a metal with coordination number 
12 is reduced by 0.13 A, the number of electrons of the atom 
is reduced by 1, andif the interatomic distance is reduced not 
by 0.13 A, but by (r,—R), for the same number of nearest 
neighbors, the number of its electrons changes by an amount 
(rt, —R)/0.13 = 7.7 (t, —R). The resultant quantity, referred to 
one neighbor of the atom, is 7.7 (r, —R)/12 = 0.642 (r, —R): 
referred to n, neighbors it becomes 0.642 n, (r,—R). This is 
analogous to (3). 

tLomer and Marschall® believe that the remaining d elec- 
trons have shifted to the s and p levels, thus accounting 
for the large number of conduction electrons, whereas in me- 
tals with Al and A3 lattices there are few such electrons 
(because the s electrons goto the d shell), 


law, e=1 for Ni and e=2 for Fe.'* In the ex- 
periments, however, judging from the new data on 
the electronic structure of pure ferromagnetic 
metals’ and from their atomic magnetic moments, 
e becomes equal to m and is fractional. The 
same can be said of o, the number of electrons 
that contribute to the paramagnetic moments of 
the same metals (o = 2.30 for Fe, 0.90 for Ni, 
etc.). We shall give equations for both o and e. 

We write ng =C-—ng, where ng = 2 for all 
transition metals; Ng=10-ng for ng=5, and 
Nq=nq for ng<5 (see Table II). It is seen 
from the table that in the case of a ferromagnetic 
metal the integer portion my of the experimental 
value of m is as a rule equal to Nq-—Nng. Thus, 
m= Nq-ngt+e, where ¢€ is the fractional incre- 
ment of the moment (in Mp units), oriented, 
naturally, parallel to the integer portion of the 
moment [since m > (Ng no ie 

We note that Ng—ng =2 for Fe; on the other 
hand, the integral number of the electrons actually 
in the d shell, according to reference 7, is also 
equal to 2. Finally, in the Bloch-Moller formula, 
e=2 for Fe. We assume that for all transition 
metals, which, like Fe, belong to the first class 
of metals, e=Nqg-ng (e=1 for Co, e=2 for 

*We shall drop henceforth the symbol Mp for the sake of 


brevity, since the magnetic moment is always expressed in 
units of Mp. 
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TABLE II. Atomic Magnetic Moments of Metals and Alloys 
i re ee 


Latti = es m 
ice ’ 
Metal type ; Nq Ng—Nzs € cal- 
Experiment culated 
Ni Al 0.60* 0 2 0 0.60 0.60 
Co A3 4,74 4 3 1 0.69 1.69 
Fe A2 2.20 2 4 2 0.20 2.20 
Fe (FeCo) A2 2.80 2 4 2 0.96 2.96 
Co (FeCo) A2 1.98 n 3 4 0.96 1.96 
Fe (NisFe) Ai 2.97 2 4 2 1.04 3.04 
Ni (NisFe) At 0.62 0 2 0 0.51 0.54 
Ni (NisMn) At 0.30 0 2 0 0.69 0.69 
Mn (NisMn) At 3.18 3 5 3 0.55 3.55 
Mn (MnAs) NiAs 3.40 3 5 3 0.37 3.37 
Mn (MnSb) NiAs 3.53 3 5 3 0.55 3.50 
Mn (MnBi) NiAs 3.52 3 5) 3 0.53 3.53 
Cr (CrSb) NiAs 2.70 2 4 2 0.74 Pratl 
Cr (CrTe) NiAs 2.40 2 4 2 0.45 2.45 
Cr (CrO2) 2.07 2 4 » — — 
Mn (MnCueAl) A2 4.40 5 3 1.07 4.07 
Mn (MnCueSn) A2 4.10 i 3 AE OT 4.07 
Mn (MnCuIn) A2 4.10 9) 3 1.07 4.07 
Number of electrons participating in the paramagnetism** 
Ni At 0.9 0 2 0 0.89 0.89 
Co A3 2.30 3 1 1.30 2.30 
Fe A2 2.30 pp 4 2 0.30 2.30 
Mn (MnAs) NiAs 3.60 3 ) 3 0.60 3.60 
Mn (MnSb) NiAs 3.20 3 5) 3 0.20 3.20 


*The values are rounded off; the exact ones are given in the text. 
**The lower part of the table differs from the upper only in that the 3d, 4th, 
and 8th columns contain the number of paramagnetic electrons, o, instead of the 


number of ferromagnetic electrons, m. 


Fe, e=3 for Mn, etc.), and for metals like Ni, 
which belong to class 2, e=1, i.e., when writing 
the relation for the number, e, we start with its 
value as given by the Bloch-Moller formula, which 
at present gives the most accurate results.* 

Going to the relation for the fractional added 
term ¢, we consider that, according to the theory 
of Vonsovskii and Vlasov, the atomic magnetic 
moment of pure ferromagnetic metals is 


m= Ng 4+-015n;(J5/F — 4) / 0 — 20/0), (4) 


where J) and J are the exchange integrals be- 
tween the s and d electrons in one lattice site 
and between its neighboring sites, respectively, 
and Js is the transfer integral of the s electron. 
At the present state of the theory, as pointed out 
by the authors of the theory itself, these integrals 


*In view of the fact that a minimum number of arbitrary 
model assumption has been made in the derivation of this for- 
mula from the multi-electron spin-wave theory. Landau and 
Lifshitz have therefore proposed to evaluate the volume in- 
tegral A by the Bloch-Moller formula, and not by rough approxi- 
mate formulas (of Heisenberg and others), in which A is con- 
nected with the Curie point. The relation which we derived 
from this point of view for A (in particular, with allowance for 
the proposed relation for e) is in satisfactory agreement with 
experiment (see below). 


cannot yet be evaluated and therefore (4) cannot be 
used for quantitative determination of the atomic 
magnetic moments. 

In view of this, it makes no sense in practice 
to attempt to formulate semi-empirical relations 
for the magnetic parameters in terms of crystal- 
structure and electron-structure parameters of 
the metals, introduced in the first and this section. 
It is desirable here to be guided by the suggested 
analogy with Eq. (4) of Vonsovskii-Vlasov for m 
and their relations for other magnetic parameters 

By way of such a relation for e (in the approx- 
imation of non-conducting ferromagnetic lattice: 
Jg =0), we propose the following: 

aby 4 
= n.{1+0.15 e(Ui+e)—4]. (5) 

By adding the difference Nq—ng to (5), we finda 
relation for m, analogous to (4). Here B char- 
acterizes the orientation of the s-electron spin 
relative to the unpaired d electrons of the atoms: 
when ng =5 we have B=—-1 (antiparallel orien- 
tation), and when ng <5 we have B=1. Accord- 
ing to van Vleck, the spin of the electron temporar- 
ily “arriving” on the cation from the anion (during 
the process of indirect exchange in FeO or MnO) 
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is also oriented with respect to the cation. For Cu, 
Ni, Co, Fe, and Mn the first condition (6 = —1) 
is satisfied, while B =+1 for Cr, V, etc. The 
form of y depends on the class of the metal: 
yO) =Nqg-ng—-A, y?) =Nq—ng+A, where the 
superscript denotes the class of the metal, on 
which the sign of A depends (the sign as the 
same as that of r;—R, which, by definition, is 
negative for class 1 and positive for class 2); 
A is calculated from (8). 

We note that the first term in the square brack- 
ets of (5) is similar to Vonsovskii’s equation!® for 
the s-d exchange energy of the s_ electron: 


Esq = — */2A (€) (1 + (np), 


where 17 is the vector of the spin of the s elec- 
tron (n=+1), mw is the average magnetic moment 
of the d electrons per atom, A(é) is the ex- 
change integral between an s electron with quasi- 
momentum £& and one (nearest) d electron. We 
see that a) pw has the same meaning and same 
numerical values as f£ in Eq. (5), b) the first term 
in the square brackets of (5), like A, is also re- 
ferred to one magnetic electron (the expression in 
the round brackets is divided by e), and c) in the 
approximation of strongly-bound electrons, A de- 
pends on the number n of the nearest neighbors 

of the atom in the lattice. But A also contains n, 
and contains, furthermore, the effective interatomic 
distance, on which J must naturally depend. The 
coefficient 3 in the expression for E,gq also en- 
ters into A, since 0.642 ~ 23/2. Thus, not only 
the fact that the first term in the square brackets 
of (5) is located in the place occupied by the ex- 
change-integral ratio J)/J in Eq. (4), but also the 
considerations listed above give rise to the thought 
that this term is connected with the integral of the 
s-d exchange in the lattice. In view of this, the 
plus sign in front of this term (for the ferromag- 
netic state of pure ferromagnetic metals) must 

be replaced by a minus sign in the case of transi- 
tion metals that are not ferromagnetic in pure form 
(Mn and Cr), but play the role of ferromagnetic 
metals in many alloys (cf. below and reference 16, 
ee 921) 

A similar change in sign should be made also 
when going from the ferromagnetic state of pure 
ferromagnetic metals to the paramagnetic state. 

We have seen that in calculating A from (3) for 
Ni (A1) and Co (A3), only the nearest neighbors of 
the atom are considered, and for Fe (A2) the follow- 
ing neighbors are also considered. The nearest 
neighbors (—) and those following (+) ina type A2 
lattice correspond, apparently, to exchange integrals 
with signs opposite to those indicated in the parenthe- 
ses. In fact, it was indeed this circumstance that the 
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French authors (Neel, Fallot, and others) had in 
mind when they assumed that not the nearest neigh- 
bors of the Fe atom, but those following, partici- 
pate in ferromagnetism. From our point of view, 
as shown above, both types of neighbors play a 
role in the spontaneous magnetization of a metal 
with a lattice of type A2. If we confine ourselves 
to the nearest neighbors (Aj)) ina lattice of type _ 
A2 (see below) the sign of the exchange integral 
[and with it the sign of the first term in the square — 
brackets of (5)] must be reversed (compared with 
the sign that corresponds to the case when both 
types of neighbors are considered). Let us cite | 
several examples: 1) For Fe (as well as Co and | 
| 


Ni) in the paramagnetic state, it would be neces- 
sary to take the minus sign in the place indicated 
in Eq. (5) (instead of the plus sign for the ferro- 
magnetic state); but the transition of Fe into the 
paramagnetic state differs from the analogous 
transition for Co and Ni in that in the case of 
Fe it is still necessary here to neglect the neigh- 
bors following the nearest ones (which are con- | 
sidered, as shown, in the ferromagnetic state). 
This causes another reversal of the sign (-— into +}, 
leaving the initial + sign in the place indicated in 
Eq. (5). 2) The alloy MnCu,Al also has an A2 | 
type lattice. In view of the fact that its ferromag- _ 
netism is due to Mn, then according to the fore- 
going, the sign in (5) should be minus; but for this 
alloy, as for other Geisler alloys, it is necessary 
to adhere to the nearest-neighbor approximation 
(see below), and consequently the initial + sign 
is retained in Eq. (5). 3) In weak Fe-Cr and 
Co-Cr solid solutions the Cr is paramagnetic 
and has the same lattices as the solvents — A2 | 
and A3’respectively. Therefore, in the nearest- 
neighbor approximation and at a concentration 
close to zero, the spin of its s electron should 
have antiparallel orientations (—1 for Fe-Cr 
and +1 for Co-Cr, as confirmed experimentally,? 
see reference 2). 
Let us proceed to apply (5) to particular cases. 
(a) Pure ferromagnetic metals. Considering 
the foregoing, we can rewrite (5) for pure ferro- 
magnetic metals in the following form: 


(Nqg—n,—A)—1 
Nag—n,)(Ng—n,— A) 


4|, 


A is calculated from (3), and the initial data for 
this calculations are listed in Table I. Inserting -— 
the numerical values into (6) and (7) we obtain: 

m ) = 2.20 for Fe and 1.69 for Co (reference 


mo) = Na +0.15n.|~ 


4], 


(Ny—n,+A)—1 
(Nz—n, +A) 


2) = N 
m a+ 0.15 ns] (7) 


selves to the nearest neighbors for Fe, i.e., we 


. put A, =1.31 in (6) (instead of A= 1.80), we 


get m = 2.73; the latter differs from the moment 
of the neighboring Co (m =1.7) by unity. The 
reason why the values of the moments of neighbor- 
ing elements of class 1 (of which one has an A2 
lattice and the other a different one) do not differ 
by unity (whereas their atomic numbers differ by 
unity) is, according to (6), that the neighbors fol- 
lowing the nearest ones also participate in the 
spontaneous magnetization of a metal with lattice 
A2. 

(b) Ferromagnetic ordered alloys. We find 
that (6) and (7) can be used to calculate also the 
individual magnetic moments of the components 
of the foregoing alloys. Let us consider those 
investigated by neutron-diffraction,?>!° where it 
is possible to determine experimentally the dif- 
ference in the aforementioned moments, and the 
individual moments can be evaluated from the 
results of saturation magnetization measurements. 

The alloy FeCo has an A2 lattice (like Fe), 


_ which can be mentally subdivided into two simple 


cubic sublattices, one occupied by the iron atoms 
and the other by the cobalt. In each of the sub- 
lattices, an atom of a given kind is surrounded 
by six nearest neighbors of the same kind, at a 
distance r, = a = 2.85 A." Since the condition 

r; >R is satisfied for both components (Rco = 
2.54A, Rpg = 2.73A), they are metals of class 2 
(while pure Co and Fe are of class 1) and con- 
sequently, Eq. (7) is applicable to both. Inserting 
the numerical values into (3) we find Acg= 1.19, 
AFe = 0.46. From Eq. (7) we obtain m) = 2.98 
and 1.96 for Fe and Co respectively (experi- 
ment® yields 2.80 and 1.98 respectively). 

The alloy Ni;Fe has an Al lattice (like Ni). 
The Ni atoms are located in the centers of the 
faces, while the Fe atoms are at the corners of 
the elementary cell. The atom Ni [2] is sur- 
rounded by eight nearest-neighbor nickel atoms 
at a distance r; = 2.508A, while Fe [2] is sur- 
rounded by six nearest-neighbor iron atoms at a 
distance r; = a = 3.546 A;° the class of the metal 
is indicated in the square brackets. According to 
Eq. (3), A=3.13 for Fe and 0.51 for Ni, and 
according to (7) m®) ig 3.04 and 0.51 for Fe and 
Ni respectively (experiment? yields 2.97 + 0.15 
and 0.62 + 0.05 respectively). Here and in what 
follows, the constant R for the component is the 
same as for the pure metal, and is calculated 
from (1) and (2). 

The alloy Ni;Mn has the same lattice and the 
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\| 16 gives 2.21, and 1.71 respectively); m®) = 0.60 
} for Ni (0.60; in reference 16); the values of ref- 
| erence 16 are experimental. If we confine our- 


same arrangement of the atoms as the Ni;Fe, 
except that manganese replaces the iron. Here 

ry =2.543A and R=2.408A for Ni[2]; r;=a= 
3.596 A and R = 2.863 for Mn[2]. From (3) 

we get A= 2.82 for Mn and 0.69 for Ni. Insert- 
ing the numerical values in (7) we get m®) = 0.67 
(experiment:’ 0.30 + 0.05) for nickel. As to Mn, 
which is not ferromagnetic in pure form, in virtue 
of the previous statements concerning similar ele- 
ments, we tentatively place a plus sign in front of 
the first term in the square brackets of (6) and (7), 
and then use the latter to calculate the moment. 
The same applies also to Cr (see below). To 
avoid repetition, we make use of (6) and (7) in 
similar cases, with the proviso that the indicated 
preliminary sign reversal has been made. Accord- 
ing to (7) we have for manganese m®) = 3.55 and 
MMn —Myj = 2.88 (experiment:? 3.18 + 0.25 and 
2.88 + 0.20 respectively ). 

The calculated and experimental values are in 
satisfactory agreement in the case of the first two 
alloys. For the third alloy, such an agreement is 
found only for the difference in the moments of the 
components (we recall that only the difference is 
obtainable directly by neutron-diffraction), but 
the values of the moments themselves are greatly 
divergent. The calculated value of the moment 
for Mn (38.55) is practically the same as is fre- 
quently obtained experimentally (see below). The 
same can be said about the moment of nickel (0.67). 
On the other hand, the experimental value of the 
moment of nickel (0.30) is unreasonably small. 
We note also that in the calculation of the moments 
of the components we did not take into account the 
interaction with neighbors of different kind (say 
Co-Fe). 

(c) Ferromagnetic chemical compounds with 
structure of the NiAs type. The compounds MnAs, 
MnSb, MnBi, CrSb, and CrTe contain only one 
transition element (Mn or Cr), which is respon- 
sible for their ferromagnetism. The atom of this 
element has two nearest neighbors at a distance rj; 
and six following neighbors of the same kind ata 
distance r,=a (a is the lattice parameter). For 
Mn in all the foregoing compounds, Ng =5, and 
ng = 2, while Ng=4 and ng =2 for Cr. 

In the compound MnAs, Mn [1] belongs to 
class 1 (in view of the fact that ry =2.84A<R= 
2.86A; a=3.71A2"). According to (3), A= 3.30, 
and according to () m‘! = 3.37 (experiment?? 
yields 3.40). 

In MnSb, we have r;=2.89A for Mn[2] (R= 
2.86A; a=4.12A"°), According to (3) A= 4.89, 
and according to (7) m®) = 3.55 (experiment? 
yields 3.53). 


In MnBi we have r;=3.06A for Mn[2] (R= 
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2.86A, a =4.30A°), According to (3) A= 5.80 
and according to (7) m) = 3.53 (experiment?? 
yields 3.52). 

In CrSb we have r; =2.726A for Cr[1] (R= 
3.058A; a=4.127A"), From (3), A=4.54. In 
view of what has been said above regarding crys- 
talline chromium (p. 867) we find that we can 
calculate its moment from Eqs. (6) and (7), except 
that a plus sign must be placed in front of the 1 in 
the numerators and, as before, a minus sign must 
precede the terms in the square brackets, as is 
the case for all transition elements which are non- 
ferromagnetic in pure form but ferromagnetic when 
alloyed. From (6), m) = 2.71 (ecperiment!? — 
Pall ao War Ve 

In CrTe we have r;=3.105A for Cr[2] (R= 
3.058 A; a= 3.981 A2!). From (3), A= 3.61 and 
from (7) m®) = 2.45 (experiment?! — 2.40). 

(d) Ferromagnetic Geisler alloys MnCu,Al, 
MnCu,Sn, and MnCuyIn. In these alloys Mn [2] 
belongs to class 2 (since the distances between 
the nearest atoms of Mn, amounting to r, = 4.17, 
4.35, and 4.39A respectively,” are greater than 
R = 2.86A). Each Mn atom is surrounded by 
twelve nearest atoms of the same kind. According 
to (3) A=10.06, 11.47, and 11.78 respectively. 
In view of statements made on p. 867, we obtain 
from (7) m®) = 4.07 (experiment”® — 4.10). 

(e) Ferromagnetic weak solid solutions. By 
way of an example, we consider the system Fe-Me 
with A2 lattice, where Me =V, Cr, a-Mn, Co, 
and Ni. For these we have, at 100 atomic percent 
of Me, mMe =1+8 [(Nqd—Nsg)Me —0.642 Xx 
6 (a—Rpye)] + 0.642 x 8(Reg—-—Rye), where the 
difference a—Ryye is found from the diagram. 
For A2 lattices the difference Ng-—ng equals 
the number of electrons actually contained in the 
d shell of the crystal atom. Assuming that Ng — 
Ng = 0 for the antiferromagnetic Cr and a-Mn 
and unity for V, then mpe = 0(0) for V and Cr, 
0.2(0.2) for Mn, 1 (1.2) for Ni, and 3.1(3.4) for Co; 
the parentheses contain the experimental values. 
These results do not agree with the premises of 
Lomer and Marschall,’ who assume that the filling 
of the atomic shells begins with Cr, that Mn has 
one d electron, and V has none. 

Paramagnetic atomic magnetic moment and 
Curie constant. The atomic magnetic moment of 
ferromagnetic metals in the paramagnetic state 
is Mp = vVo(o+2), where o is the number of 
paramagnetic electrons (participating in the para- 
magnetism ) per atom. We shall show that this 
number can be calculated from relations analogous 
to (6) and (7). Assume that only the nearest neigh- 
bors of the atom (A)) contribute to the moment 
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Mp of all transition metals. Nothing is different 
in this respect for metals having lattices other 
than A2 (for example Co and Ni), since only 
the nearest neighbors participate even in their | 
spontaneous magnetization. However, this assump-; 
tion changes matters substantially for metals with 
A2 lattices (say Fe), for as we have seen even 
the atoms following the nearest neighbors contri- 
bute to their spontaneous magnetization, but here 
(in the case of paramagnetism) these are neglec- 
ted. In the case of iron, in particular, this neces- | 
sitates a plus sign in front of the square brackets | 
in (5), ef. p. 867, while in the case of Co and Ni | 
a minus sign is necessary (instead of the plus 
for the ferromagnetic state). Next, for example, 
for pure ferromagnetic metals, the denominators 
of (6) and (7) contain the integral parts fess 
Nq-ng or e) = 1] and the fractional parts 
[vy =Ng—ng—-A or y@ =Nqg—ng+A]* of the 
number of ferromagnetic electrons, m. Assume 
that the foregoing integral parts are retained also 
for the paramagnetic state. As to the fractional 
parts, it is obvious that they are quite different; 
they must now be replaced by the fractional parts 
of the numbers of electrons that do not participate 
in the ferromagnetism. We assume that the latter _ 
equal ng— y“) or ng — y®?. 

Finally, the signs in front of yy and 1 in the 
sought relations for mp should be the same as 
in (6) and (7), for they are determined by the 
class of metal dhd by the orientation of the s - 
electron spin (both of which remain unchanged ). 

Considering all the foregoing, we find 


he — Ne — A 
y= 1 = pital Cay te Od eee 
5G Na+ 0.151. | eee —4], (8) 


g(2) = Na+ 0.15n, | — 


ha— NM +A —1 
a eee (9) 


Za Ni Nn 


Inserting the numerical values in (8) and (9) we 
get: o) = 2.34 and me” = 3.19 (experiment”4 — 
3.20) for Co; o) = 2.31 and m@ = 3.18 (ex- 
periment”4 — 3.20) for Fe; o? =0.89 and m®) 
1.60 (experiment™* — 1.60) for Ni. i 

Let us find the same quantities for MnAs and 
MnSb (the latter are chosen because we know 
their Curie constants Cy per gram atom, which 
are proportional to my? ). Ag © 0 for both com- 


*For pure ferromagnetic metals, Eq. (5) and the relations 
written for y) and y yield practically the same values; 
(5) is the more general. It is seen from this that € (or, what is 
the same, y) or y) is a fraction of ng; in view of this, 
it is assumed that the number of electrons not participating in - 
the ferromagnetism is the remainder of Ng, i.e., ng—Eor 
Ng —y: 
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fj pounds. From (8) we have o!) = 3.61 and (m#))? 


= 20.24, o@) = 3.24 and (m>)?=17 for MnAs 
and MnSb respectively. 

Inserting the numerical values into the follow- 
ing relation 

Co = LM3m?/3k (10) 

(L is the number of atoms per gram-atom and k 
is Boltzmann’s constant), we obtain Cy = 0.325 
(0.32277), 1.267 (1.2287), 1.250 (1.265%), 
2.565 (2.59479), and 2.110(2.0852°) for Ni, Co, 
Fe, MnAs, and MnSb, respectively. The paren- 
theses contain the experimental values and the 
| references ). 


ew — 


n(n—-1) (1 + N32) 


Curie Points 


According to the theory of Vonsovskit and 
Vlasov, the ferromagnetic Curie point is 


@ = Baa / [1 — 0.15 ngJ (Jo/d — 4)?/b (1 — QU, /J) NI, (11) 


where @gq =b/2k is the Curie point produced by 


d-d exchange only, b is an exchange integral on 
the order of J, and ny and N are the numbers 
of s and d electrons per cubic centimeter. It 
is impossible to calculate ® from (11). We pro- 
pose in its stead the following semi-empiral re- 
lations: 


1—0.15 ns (Ny —n, — Ay) (44 [1 — (Ng—n, — Ay] (Ng — 2, — Bo)? /an, ’ 


(2) — 


n(n— 1) (1 + N2) 


(12) 


1—0.05 nA, [4 + (1— Ay) jan, 


where n is the number of nearest neighbors. .Ac- 
cording to (12) and (13), @“) = 1041°K (experi- 
ment”*. — 1043°K) for Fe and 1389°K (experi- 


Qa) 


nns (Ms + 2) / 3, (13) 


ment”? — 1393°K) for Co; @®) = 637°K (631° K?3) 
for Ni. 
The paramagnetic Curie point is 


n(n—1) (1 +N3) 


Pp = 1s erly Ay) G— (1 Cn, —N, A Gr — NAS an,’ 


n(n—1) (A+ N?) 


(14) 


G2) 


nns (fs + 2) /3. (15) 


ps a i005 720, N 7 — Ay) (4— [4 Or, 

According to (14) and (15), @{) = 1116°K 
(1101°K”) for Fe and 1435°K (1428—1403° K*) 
for Co; Of) = 646°K (650°K”) for Ni. 


Exchange Energy 
The exchange energy equals 
AW/k = (Nqa—n; — Ay) 8®/(Na— 1)? (16) 
A®)/k = (1 — A,) 9® — nag (ns + 2) /3. (17) 


According to (16) and (17), A“’/k = 180 (18378, 
20727) for Fe and 1014 for Co; A®/k = 223 
(22675,.22021) for Ni. 
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: IM opern theory of nuclear structure starts out, 
in the zero approximation, from the concept of a 
| separate nucleon moving independently of all re- 
maining nucleons in the averaged field of the nu- 
cleus. Mayer!»? was able to explain the existence 
of nuclear shells for a spherically symmetrical 
nuclear field, assuming the existence of a strong 
spin-orbit coupling. However, many experimental 
data indicate that the single-particle approxima- 
tion is inadequate. The total nuclear angular 
momentum j, which is the sum of the orbital 
momentum 7 andthe spin s, equals zero in 
all even-even nuclei. This experimental fact 
can be attributed to the presence of a residual in- 
teraction between the nucleons. Identical nucleons 
with equal but opposite j form pairs with zero 
angular momentum. The presence of this residual 
interaction and the production of pairs is confirmed 
by the fact that the joining energy of, say, an even 
neutron is always greater than the nucleon binding 
energy of the preceding odd neutron. 

The difference in the nucleon binding energies 
between the even neutron and the preceding odd 
neutron is the energy of production of a pair of 
neutrons in the nucleus, and is called the pairing 
energy P, of the neutrons. The proton pairing 
energy Pp is analogously defined. 

Considering the residual interaction between 
identical nucleons with equal but opposite direc- 
tions of j, Mayer and Jensen’’* calculated the 
pairing energy P. They used delta forces as the 
interaction forces. This yielded for the pairing 
energy 


P=—C(2i+1)/4, @) 
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| EMPIRICAL REGULARITIES IN THE NUCLEON PAIR PRODUCTION ENERGIES IN NUCLEI 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1224-1232 (April, 1959) 


The variation of the pairing energies of nucleons and of the energy of the residual n-p 
interaction of odd nucleons is investigated on the basis of the most recent experimental 
data. It is found that the pairing energy depends not only on the total angular momentum 
of the nucleons but also on the position of the pair in the nuclear shell and on the deforma- 
tion of the nucleus. The decrease in pairing energy with mass number A is slower than 
predicted by the theory. The pairing energy remains almost constant if two nucleons of 
different types and added to the nucleus. The energy of the residual n-p interaction of 
the odd nucleons is not zero, decreases with A, 


and is smaller than the pairing energy. 


where A is the mass number of the nucleus to 
which the pair is joined and C is a constant that 
depends on the type of potential. Expression (1) 
should be valid only near filled nuclear shells, 
since it considers the residual interaction of 
only two nucleons. 

Birbrair and Sliv® have shown that the presence 
of spherical symmetry in even-even nuclei that are 
not very close to nuclei with filled shells is ex- 
plained by the existence of pairing energies. They 
have also shown that in deformed nuclei the pair- 
ing energies are lower than in spherically-sym- 
metrical nuclei. 

The author of this paper‘ has attempted to as- 
certain the dependence of the pairing energy and 
the total angular momentum j. The experimental 
data of 1952 did not disclose this dependence. 
Quisenberry, Scolman, and Nier,® Johnson and 
Nier,® and Giese and Benson’ also failed to find a 
dependence of the pairing energies on j in new, 
more accurate experimental data. 

Nomoto® checked the experimental values of the 
pairing energy against the Mayer formula (1) for 
nuclei with mass numbers less than 115. Although 
the constant C was indeed calculated in reference 
8, the curves show that the agreement between the 
experimental data and formula (1) is not good 
enough. 

The purpose of this paper is an attempt to es- 
tablish the principal regularities in the variation 
of pairing energies, using the latest experiments. 
It is proposed here not only to compare the prin- 
cipal theoretical laws of Mayer and of Birbrair 
and Sliv with experiment, but also to point to new 
regularities in regions where the existing theories 
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do not give satisfactory results. 


1. EXPERIMENTAL DATA AND CALCULATION 
OF PAIRING ENERGIES 


The initial experimental data for the calculation 
of the pairing energies are the masses of the atoms 
and binding energies of the nuclei calculated from 
them. For isotopes in the interval from hydrogen 
to zinc (1 < Z =< 30) and from xenon to europium 
(54 < z < 62), use was made of masses and bind- 
ing energies calculated from the values of the 
mass-spectrometric doublets by Quisenberry, 
Scolman, Nier, Giese, Benson, and Johnson®~"9-11 
and from the reaction and decay energies. These 
masses and binding energies are listed in a review 
by the author.’ The masses of the atoms and the 
binding energies from gallium to xenon (31 < Z 
<= 54) are taken from the Wapstra mass tables .'8 

The nucleon binding energies of the last neu- 
trons in the nuclei of the isotopes from gadolinium 
to lead (64 < Z < 82) are taken from the meas- 
urements of Johnson and Bhanot.!4*!2 The atomic 
masses and the binding energies of the nuclei from 
thallium to uranium (81 < Z < 92) are taken from 
the tables of Huizenga.!® The nucleon binding en- 
ergy of the last neutrons and protons in the nuclei 
of the isotopes from uranium to fermium (92 < Z 
= 100) are taken from the survey of Hyde and 
Seaborg.'® 

The pairing energy of the N-th and the (N—1)-th 
neutrons in a nucleus with protons is 


Pi(Z, N) = Br(Z, N) —B, (Z, N = 1), (2) 


where N is an even number and By(Z, N) is the 
nucleon binding energy of the last N-th neutron to 
the nucleus with Z protons. 

Analogously, the pairing energy for the Z-th 
and (Z-—1)-th protons in a nucleus with N neu- 
trons is 


Pp (Z, N) = By(Z, N) — Bp (Z —1,N), (3) 


where Z is an even number and Bp (Z, N) is the 
energy of the binding of the last Z-th proton to the 
nucleus with N neutrons. 

For a description of the total binding energy of 
the nuclei, E(Z,N), use is made of a geometrical 
representation, namely the energy surface E = 
f(Z, N) in the three-dimensional space E, Z, N. 
This surface has four branches: even-even (even 
Z and even N), even-odd (even Z and odd N), 
odd-even (odd Z and even N), and odd-odd 
(Z and N both odd). 

After determining the joining energy of the last 
neutrons, we can express the pairing energy in the 


terms of the total binding energy of the nuclei 
E(Z, N) as follows: | 
P,(Z, N) = 2(/(E(Z, N) + E(Z, N —2)]—E(Z, N.— 1) 
P,(Z, Ny = 244 / EZ, N) 


LEZ—2, NIE ae (4)) 


For even Z and N itis easy to verify that 

Pn (Z, N) is twice the distance along the E axis 
between the even-even and even-odd energy sur- | 
faces. Py (Z, N) is the distance along the E 1 
axis between the even-even and odd-even energy 
surfaces. From the well-known Weizzdcker- 
Fermi semi-empirical formula for the binding 
energies,!" we can express the pairing energy 
from (4) as follows 


p = —28A~". (5) 


In the present paper we consider in addition to 
the pairing energy also the residual reaction be- 
tween the odd neutrons and protons. To determine 
this interaction, we have calculated from the ex- 
perimental data the value of Ryp, the difference ~ | 
between the energy of simultaneous binding of a 
neutron and proton to an even-even nucleus (Z, N} | 
and the sum of the energies of the binding of the 
neutron and proton separately to the same nucleus 


Rip (S42 1) N-P'1) = Bap (ZEA, NA) Ss Ba Zee ene 
— Ba (ZV 1), 
where 
Bul(Z+1,N l= EC PIN) 


Here Z and N are even numbers. 

We shall call the quantity Rpp the residual 
n-p interaction. To calculate Rnp it is more 
convenient to use other formulas: 


Rip ZaLahik Wie Bn len ete aioe 
= B (ZEN PY ZBIZA WED): (7) 


If By and Bp are considered negative, all 
values of the residual n-p interaction energy 
are always negative, within the limits of experi- 
mental errors. 

Certain other authors®~’ consider Py, (Z, N) 
with odd Z and Pp (Z,N) with odd N, and 
call these quantities pairing energies, too. In 
view of the presence of an odd nucleon of another 
type in the nucleus, these quantities depend also 
on the residual n-p interaction and therefore 
should not be called pairing energies; they are 
not considered in the present paper. 


( 


12. VARIATIONS OF PAIRING ENERGIES AND 
| OF THE RESIDUAL n-p INTERACTION 


I To investigate the variation of the pairing 

} energies we plotted the graphs shown in Figs. 

| 1—5. The first three show the dependence of 

i the pairing energy of the neutrons Py on the 

| number of neutrons N in the nucleus. All the 

) points representing the pairing energies in the 

| nuclei of isotopes of the same element are con- 

} nected by straight lines. The broken lines thus 

| formed are tagged with the symbol of the element. 

| The fraction near each point represents the total 

; angular momentum of the preceding odd neutron, 

_ known from experiment or assumed from the 

, decay data; the values of j are taken from the 

| tables of Dzhelepov and Peker!® and from the 

| paper by Peker.’® 

| Figures 4 and 5 show the depencence of the 

| pairing energy of protons Pp on the number of 

| the protons Z in the nucleus. As in Figs. 1—83, 

| the points representing the pairing energy in 

nuclei with equal number of neutrons are joined 

| by a broken line, tagged with the number of neu- 

| trons in these nuclei. The fraction at each point 

| indicates the value of j of the preceding odd pro- 

ton, taken from references 18 and 19. 
Everywhere in the intervals 4=N = 40 (Fig. 1) 

and 4=Z = 30 (Fig.4), the errors in the pairing 

energies are less than the circles representing 

| the points, with the exception of the cases repre- 

sented by vertical segments. In the intervals 

40 = N =< 56 (Fig.1) and 32 =<=Z = 42 (Fig. 4), 

the errors in the pairing energies increase ap- 

proximately from +0.30 Mev to +0.60 Mev. In 

Fig. 2, in the interval 78 <N =< 90, the error 

in Py fluctuates about +0.15 Mev, and in the in- 


“2, Mev 
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FIG. 1. Pairing energies of neutrons a 
in nuclei with even atomic number Z, for 
the 4th to the 56th neutrons. Located 4 
near each point is the value of the spin 
of the preceding odd neutron, known a 


from experiment. The broken lines are 
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terval 92 = N <= 126 the error is +0.03 Mev al- 
most everywhere in the region of the heavy nuclei. 
In Figs. 3 and 5, the pairing energies have on the 
average errors from +0.10 to +0.30 Mev. 

In the regions missing from the diagrams, the 
mass~-measurement accuracy is insufficient for the 
calculation of the pairing-energy values suitable 
for the investigation of the regularities. 

A study of the course of variation of the pairing 
energies with the number of nucleons in the nuclei 
and with their total angular momentum j shows 
that the pairing energies frequently depend on j. 
We see in Figs. 1, 3, and 4 that the pairing energy 
of nucleons with j ='4 is as a rule lower than 
that of nucleons with larger j (for example, in 
Fig. 1 for N=8 and 16, in Fig. 3 for N= 126, 
in Fig. 4 for Z=8, 16, and 40, and in other 
cases). There are exceptions, however; for ex- 
ample, in Fig. 1 at N=40 the pairing energy for 
nucleons with j ='4 is higher than at N = 34 
with j= be with the values of Py for zinc being 
shown to a high degree of accuracy. 

It is seen from the curves that most frequently 
the pairing energy increases with increasing j, 
but the increase in the pairing energy is appar- 
ently slower than (2j +1). 

From an examination of the intervals 20 =< N 
= 28 (j=',) and 38 =N = 504(j=%,) in Fig 
and of the intervals 20 < Z < 28 (j= %) and 
30=<Z<40 (j= %%) in Fig. 4 it can be seen that 
for equal j, the pairing energy depends on the 
position of the pair in the shell. As the shell 
becomes filled, the pairing energy decreases. The 
pairing energy reaches a maximum value either 
at the middle of the shell, or at the beginning. 

An examination of the curves for Py in Figs. 
1 —3 shows that the neutron pairing energy Py 


ae | Je" 
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tagged with the symbol of the element in 2 
whose nucleus the pair is produced. 
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FIG. 2. Pairing energies of neutrons in nuclei with even 
atomic number Z for the 78th to 132d neutrons. All other 
data are as in Fig. 1: o—points for even-even nuclei, e— point 
for the 116th neutron, which produces a pair in the odd-even 
nucleus of iridium. 


depends little on the number of even protons in 
the nucleus, Z, since most frequently the spread 
of the points at given values of N barely exceeds 
the errors. As can be seen from Figs. 4—5, the 
pairing energy of the protons Py also depends 
little on the number of even neutrons N in the 
nucleus, although in many cases the spread in 

the points, at the given Z, is somewhat greater 
than in the case of Pp. This experimental fact 
shows that the residual energy of the n-p inter- 
action is small for the nucleons that produce the 
pairs. 

In many cases, as indicated by Mayer,! when 
levels with large j are filled, the last odd nu- 
cleon may occupy the nearest level with small j, 
va Mev 


“f ,Mev 
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FIG. 3. Pairing energies of neutrons in nuclei with even ] 
atomic number Z for the 122d to 154th neutrons. The rest iss 
as in Fig. 1. 


this being explained by the presence of a large 
pairing energy at large j. When the next even 
nucleon appears, the odd nucleon goes to a level 
with large j anda pair with large j in the oppo-- 
site direction is produced. For example, in Fig. 1. 
in the interval 42 =< N < 50, according to the 
Mayer scheme, the level with j = Ip should be 
filled, but along with this j we findalso j=%. — 
Here the j = Y, appear at the middle and at the 
start of the level, where P, is large, and upon 
approaching the end of the shell, when Py be- 
comes smaller, the large j= ip appear more 
frequently. This apparently confirms the Mayer 
hypothesis concerning the pairing energy and the 
appearance of individual nucleons at levels with 
small j. 

The increase in pairing energy halfway be- 
tween shells can explain to some extent the in- 
creased value of the pairing energy P, at N= 
40 (Fig. 1), for here we deal exactly with the 
middle of the shell, between N = 28 and N =50. 


ss 130 


FIG. 4. Pairing energies of protons in nuclei with even number of 
neutrons, for the 4th to 42d protons. Each broken line is tagged with the @ of % 92 % 
number of neutrons in the nucleus in which the pair is produced. Near 


each point is the experimentally-known value of the spin of the preced- 
ing odd proton. 
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FIG. 5. Pairing energies of protons in nuc- . 
lei with even number N, for the 82d to the 100th 
protons. The rest is as in Fig. 4. 


‘jhe new mass values given in references 5 —7 and 
—11 no longer give rise to the subshells men- 
ffoned by the author”? for the case of N = 34, 40, 
te. The same is confirmed by Zeldes,”! who, 
sing the new values of the masses, sought but 
ould not find the same subshells. The decrease 
1 Pp at Z=40 is possibly due to the fact that 
ae neutron shell N = 50 is filled in this region. 
‘his confirms the theoretical premise that the 
fayer theory, including formula (1) for the pair- 
ng energy, is suitable only in the vicinity of 
‘uclei with closed shells. 

Figure 3 shows graphs for the variation of 
yairing energies in the region of deformed nuclei 
of rare-earth isotopes, the interval 90 = N < 114. 
The neutron pairing energy rises sharply and 
reaches a maximum on the boundary of the region 
lof deformed nuclei at N = 90. Within the region 
fof deformed nuclei the neutron pairing energy 
drops toward the middle of the shell and reaches 
2minimum at N=110 intungsten. This is fol- 
lowed by a rise with a maximum at N=116 in 
iridium (Z=77). The point N=116 was taken 
for an odd-even nucleus, since Py was not meas- 
ured for even Z for N=116. On the basis of the 
experimental law indicated by Quisenberry et al..° 
the residual interaction energy for even-even nu- 
clei is always less than the pairing energy. Con- 
sequently, the point at N=116 for the true pair- 
ing energy of even-even nuclei should lie above 
the point shown for iridium in the curve. 

In the region of light deformed nuclei near 
magnesium on Fig. 1 at 10 = N= 14 andon 
Fig. 4 at 10 < Z < 14, it is also possible to ob- 
serve a reduction in the pairing energy for de- 

formed nuclei. For heavy deformed nuclei at 
Z = 88 in Figs. 3 and 5, we also note a drop in 
the pairing energies. The drops in the pairing 
energies in the region of the deformed light and 
heavy nuclei are not as clearly pronounced as 
in the rare-earth region. This reduction in the 
pairing energies for deformed nuclei was theo- 
retically explained by Birbrair and Sliv.3 

Figures 6 and 7 show the dependence of the 
residual n-p interaction (Rpp) on the number 
of neutrons and on the number of protons for 
light and heavy nuclei. The ordinates represent 
Rpp and the abscissas the number of neutrons 
in the nucleus N; the points pertaining to nuclei 
with the same Z are joined by straight lines. 
It is seen from the curves that Ryp is every- 
where negative, with two exceptions that do not 

exceed the errors. Rpyp diminishes with mass 
number A in the nucleus. If Rnp is compared 
with the pairing energies we see that on the av- 
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FIG. 6. Energy of residual n—p interaction of odd nucleons 
in nuclei of isotopes from carbon to zirconium, as a function of 
the number of neutrons N in the nucleus to which the nucleons 
are joined. Each broken line is tagged with the symbol of the 
element to whose nucleus the nucleons are joined. 


erage, in nuclei with equal mass numbers, | Rap | 
<|P|, i.e., the energy of the residual n-p in- 
teraction is less in absolute magnitude than the 
pairing energy. 

Nomoto® compared the Mayer formula (1) for 
the pairing energy with the experimental data for 
nuclei with 10 =A =120. It is clearly seen from 
Nomoto’s curves that the experimental values 
diminish more slowly than 1/A, as would follow 
from (1). Since the dependence of the pairing 
energy on j is also subject to doubt, the depend- 
ence on A was investigated for only one fixed j. 
A total momentum j = % was chosen, since almost 
all nucleons with j = ‘4 are found in nuclei close 
to nuclei with filled shells, and these nuclei fit the 
Mayer model better. The Py at N=40 were 
omitted in the investigation, since a nucleus with 
these values of P, is relatively far away from 
the nuclei with filled shells. We considered the 
pairing energies of all spherical nuclei with j = 
Y, , including heavy nuclei, but omitting Py (40). 
We calculated the products PA, PAY4, and 


ie Mev 


FIG. 7. Energy of residual n—p interaction of odd nucleons 
in nuclei of the isotopes from mercury to curium. The rest is 
the same as in Fig. 6. 
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paY2. The smallest spread is in the product 
pA!/2. Thus, the pairing energies of protons and 
neutrons with j = vey located near the end or the 
beginning of the nuclear shells, diminish in in- 
verse proportion to VA. 


3. CONCLUSIONS 


A study of the experimentally-obtained pairing 
energies of nucleons (mass-spectroscopic meas- 
urements, measurements of the reaction and de- 
cay energies) parmits the following conclusions: 

1. The pairing energy is usually greater for 
nucleons with large total angular momenta j. The 
increase in pairing energy with j is slower than 
(2j)+1). A deviation from this rule is found only 
for nuclei with a number of nucleons that differ 
substantially from magic. 

2. The pairing energy increases as the number 
of pairing nucleons deviates from magic. 

3. The pairing energy of the neutrons depends 
little on the number of paired protons in the nu- 
cleus. The analogous rule for protons is less 
clearly pronounced. 

4. The course of variation of the pairing ener- 
gies and of j confirm the Mayer hypothesis that 
in even-odd nuclei the odd nucleons may temporar- 
ily occupy near-lying levels with small j, and 
that in even-even nuclei they again pass to the 
level with larger j. 

5. The pairing energies have a large maximum 
at the beginning of the region of deformed nuclei, 
then drop to a minimum in the middle of the re- 
gion of deformed nuclei, rising again towards the 
end of the region. 

6. Residual n-p interaction energies different 
from zero exist for odd nucleons. The residual 
n-p interaction diminishes with increasing mass 
number A and is always less than the pairing 
energy. 

7. The decrease in pairing energies with in- 
creasing mass number A is slower than 1/A. 

In nuclei close to those with filled shells, the 
pairing energy of nucleons with j = vy, dimin- 
ishes in inverse proportion to A!/2, 

For further refinement of the course of vari- 
ation of pairing energies it is desirable to obtain 
more accurate values for the masses of atoms 
heavier than zinc. Of particular importance are 
measurements of stable isotopes of molybdenum 
and ruthenium, and of the masses of the isotopes 
from gadolinium to lead. 


In conclusion, I consider it my pleasant duty 
to thank B. L. Birbrair and L. A. Sliv for discuss~| 
ing the results of this investigation. 
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to the latter. 


Ble Guzhavin’s and Zatsepin! calculated the alti- 
tude variation of nuclear-active (n.a.) high-energy 
particles and of the number of high-energy muons 
at sea level. They also calculated the altitude vari- 
ation of the nuclear-active and soft components of 
(extensive atmospheric showers (e.a.s.). The ele- 
mentary act for super-high energies was chosen 
in one of the variants of calculations after Landau.” 
In another variant it was assumed, in accordance 
with Vernov’s hypothesis® that the nucleon always 
retains approximately 70% of the energy of the in- 
cident particle. The effective cross section for 
_the collision was assumed constant for all ener- 
gies and corresponding to a free path in air Xp = 
65 — 70 g/cm’. 

It was found that the results of the calculations 
depended greatly on Ay. We note that there is no 
_known experimental value of Ay at energies & 
101° ev. We therefore undertook a calculation of 
various characteristics of nuclear-active compo- 
nent of extensive atmospheric showers, in which 
the magnitude of Ay is determined by the type of 
elementary act and by the experimental value of 
the absorption range of nuclear-active high-energy 
particles (~10!% ev). By making simple assump- 
tions concerning the character of the elementary 
act, we calculated the spectrum of the n.a. par- 
ticles in the e.a.s., the absorption ranges of n.a. 
particles, and the energy fluxes in the showers. 
We also estimated the probability of observation 
of one or two n.a. high-energy particles at a given 
level. The principal purpose of the calculation is 
to determine the e.a.s. characteristics that are 
sensitive to the character of interaction, by vary- 
ing different parameters of the elementary act 
and the magnitude of Ay. 
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The spectrum of the nuclear-active particles in extensive atmospheric showers and the 
particle and absorption ranges are computed, and the rate of structure bursts is estimated, 
on the basis of certain simple assumptions regarding the nature of the elementary act. It 
is shown that the extensive atmospheric shower has certain characteristics that depend 
weakly on the nature of the elementary act, and certain characteristics that are sensitive 


Let us assume that upon collision between n.a. 
particles of energy e¢’ with an air nucleus, the 
probability of observing secondary n.a. particles 
of energies €4,...,€, is a function of only the 
ratios «;/e’, and can be written 


-» &n) = 6 (a — &/e’)... 5 OG, — &/e’), (1) 


where aj = const. 

We assume that the energy carried away by the 
secondary n.a. particles amounts to ~ 70 — 80% of 
the energy of the incident particle. The assumed 
fraction of the energy retained by the secondary 
n.a. particles takes into account the transforma- 
tion of a portion of the energy into n> mesons, 
and also considers to some extent the decay of the 
m+ mesons. If we assume that the principal por- 
tion of the energy of the primary particle is car- 
ried away by m mesons and nucleons, their en- 
ergy should be greater than ~ 60% of ce’. Analo- 
gous conclusions concerning the fraction of the 
energy remaining in the nuclear-active component 
were reached by Rozental’ and Gerasimova in 
reference 5. 

Taking this into account, we limit our analysis 
to the following three variants: 1) the collision 
produces one particle with energy 0.7 €’ (a, = 
0.7); 2) two particles of essentially different en- 
ergies, 0.7 «’ and 0.1 €’ (a,;=0.7, a, =0.1), 
are produced; 3) seven particles are produced, 
each with energy 0.1 €’ (ay =...=@Q@7,=0.1). 

We shall calculate the spectrum of the n.a. 
particles in the shower for each of the three 
variants. For this purpose it is necessary to 
know the range for the interaction, A). Assuming 
that the range for the interaction is independent 
of the energy, we determine its magnitude, using 
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data on the absorption of high-energy n.a. particles 
in the atmosphere. It is known that if the spectrum 
of the secondary particles is written in form (1), 
and the spectrum of the primary cosmic radiation 
is in the form of a power law, the following rela- 
tion holds® 


hyo = ft 21), (2) 


_where A is the range for absorption of n.a. high- 
energy particles in the atmosphere, and y is the 
exponent of the integral spectrum of the primary 
cosmic radiation. 
By taking A = 120 g/cm? (reference 4) and 
y =1.6 (reference 7), we obtain for the first case 
Ay = 52.7 g/cm’, for the second case Ay = 50.2 
g/cm”, and for the third case Ay = 99.0 g/cm’. 
Knowing dy, we calculate the average number 
of'n.a. particles, N(e, x), in an e.a.s. with en- 
ergy =e€, atadepth x (e is the energy of the 
n.a. particles as a fraction of the energy Ey of 
the particle producing the shower). The depth 
of the atmosphere x is measured in units of Aj. 
The average number of particles with energy 
€ atadepth x can be written in the following 
form (see reference 8) 


Ne, x)= > 


k=0 


xk 
FE BS ty (e), 
where in the absence of decay 
af 
Fx (s) =§ Fr—1(s’) W (e’, 8) de’. 
W (e, €’) is the probability of observing second- 
ary particles with energies € upon collision ofa 


particle with energy «’ with a nucleus; this prob- 
ability is determined as follows: 
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= 2 3a —S)S. (3) 


t=1 & 


By calculating the e.a.s. produced by the primary 
particle of energy Ey, we obtain Fy(e€) =6(1—-e). 


Then in our case 


1 n 
F,(e)=Jae'8(I—«’) » 8(a,--=)5= D3 @,—9) 
e 1 =. 2 iy =1 
F,(e) = > » 8 (a ;,0%;, —€),... 


4, =1t, =1 


= py a D8 (ae, az, — 8). 


1 tp= 


Fx (8) 
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integral energy spectrum of n.a. particles ata — | 
given depth, since | 


where 


of n.a. particles with energies =e in e.a.s. at | 


variants of the elementary act, is shown in Fig. 1. 


After calculating FK(¢€) we can determine the: 
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1 | 
F; (> 8) =J Fi(e’) de’. | 
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| 
The energy dependence of the average number 


sea level, calculated from formula (1) for the three 


log V(2&) 


Jf 3 
gl 2 


= =4 “3 = =I ie i 
FIG, 1. Energy dependence of the average number of the 
nuclear-active particles with energy > € ine. a. s. at sea 
level. The curves are calculated from formula (4) for three 
respective variants of the elementary act. The points in- 
dicate the experimental results taken from reference 9. 


To compare the resultant spectra with experiments 
we used the data obtained in reference 9, shown ag 
dots in Fig. 1. The authors of reference 9 meas- 
ured the average number of n.a. particles with 
energies = 10! ev in showers with different num- 
bers of particles, Ng, at sea level. 

We assume that E) can be determined with 
sufficient accuracy from the number of shower 
particles.* We can then find Ey with the aid of 
the relation E) =kN,, derived by Cocconi! from 
an analysis of the altitude variation of the showers 
At sea level we have k = 10! ev/particle. 


*Estimates as well as calculations carried out by Grigoroy 
and Shestoperov !° show that this assumption is satisfactory 
when Ng is large (z 10° particles). 


As can be seen from Fig. 1, the variation of 


sontradicts the experimental data, and will not be 
Wiiscussed further. N(¢), calculated with the aid 
if the second and third variants, agree with ex- 
yeriment. Our calculations show that variants 
intermediate between the second and third (for 
example, a; = 0.5, a =0.12, a3=0.06 and a, = 
0.3, @ =0.2, a3=0.1) also give good agreement 


of secondary low-energy particles during the col- 
(Mision. Thus, for example, if ten more particles 


0.01 of the energy of the incident particle, then 
N (=> 107) increases by the factor of 1.2, and 
N (=> 107+) increases by 1.02 times. If still an- 
other 100 particles are formed with energies of 
0.001 each, then N (> 1073) increases by 1.3 
times. 

The interaction of n.a. particles need not al- 
ways occur in the same manner; for example, it 
may occur with a certain degree of probability in 
accordance with the second variant or according 
to the third. It is then to be expected that, with 
‘a Suitable choice of Ay, the calculated and ex- 
perimental values will agree. 

We note also that the function N (=e«, x) de- 


the function W(e’, «) is obtained from ©@ by 
| formula (3) it may have the same form even if 
the function ® has different forms. This will 
' occur, for example, for 


Se SOO eye OTL see)? 


and 
@, = 1/,6 (0.1 —e,/e’).. . 6 (0.1 — g¢/e’) (8’)® 
+ 1/,5 (0.1 —,/s’).. . 6 (0.1 — e/e’) (e’) 8, 


| although in the first case seven particles are al- 

' ways produced in a nuclear collision, and in the 

second case six or eight particles may be pro- 
duced, with probabilities of 3. 

Thus, an analysis of the spectrum of the n.a. 
particles in a shower for one level (if the value 
of Ay is not known from experiment and is deter- 

mined from the absorption range of n.a. particles 
of energy E2& 10!2 ev) does not make it possible 
to determine, even approximately, the character- 
istics of the elementary act, if there is no possi- 
bility of observing the nuclear-active particles 


in the interval 0.1 =>¢« =1. Therefore, in addition 


to calculating N (=e«) ine.a.s. for sea level, we 
performed analogous calculations for two other 
depths, 650 and 1250 g/cm’. 
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N (2€), calculated according to the first variant, 


with experiment. We note that spectra of n.a. par- 
ticles at 10° <e« <1 depend little on the presence 


are produced in the third variant, each with energy 


pends on the form of the function W(e’, €). Since 


879 


On the basis of these calculations we obtained 
values of ranges for the absorption of n.a. par- 
ticles, AN (=€) with energies =e and for the 
absorption of the energy Ap (=e) carried away 
by these particles (Fig. 2). As can be seen from 
the diagram, the quantities Ay (=e) and Ag 
(2€), calculated for the second and third vari- 
ants, do not agree. Therefore an experimental 
measurement of these absorption ranges may 
prove important for the determination of the type 
of elementary act at super-high energies. 
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FIG. 2. Absorption ranges of nuclear-active particles 
An CE) with energy >€, and absorption range Ag (>€) for the 
energy carried by these particles: a—for the depth interval 
650-1000 g/cm? for the second (solid) and third (dotted) inter- 
action variants; b—the same for 1000 — 1250 g/cm’. 


Let us calculate, for the second and third 
variants, the probability of observing at a depth 
X) in a shower one particle P(1, x9) or two 
particles P(2,x)) of energy ¢ =0.1. For the 
second variant, the probability P(1, x)) canbe 
written 


P(1,%) = j Qi (*) {Qi (%o — *) Qe %o — ¥) 
+ Qs (Xo — ©) Qa (%> — *)} dx. (5’) 


Here Q, (x) dx =e *dx determines the probabil- 
ity of the primary particle interacting at a depth 

x, x+dx. As a result of this interaction there are 
formed at depth x two particles with energies 
€=0.7 and « =0.1. Q,;(xX)—x) determines the 
probability that a particle with energy ¢ = 0.1 

will traverse a distance X)—x without interaction; 


Qs x) cae (i =F ras (X) — x)°/5!) exp hee: (%) — x)} 


determines the probability of a particle with en- 
ergy € =0.7 interacting more than five times 
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along a path x)—x and reaching the observation 

level with energy €< 0.1. Q3(X)-x) =1- 

Q; (Xx) -x) determines the probability of a particle 

with energy € = 0.1 interacting at least once and 

reaching the observation level with ¢ < 0.1. 

Q, (Xp) —X) = 1-Q2 (X) — xX) is the probability of 

a particle with ¢€ =0.7 interacting not more than 

five times along the path x)—x and reaching the 

observation level with an energy «¢€ > 0.1. 
Analogously, we obtain for P(2, x)) the ex- 

pression 


P29) =! Q (2) Qi (40 — ¥) Qalty — 4) de 6) 


Calculating the integrals in (5’) and (6’), we get 
P(1, Xo) = (2% - 42/2 + 43/6 + x4 (24 
+ x5/120 + x8 /720 — 12) exp (— Xo) 
+ (10 xX + 4x2 + x3 + x6 /6 + x® /60 +12) exp (— 2%), (5) 
P (2; xo) = GO exp. (— 4p) 

— (5x9 + 2x2 + x8 /2 + x4 /12 + x5 /120+-6) exp(—2x). (6) 
For the third variant, 

P(l, Xo) 
= CHF Q, 4) Q (% 7") 


Since the interaction of the primary particle at the 
depth x, x+dx results in the production of seven 
particles with energy ¢€ = 0.1, the probability of 

at least one of the seven particles traversing a 
distance x)—x without interaction is C!Q, (x)—x), 
and the probability that the remaining six particles 
will interact at least once is [1—Q, (xX =x )io 
Analogously 


P (1, X)) can be written 
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P (2, %) = Cr} Qi (*) Q? (%o — x) (1 — Q: (%o — x))® dx. (8”) 
Here C} and C? is the number of combinations 
of 7 elements one and two at a time. 

After calculating the integrals contained in (7’) 
and (8’), we get 


P(1, Xo) = (7%9 — 17.15) exp (— x) for exp (— x») < 1 (7) 
P(2, Xo) = 3.5 exp(— x») for exp (— x))<1/,. (8) 


The value of P (2, x))/[P (1, x9) + P (2, x)], 
calculated at sea level, is found to be 5 x 10° 
and 0.06 for the second and third variants re- 
spectively. Thus, this quantity depends more 
strongly on the type of the elementary act than 
the ratio of the numbers of nuclear-active par- 
ticles with energies greater than the given value.* 
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More detailed calculations of e.a.s. may dis- 
close, apparently, other characteristics that de- 
pend strongly on the choice of the elementary act. 
In particular, various characteristics of the p- 
meson component of an extensive atmospheric 
shower may be disclosed. Thus, the extensive 
atmospheric shower contains, along with nuclear- 
active component characteristics that depend | 
little on the type of the elementary act, also char-- 
acteristics that are quite sensitive to the charac- | 
ter of the interaction. A detailed experimental 
study of these characteristics may yield impor- 
tant data on the elementary act. 
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*Reference 10 contains the so called “association curves.” The association curves are the results of the spectrum of nuclear- 
active particles in an extensive atmospheric shower and the spectrum of primary particles, and they are therefore not discussed 
separately in our paper. Let us note that it follows from our calculations that there is no need for introducing two types of ele- 


mentary acts to explain the association curves. 
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iF the lifetime of the intermediate nuclear level 
vis not small as compared to the precession period 
tof the nuclear moment in the field of the electron 
|shell, the interaction with the electron shell leads 


to a redistribution of the m -sublevels of the nu- 
cleus; then a ”perturbed” correlation of the nuclear 


/radiations is observed.! 


Alder? obtained a formula which takes account 


| of this effect for the case of an electron shell which 
‘remains in a stationary state during the nuclear 

| transitions. 
j ations from the Alder formula for the case when 
| the stationary condition is not satisfied. 


Later Coester® investigated the devi- 


Owing to the large magnetic moment the elec- 


: ton shells orient themselves more easily than the 


nucleus. It is therefore meaningful to consider 
the effect of the oriented electron shell on the 
radiation of the nucleus. 

In the present paper we investigate the angular 


correlation of two successive radiations of the 


nucleus; we study the correlation of the directions 
as well as the polarization effects with respect to 


‘the a, 6, and y rays and the conversion elec- 


trons! coming from an oriented electron shell. 
The basic formula for the correlation function is 
different from that used in the papers of Goertzel! 
and Alder,” since the correlation will also depend 
significantly on the hyperfine structure of the ini- 
tial level of the nucleus in the presence of an 
orientation “of the k-th order.” 


THE CORRELATION FUNCTION 


1. We consider the radiation from nuclei whose 
electron shells are oriented. In general, the cor- 
relation function will then depend not only on the 
directions of the radiations and on their polariza- 
tions, but also on the rotational symmetry axis 
of the total angular momenta of the electron 
Shells 7. 


881 


VOLUME 36(9), NUMBER 4 


OCTOBER, 1959 


| (ANGULAR DISTRIBUTION AND ANGULAR CORRELATION OF THE RADIATIONS FROM 
NUCLEI WITH ORIENTED ELECTRON SHELLS 


Institute of Physics, Academy of Sciences, Armenian S.S.R. 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1240-1245 (April, 1959) 


The effect of an oriented electron shell on the angular correlation of nuclear radiations is 
investigated. The angular distribution due to this effect is obtained. 


The probability for the emission of two rays in 
the nuclear cascade decay A—B-—C is given 
by the expression 


W = ¥ 6 (BB) E® (8'8), (1) 
BB 


where 
tS D4 (ites Ge aon Maile), (1a) 
, eer (y | Hs | 8) 
E) (8’B 
C8) aS oe ie CoE (1b) 


S; implies summation over all unchanged proper- 
ties of the i-th radiation (i=1, 2); wag and 
TA (wep and TBR) give the hyperfine structure 
and the lifetime of the nuclear level A(B); 
a(Meq) is the probability that the projection of 
the total angular momentum of the electron shell 
before the beginning of the decay is meq. 

The denominators in (1a) and (1b) can be ob- 
tained from the descriptive discussions of Abra- 
gam and Pound.° 

2. We choose 17 as the axis of quantization z. 
Then the matrix element (| Ho ly) can be writ- 
ten in the form 

(8 | Ho | 7) = (Forts | Ae | Fette Qe¢2) 
= YS} (Qg92| LeMans) (Fomy! Hy| Femel,Ms72). 
LyMor> 

Here Fj is the quantum number of the total angu- 
lar momentum of the nucleus (jj) and the electron 
shell (je); mj is the projection of Fj onthe z 
axis. Q») and go» denote the direction and the po- 
larization of the radiation; (Q 0,| Ly, M,|7,) is 
the wave function of the radiation with a given 
angular momentum Ly», projection M,, and 
parity 7p. 

We now go over to the coordinate system of the 
radiation: 


(2) 


) (0 og| Lowers). 


“yn 


(Q29¢5 |LyM m2) rz DPM (Re (3) 
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DuiM is the irreducible representation of the three 
dimensional rotation group of dimension 2L+1; 
Rz! implies a rotation from the direction of the 
radiation to the n axis. 

We recall that the matrix element 


(Fp tip| Hol Fete Ly Mom) = >, (—1) "7? (2F, 4 1)” 


, 
mms mim, 


2 
ii a—le+ 
mG iP) jem jerme | Ha | i maker, Ly Mgr) (— 1)’ soliasa 
tie le Fe 
x 2Fe+ 1 ( (4) 
mz, m, — mM, 


(where ( rien 


assume that the electron shell is stationary during 
the nuclear transitions. In accordance with the 
Eckart theorem,’ this leads to 


) is the 3j symbol of Wigner®), and 


(jm je Me| He | jz Me je m, L2 Met) 


=(Hiriem (apt a(n B78, oy (ilLali)- 


(5) 


Then expression (2) can be written as 


(8! H2|%) 


— ye tetbetmy (1 10 jg) (Qj + 1) (Fs + 1) 


Pe ih: sia L3 a 


ete aie 
APs) ‘i lig Fg) Nee ¢ Ma: trey, 


x (099 Le tHe 2) Dim, (Ra), (8) 
where the curly brackets stand for the 6j symbol 


of Wigner.’ Formula (6) also determines 


(8 | Ho | y) == (Fp m,| H.| Fem, Q 


} 
2 pes) 


Using the properties of the matrix DiiM (refer- 


ence 7) and introducing the notation (y specifies 
the type of radiation ) 


Coys, (La La 2 y) = Sy Dy (— l)brt#s (2vy + 1)" 
wot, 
Lee Le my ie ane 
. ( ‘ (0c. | Le te 2)" (Oo2| Lope me), (7) 
Pe cme hxc — T, 
we now apply the formulas for the contraction of 
the 3j and 6j symbols of Wigner. In the end we 
obtain for the density matrix 


Ee Gy Dy (= A) ere eens Gln ty) 
Tet Te 
V202To 
(2F, +4) (2F, +1)” 
(j|| Leif Je)” (27 + 1) (2v2 + 1)% 
er re ta), (8) 


er SORE aco) ania OPS } Esa 
‘ tL; Ly I tr Je, ie peter LT. Y) Dee (Ro ye 


Mm, —m, Po 
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3. The density matrix for the first transition igs 
given by expression (1a). 
Repeating the calculations of Sec. 2, we find 


(«| Hi/B)= Dd 
aay 


x (2F a + 1)2(2F, + | 1ya(e ‘i wei in a 


1)*/e tithitmy, +mgtrim (hy | Ly /) 


j toi enaiene bsp | 
x es i, hee) (00, | Li P1 ™) DiusM (Ry yy (95 
where Rj,‘ implies the rotation from the directiow 


of the first radiation to the n axis, and 


ee) = Yai lad 
Uae 


(2F, +41) (2F, +4) 4 


1+ (a CAN 
Ee 


x (2y, + 1)4 (QF, + 1) (2F, + 1)” 


+M satin ie chau Ee 
Soe (Saal) ce lel aaa caerris ( Bi i Gr i 
m, m sie m, ™m — 


x (? Q, ae iL re ie aks \ 
mm, —m, mM, — Mg} \m' m, —m,}) \™ me i 


M, m —m,/ \Mi m —m} \M, —M, — er 


% CL ReaD Ry, (10) 


The internal sum in (10) goes over the magnetic 
numbers m, mj, Me, m’, mj, me, mf, még, 
Mi, M{, py, T1, Mg, and m%. The summation 
over the first six of these numbers is easily per- 
formed. 

In order to apply Racah’s formula for the con 
traction of the 3j symbols of Wigner in the sum 


yi (—y & Beplals ihe hal Me ane 
rae my M, —m, Mp, M, an My, SSH —pi/ 
which can also be written as 
5 1 | pe Reany ia BB os 
oon om (= — m, M, — Ne mi, M, —m, 
MiM,mpm,e 
ie, Lee 
1 nl 8 Pans) , mO_. 
le —M, MigMy Myth y Oe” (14) 


we replace the Kronecker symbols by the expres- 
sions 


es m po eis = >» Or ( yy) ail 1) ie : Vy l te Vi l 
lea Urea es Wl ie Clit, 
Baile ke Eek. tee 
oreo 2 


4. We further introduce the 9j symbol of Wig- 


ier,° 
83 Li B. 
K ie “| 


Vo Vy k 


ZG. 1) < F, ‘| {Fe 1 fol IF io), as) 


Lowy kd) \y LEON; F, k 
) and obtain for the correlation function, using the 
unitarity of the representation Dip; 
MY = Dy(— aye tetiet Pam Po (Ly i) (ia Li i) | Lal ia) (if L5 Wie) 
IX Cyye, (Ly Ly m4 x) Cope, (Le Li me y) (2) + 1) (2) + 1) (2v, + 1)'% 


(2Fq + 1) (2F +1) (2F, + 1) (2F, + 1) {i i | 
eo repccanl ital, © ngitallg Wah i 


x j eke Fy Pol fia F, Folk Fa ral 
Pen ete ibels tion deddles, ev che 


| x (2k +1)" 


i Fy Ly E, 
ohh) ’ , ’ sos R Va Ve 
# xX bs Ly : <\(je Je) ROD (* te A Dor, (Ri) Dox, (Re), (14) 
4 Va Vi k 
} where the summation goes over the corresponding 
} quantum numbers; 1, +v,+k is an even number. 
| <I (jeie)kO> is the statistical tensor of Fano, 
| which is proportional to 

) a (Me) 


<ife fe) BOD =D) (— yee (Be + 1y4( le 
m m, 0. 


Me e e 


ie ® 


2k\ Clee ol |e. 
=e eae ig ee 
The matrix elements in (14) are chosen to be 
real, which is always possible‘ in view of the in- 
_variance under time reversal. This leads to the 
following normalization for the correlation func- 
tion (14):* 


(8n2)2( Wd.Q, dQx dy dye = DY (isbLil i? (i Lal iy. 


Lila 
_ The radiation parameters C,,(LL’mx) are 
given by Biedenharn and Rose. Alder, Stech, and 
Winther® calculated these parameters for B decay 
including the possibility of parity non-conservation. 
For (wF,F,7A)* K 1, we sum over Fg and 


(15) 


(16) 


Fi in (14) and obtain 
Way yeeros ENGL) 
< (j]] Lol) js) (i Lall jn) Cores (La La 1X) Cope, (Lo Le 2 ) (2) + 1) 


X (2¥, + 1) (Qe + 1ym(Qe+ 1dr : H fe - a 
1 2 


*The rotation is defined by the Eulerian angles, 9, 6, and 
x; the element of solid angle in the direction of the radiation 
is dQ =sin0@ dOdq; x defines its transverse polarization. 
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QF,+AQF, +1) Gj ee 
BEAT aS Nucor A a a i Pe | an, 
TH (@ t) ie F, Fy eit ania 
*o"p Fy, Je J 
k\ a “ 
x 9) Dies (Ri) Don, (Re). (17) 


If (WF, FLTB)’ «1, expression (17) does not 


depend on the orientation of the electron shell, as 
was to be expected. It coincides in this case with 
the correlation function for the radiations from 
isolated nuclei: 


W = Dy(— ty ett 121i) a LALD) [Lal e) ELA is) 


ceareng, Lye LY 


1k, ]Ontttint 


X (Le Le m2 y) Dv ny (Ro Ri): (18) 


If the total angular momenta of the electron 
shells are randomly distributed [i.e., a(mg) = 
const], (14) goes over into an expression which 
differs from (18) by the reducing factor 


y (2F,, +1) (2F, +1) f joy \ 
PLR, eee kk On TB) | Fy Foy fe 
under the summation sign.* 

5. It has been known that any interaction of the 
nucleus with the external field leads to a decrease 
in the anisotropy; in the limiting case (wt)? >1 
only the “hard core” remains.* The explanation 
for this has been that the external field leads to a 
redistribution of the m -sublevels in the interme- 
diate state such that their population becomes 
more uniform. 

It is seen from the example of the well-studied 
y-y easeade % (1,2) *4(2) 14 in Cd! that 
the orientation of the shell leads to a weakening 
of this effect. 

To obtain maximal anisotropy, we place the 
axis of orientation in (17) in the direction of the 
first quantum. Substituting the value jg =*4 for 
the total angular momentum of the electron shell, 
we obtain for the anisotropy: 


= — 0,103; 


A unoriented 


— 0.149. 


A unperturbed = — 0.247; 


Agutly oriented — 
It turns out that in some cases the interaction 
between the nucleus and the oriented shell can 
lead to an increase of the anisotropy as compared 
to the case of an isolated nucleus. For example, 
using the same assumptions for the y-y cascade 
% (1) 4 (2) %, we obtain 


*This is Alder’s result.” 
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= — 0;0417; 


A unperturbed = — 0.1034; A unoriented 


This can be explained in the following fashion. In 
the intermediate state the system nucleus + shell 
tends toward equilibrium. If the sublevels of the 
electron shell mg are not uniformly populated, 
the non-uniformity of the population of the m- 
sublevels of the nucleus can be increased through 
the interaction. 


ANGULAR DISTRIBUTION 


Integrating (14) over dQ.dxy, we obtain the 
angular distribution of the nuclear radiation: 


W = Say too" Ei) LEH) 


Ga, Te ey ae be Le {Fa Bs ‘| 
+, gf Ta) it hy Pi i ap 
a’a é é 
FG Fach) assets , 

x ie a ip lei RO> Dor, (Ri)- (19) 
Expression (19) is normalized according to the 
condition 

ie \W sind d¥dy = > (Af Lil? (20) 
It is seen from (19) that the distribution becomes 
isotropic if either the lifetime of the initial state 
is much smaller than the precession period of the 
nuclear moment in the field of the electron shell 
[(wra)? « 1], or the electron shell is not oriented 
[fk (Je) = 9k0)- 


A tuity oriented — 0.1557. 


If the transition under consideration is precede 
by others, one must take into account the disori- | 
entation of the electron shell in these transitions. | 
The corresponding expression for one such tran- | 
sition is obtained from (14) by integrating over 
dQydx;. | 

In conclusion the author expresses his gratitud! 
to K. A. Ter-Martirosyan for interest in this worl 
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(1. INTRODUCTION 


5 Sie authors of recent papers on the microscopic 
theory of superconductivity have started from Fréh- 
ilich’s model in which the Coulomb interaction be- 
'tween the electrons is not taken into account. At 

{ the same time it is undoubtedly impossible to as- 

! sume the Coulomb repulsion to be small in real 

| metals and the expediency of this essential simpli- 
fication can only be discussed as the result of a 

} detailed analysis of the consequences of Frodhlich’s 
| model, taking the Coulomb interaction explicitly 

| into account. It is, however, perfectly obvious that 
in order to establish a criterion for the occurrence 
of superconductivity it is necessary to take the 
Coulomb interaction explicitly into account in Froh- 
lich’s model as the principal competing factor with 
the electron-phonon interaction which makes the 
superconducting state, as is well known, the ener- 
getically more favorable. In other words, if the 
Coulomb effects are not taken into account, all 
metals described by the Frohlich model will be 
superconductors which is in contradiction with 

the experimental facts. Bardeen, Cooper, and 
Schrieffer,! evading a mathematical consideration 
of this problem, assumed that a necessary condi- 
tion for the occurrence of superconductivity in a 
given metal is the predominance of the interelec- 
tronic attraction caused by the electron-phonon 
interaction over the Coulomb repulsion (as an 
average effect in a well defined region of momen- 
tum space). 

A mathematically rigorous consideration of the 
influence of the Coulomb interaction on supercon- 
ductivity was given in the monograph by Bogolyu- 
bov, Tolmachev, and Shirkov.? A qualitative anal- 
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Frohlich’s model is studied by the Bogolyubov method taking the Coulomb interaction into 
account. A partial summation of the perturbation theory series is performed by approxi- 
mate second quantization in order to eliminate the infrared divergence. The basic com- 
pensation equation for dangerous diagrams and an expression for the renormalized single 
fermion excitation energy for the case when the Coulomb interaction is taken into account 
are obtained in explicit form as a result and are discussed. 


ysis shows that the criterion proposed in reference 
1 does not correspond to reality and that the influ- 
ence of the Coulomb interaction is appreciably 
weakened due to the collective interaction. 

In the present paper we shall be engaged in a 
detailed investigation of the basic compensation 
equation, in particular of the expansion of the 
kernel of this integral equation in the region of 
the infrared divergence. 

It is then essential to use a method of approxi- 
mate second quantization to sum a special class 
of diagrams. Such a method was worked out by 
Bogoyubov, Tolmachev and Tyablikov and used by 
the authors in reference 3 to investigate the en- 
ergy spectrum of a high density electron gas. 


2. THE BASIC COMPENSATION EQUATION OF 
DANGEROUS DIAGRAMS 


We start with an investigation of a dynamic sys- 
tem with the Hamiltonian of the Frohlich model in 
the usual form, supplemented by the Coulomb in- 
teraction energy He: 


H = Dd\(E(k) Naka, 
ks 


+ > w (q) bf bg + A ph + He, (1) 
kil<¢7p 
where 
Hp = dy (g?0(q)/2Q)% [ak ays bf + at, Axs Pq], 
iat 
v (q) 
Beas 2 “20 ta, spa, pr, %p, 99 
ss’ 


ais and ay, are the creation and annihilation 
operators of an electron of momentum k and 
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spin s; bg and bg the creation and annihilation 
operators of a phonon with momentum q, w (q) 
and E(k) the energy eigenvalues of the phonon 
and the electron respectively, A the chemical 
potential, g the coupling constant, 2 the nor- 
malizing volume, and v(q) the repulsive Coulomb 
potential in momentum representation. 

One must note that the mathematical treatment 
of the Hamiltonian (1) is a very complicated prob- 
lem. It is well known that the first convincing re- 
sults for the Frohlich model (without the term He) 
was obtained only recently in the well known paper 
of Bogolyubov’s‘ thanks to a treatment by a new 
methematical method: “the principle of the com- 
pensation of dangerous diagrams.” For an elec- 
tron gas with a purely Coulomb interaction the 
situation is no less complicated and only recently 
has considerable success been achieved in the 
high-density approximation.° 

According to the present-day formalism of 
perturbation theory the quantities characterizing 
any dynamical system can be constructed by 
means of the operator R(E) only: 


4 
R(E) = Hint + Hint Fy Hint + -- (2) 
We have, for instance, for the ground state energy 
and the energy of a one-fermion excitation 
E, = E(®y) + AE, E(k). 


= (E(®,) — E (®y)) + E (a), (3) 
where 


AE = (Dy|R(E(®y))|Pvrc, E = ¢D,| R(E (®,)) | Dc; 


E(@y) and E(%,) are respectively the energy 


| 
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of the ground state @y and the energy of the one- 
particle excitation , when there is no interaction. | 
The index C indicates that in the averaging only 
connected diagrams are taken into account. | 

The basic difficulty is that the equations of the | 
usual perturbation theory (3) do not give correct | 
results if applied to the Hamiltonian (1) for two ] 
reasons. Firstly, the electron-phonon interaction, | 
however small, is very important near the Fermi \ 
surface and changes the structure of the energy 
spectrum. Furthermore, as far as the Coulomb 
interaction is concerned, the different terms of 
the perturbation theory series diverge in the in- 
frared region. The physical crux of such a situa- 
tion was analyzed carefully in Bohm and Pines’ 
papers on plasma theory. In references 3 and 5 
rigorous mathematical methods were developed to 
overcome this difficulty in the high density approx- 
imation which essentially consists of a partial 
summation of the infinite series (3). In the pres- 
ent paper we shall overcome both difficulties 
mentioned. , 

Following the basic idea of Bogolyubov’s* we 
shall first of all perform a canonical transforma- 
tion in the Hamiltonian 


Ak 1, = Ux bg On Mh, Ay, = Uk Ae 1 — Vk OH, 
2 ‘Bi oe ‘4, 
wa+u=l. (4) 


The transformed Hamiltonian can be written 
in the form 


H=U+H+4n+H.+H', (5) 


where 


U =2)>)(E(k) —d) 02; 


Hy = > 8 (R) lay, Mo 5 


k 


A pn = > 


kq 
k’—k=q 


OF Ma] + D}@ (g) OF bg; 
q 


(g* @ (q) / 2Q) (BF + b—q) [MP (k, k’) (af, af + Oy, 4) + Me (k, k’) (oF Meg + OE My Is 


ko ~K1 


H’= LE (k) —*) G2 — 22) & (k)] (Ot, Mg HOE M1) + 2 Ee (2) —d) ux Vx (aE ont + OKs OK); 
k 


Mt* (k, k’) == Uy U_ + Ux Uy, M- (k, k’) = Ux Uge — VX Ue. 


The transformed Hj is a quartic expression 
in the Fermi operators ay., Qy. with coeffi- 
cients depending on uy and vx. 

Applying perturbation theory to the Hamiltonian 
(5) we get a series which contains divergences of 
two kinds. All terms which contain “vacuum-two 
fermion” type matrix elements diverge logarith- 


mically near the Fermi surface. To overcome 

this difficulty the canonical transformation (4) 

was developed as well as the principle of the com- 
pensation of dangerous diagrams according to which 
we may put these “dangerous” terms equal to zero 
by an appropriate choice of the ux and vy, namely 
by determining them from the equation 
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(0x1 Ko R (0)> = 0; (6) 


The renormalized fermion energy € is determined 


from the condition that the radiative correction 
vanishes 


Coo R (E(k) oat = 0. Cy. 


Equation (6) is the formal writing down of the 
basic compensation equation. It can, however, not 
be analyzed as long as R(0) is in the form of an 
infinite series- with divergent terms connected with 
the scattering by a Coulomb potential in the long- 
wavelength region. In the following we shall follow 
an idea of Gell-Mann and Brueckner and sum the 
most divergent terms of the series (6). This pro- 
cedure enables us to remove the infrared diver- 
gence noted above and to evaluate accurately the 
main terms in the regular expansion in the dimen- 
sionless parameter rg =ro/a, where ro = 
(4nN/32)~'/3 and a is the Bohr radius (tg is 
small for high densities). This program can be 
carried out without special difficulties is the 
momentum k in Eqs. (6) and (7) corresponds to 
an energy € (k) ~ 0. This assumption is perfectly 
legitimate, although it is not completely obvious 
that the expansion parameter is small, since, just 
in the immediate neighborhood of the Fermi sur- 
face where €(k) ~ 0 the “vacuum-two fermion” 
type matrix elements become “dangerous,” It 
follows therefore from the idea of the compensa- 
tion of dangerous diagrams itself that we should 
investigate only the asymptotic behavior of Eq. (6) 
for €(k)~0. 

Moreover, Eqs. (6) and (7) can, according to 
Shirkov’s investigation (see reference 2), be writ- 
ten for €(k) ~0 in the form 


(O41 ko Rre=2E (R) Ux Ux 


= — 0) DO (k, ke Oe = 0, (6) 


Catz Roixore = & (k) — (uz — v2) E (R) 
aa Qu Ux >) 0 (k, k’) Un oye = 0. (i) 
m 


We shall here not give the complicated formal 
expressions for Q(k, k’) and é(k) in terms of 
variational derivatives with respect to Fermi am- 
plitudes which were obtained in reference 2, since 
in the following we shall obtain explicit expressions 
for them using the simpler method of approximate 
second quantization. 

Rigorously following a previous paper by the 
present authors® we shall write down the model 
Hamiltonian* 

*In Wentzel’s paper® a model Hamiltonian was considered 
which differed from (8) only in that there (ux, vx) everywhere 
took the trivial values (0,1). 


H = \0(p, q) BS (4) Bp (a) + d)0(q) bf by 
Pg q 


+ >) 0 (9) /2Q) [M* (p,; p + a) M* (p’, p’ — q) 


pe’q 


x (Bp (a) Bp (— 4) + Bp (a) Bp (— )) + 2M* (p, p + q) Mt 
x (P’, p’ + 4) BE (a) Bp (@)] + SY (g? @q / 22) M* (p, p +) 


x [Bp (q) (64q + bq) + Bp (q) (6-4 + 8%)1, 


o(p, q)=e(p + q) + e(p), (8) 


where Bp (4), Bpy(q) are the Bose-amplitudes 
corresponding to the indecomposable complexes 
OD +g, 0 Ot . A rigorous solution of the problem 
with the Hamiltonian (8) is equivalent to a sum- 
mation of all diagrams in which the electron-hole 
complex is not broken up (see the figure). The 
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«: electron, >: hole, wavy line: phonon 


coefficients are chosen in such a way that the en- 
ergy denominators and vertex parts in the model 
problem correspond to the corresponding elements 
in the summed diagrams of the exact problem. if 
g2 =0 and (ux, vk) =(0,1) the Hamiltonian H 
goes over into the model Hamiltonian? for an elec- 
tron gas with Coulomb interactions. 

It is well known that the diagonalization of Hi 
leads to the solution of a system of homogeneous 
linear equations for the functions ?pq and Aq, 
Aq and Mg: 


(@(p 9) +E) xXpq 
*# ae M* (pp + 4) VIM" (', p’ — 4) ep,-4 
ey 


+ M*(p, p’ + q) Xp’, al 
++ (g? @q / 2Q)2 Mt (p, p + q) (Aq + Hg) = 9, 


(o(p, gq) — E) xp. 4 


+ °@ mr (p, p+ 4) 1M" (P', p’ — 4) x0". -4 
= 


+ M* (p’, p’ + q) opal 
+ (g? Wg | 22) M* (p, P+) (Aq +P) = 0, 
(00g -+ E) pq + (g? q / 202) >)(M* (p, 4) %° 4 


p’ 


+ M* (p’, — q) $p’, —q) = 0, 
(0g — E) hq + (g? y / 20) DS) (M* (p's 4) 0", 4 
c 


+ M* (p’, — q) Xp’, -q = 9. (9) 
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To determine the matrix element (7) we apply the 
“procedure of redefining the vacuum” developed 
in reference 3. We shall define two “vacuum func- 


tions” $y, 1, for the fermions dp, and aps 
respectively 

tps|Dy> = 0, a, | = 0, 
where 


Wag = Hy (1 — Spx) + ot, oy, Oy == %pi(1 — Spx) — a8 
The Fermi amplitudes aps, apg are expressed 


in terms of po, pi by the equations 


ae (Rare ree 
api, = U),% 9 +v pot A_p—y, = U,%, — UA aT, 
where 

Up =U, (1 bax) v, ok? Up = 0, (1 — 5 x) + U, boxe 


One notes easily that $y is the vacuum func- 
tion of the dp, fermions and 41) the state in 
which two fermions Q,) and Q@,, are present. 
Then = 
(© (R)) ano 


= 1/,(AE (®y) — AE (®y)) + (oxo He @xo>- 


For a model Hamiltonian of the kind (8) AE (¢v) 
can be evaluated exactly.° Thus, performing the 
canonical transformation (4) [or (4’)] in the exact 
Hamiltonian and comparing the indecomposable 
complexes with the Bose amplitudes Bp (q) and 
Bp (q) we shall-obtain two model Hamiltonians 
HH and H’ which differ in that the functions 
(UK, VK) and (uk, v&) occur in them, respec- 
tively. The magnitude of the difference AE for 
the systems H and H’ shall also be of interest 
to us. 

The system (9) can easily be solved. The 
secular equation which determines the excited 
energy eigenvalues Eq is of the form 


(Oko R 


(10) 


where 
D(q, E) = Q* | v(q) — ee , 
f(g. E) = 3) M*(p,p + 4) cated. 
i o* (p, g)—E 
For AE we have 
AE (®y) = — D\ Ea [x*p, o(%) Xo. (%) + Ha* (#) Ha (@)1, (12) 


where Xp,q (qa) and Lg (a) are determined from 
(9) and the normalization condition. After chang- 
ing the sum into an integral and a number of ele- 


CHEN CHUN-SIAN and CHOW SHIH-HSUN 


po pk’ 


mentary calculations (cf. reference 3 )* we get 
AE (®y) = 


— SA \ind+D@, Af D-UPS@ Ede, 
q ip 


where the contour I encloses the real positive 
axis clockwise. AE(#‘y) is obtained from AE (vy 


— 


| 
i) 


by replacing (u,, Vic) by (uz, Vic) Subtracting 
AE (4) from AE (®V) we have 


&(k) = Quy Vx x Q(k, k’) ux Ue 


+ (uk — 0f)| Sb — ab) F (ke kK) + Bp te a3) | 


where 

4 D(q, E) 2 (k, 4) 
Q(k, k +4) = =a) TED@ DIG!) 8k O—-E”’ 

1 
4 
F(k, k+q) =—gq, (14) 
D(q, E\f(q, E)y(@M/Q+ g oi / (wf, — E) 2 (k, 9) dE 

x\ 4+D(q, E)f(@, E) ar(hk, g) — E2 


Comparing (13) with (7’) we find in our approxima- 
tion the equation for the compensation of danger- 
ous diagrams: 


QE (R) UV — (ue — Vi) 2 Ux Ve Q(k, k’)=0, (15) 
where 
E(#) = >) (uk — vb) F(k, k’) + DP okaa, (16) 
k’ ke 
and where Q(k, k’) is given by Eq. (14). Intro- 


ducing C(k) instead of (ux, vk) through the 
formula 


C (k) = 21 (k, kWuoee 


we can write Eqs. (13) and (15) in the more com- 
pact form: 


C(k) =F UQk, KC (KY VCR) FEE), 


e(k) = V C*(k) + (Kk). au 
The solution of Eq. (17) enables us to construct 
a microscopic theory of superconductivity and in 
particular a criterion for the occurrence of super- 
conductivity in an electron-phonon system. 
We shall now discuss the properties of é (k) 
and Q(k,k’). &(k) is by definition the energy 


*When the sum is changed into an integral one must take 
the residue at infinity into account. We note in this connec- 


tion that in Eq. (4) of reference 3 the constant term should be ! 


omitted. 
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of a one-fermion excitation from the ground state 
[C (kK) =0] taking corrections of all orders into 
account. After a few transformations we can write 
it in the form 
ye) 
Q 


(k) = (E(k) —d) + 
Ik+ql<kp 


Ll ane eal aa vq) f(g, u)/O 
1 Ge Wise ieee | oi i(q, 4) + D(q, 4) 
co2/Q (co? + u?) | 


2 (k, q) 
an oN ROR ACR 


w? (k, q) — u2 du, 


where 


= Leoore _ 20 (p, gq) | 
a q) +> 


which for g*=0 agrees exactly with the result 
of reference 38. 

To study the asymptotic behavior of Q/(k, k’) 
for small q we take the main term from (14) 
evaluating the residue at the pole E=w(k, q). 
We have then 


Q(k, k-+4)=Qe(k, k +4) +Qpn(k, k-+4), 
Qe(k, k +4) ="@l14 2 Fog, (2, g))| > 


41{+<x te 
ra) u 


Dy (4) =Q7 (: kG) 


4re2 2 Ts% 4 
re |g? + Re EB (1 =n 


Qo (k, k a q) 


4 22 ke, £0 di 
BE Eh ES 7 ETD 
Q wi —o*(k, q) 2x 


where x=kp/(kt + 3q), t = (p°q)/pq. It is 

then clear that Qc(k, k’) is essentially the 
screened Coulomb interaction between the elec- 
trons. For small q, Qph (k, k’) ~ 0 which 
means the predominance of the effects of the 
Coulomb interaction in the long-wavelength region. 
These calculations completely confirm the quali- 
tative considerations given in reference 2. 


3. CONCLUSIONS 


1. The influence of the Coulomb interaction on 
the occurrence of superconductivity has not been 
investigated sufficiently. Taking it into account 
is especially important from the point of view of 
establishing a criterion for the occurrence of 
superconductivity. 

2. In Bogolyubov’s new method in superconduc- 
tivity theory the main difficulty in taking the Cou- 


2 
gas 
2 2)? 

Oo Tu 


lomb interaction into account is the infrared di- 
vergence of the basic quantities which occur in 
the equation of compensation of dangerous dia- 
grams. 


3. According to an idea of Gell-Mann and 
Brueckner and using the method of approximate 
second quantization we summed a special class 
of the most divergent diagrams giving a contri- 
bution to the main terms of an expansion in rg, 
thus removing the infrared divergence and ob- 
taining explicit expressions for the functions 
€(k) and Q(k, k’) as the basic quantities in 
the compensation equation. 

4. Equations (6’) and (7’) together with (14) and 
(15) form a closed system and a detailed investiga- 
tion of it from the point of view of determining a 
criterion for the occurrence of superconductivity 
in an electron-phonon system remains a problem 
for further study. We must, however, note that 
to solve this physically very interesting problem 
one must clearly take the influence of the periodic 
field of the crystalline lattice into account in a 
more exact manner. 

In conclusion the authors express their deep 
gratitude to N. N. Bogolyubov, V. V. Tolmachev, 
and D. V. Shirkov for suggesting to them the sub- 
ject of this study and for their constant help and 
valuable discussions all the time while this paper 
was being completed. 
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We have investigated a number of properties of weak ferromagnetics at low temperatures 
using Dzyaloshinskil’s theory which considers weak ferromagnetism to be the consequence 
of the magnetic symmetry of antiferromagnetic crystals of a well defined magnetic struc- 
ture. We consider the case of “transverse” and of “longitudinal” weak ferromagnetism 
(in the first case the spontaneous magnetic moment is perpendicular, and in the second 
case parallel to the antiferromagnetic axis). We have evaluated the spin wave energy, 
the temperature dependence of the magnetization and its field dependence, and the spin 


part of the heat capacity. 


Ie To explain the nature of the weak ferromagnet- 
ism observed in MnCO 3 and CoCO3, Borovik- 
Romanoy and Orlova! suggested a model of ferro- 
magnetism in which the directions of the magnet- 
izations of the sublattices were not strictly anti- 
parallel, but were rotated over a small angle with 
respect to one another. Dzyaloshinskit? gave a 
group-theoretical justification of the possibility 
of such a magnetic state. He showed that weak 
ferromagnetism of compounds of the type a-Fe,03 
and MnCO, is a natural property of these magnetic 
substances in those states where the spins of the 
magnetic ions lie in the (111) planes and that the 
resulting spontaneous magnetic moment in that 
case is perpendicular to the antiferromagnetic 
axis (“transverse” weak ferromagnetism ). 

In the quoted paper by Borovik-Romanov and 
Orlova another possibility for weak ferromagnet- 
ism was also pointed out, which is produced by 
an incomplete compensation of the strictly anti- 
parallel directed magnetic moments of the sub- 
lattices, due to a difference in their g -factors. 
This can, for instance, occur because the sub- 
lattices consist of magnetic ions (atoms) of 
different elements (in such a way that N,S; = 
N,S2, but g; #g2, where Ny, Sy, gy and Ng, 

S., g2 are the number of ions, their spins and 

g -factors of the first and the second sublattice, 
respectively). Moreover, even for identical ions 
the g-factors may turn out to be different, if 
they occupy non-equivalent positions in the lattice 
so that the sites of the different sublattices have 
different environments. In that case, the re- 
sulting spontaneous magnetic moment of the 
crystal is parallel to the antiferromagnetic axis 


(“longitudinal” weak ferromagnetism ). 
Using Landau’s theory of phase transitions 
and the most general expression for the magnetic 


energy which was allowed by the crystal symmetry, — 


Dzyaloshinskil investigated the behavior of weak 
ferromagnetics near the Curie point in its depend- 
ence on temperature and magnetic field. It is of 
interest to perform a similar analysis in the low 
temperature region where one can apply the spin 
wave approximation. In the present paper a first 
attempt in this direction is made. 

2. We shall evaluate the energy of spin waves 
for rhombohedral crystals of the a-Fe,O3, and 
MnCOg type which are “transverse” weak ferro- 
magnetics. 

We shall describe the magnetic properties of 
the crystal with the aid of two magnetic moment 
densities M,;(r) and M,(r) of the two magnetic 
sublattices respectively, and we shall assume that 


Mi (r) = M3 (r) = M2 = const [°}. 


One can then write the energy density depending 
on the distribution of the magnetic moments in 
space up to terms of the second order in the di- 
rection cosines of M; and Mg, in the following 
form, following Dzyaloshinski¥? (see also refer- 
ence 3): 


96 = (A/M?) MyzMan + (B/2M3) (M3, + MB, 
+ (BifMo) MizMoz + (D/Mo) (MixMoy — MoxMyy) 
+ (Ci/Mo) VM eV Mon — (M, -+ My) H 
+ (C/2M>) (VMyaV Myc, + VMgiV Moa) (iy 4 


(@ =x, y, Z; one sums over repeated indexes ). 
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The first term here is the exchange energy be- 
tween the sublattices, and the second and third 
terms are the usual magnetic anisotropy energy 
of a uniaxial crystal (trigonal axis along the z 
axis). The fourth term gives the magnetic energy 
typical for crystals of the symmetry considered 
here which is responsible for the weak ferromag- 
netism and which was taken into account for the 
first time by DzyaloshinskiY using a correct anal- 
ysis of the symmetry properties of magnetic 
crystals. The fifth and sixth terms take into ac- 
count the change in the exchange energy produced 
by inhomogeneities of the magnetization where we 
have for the sake of simplicity only retained the 
isotropic part of this energy, while the last term 
is, finally, the energy of the magnetic substance 
in the external field H. A, B, By, D, C, and C; 
are quantities of the dimensions of an energy 


which enter as some phenomenological parameters. 


The minimization of expression (1) shows that 
if A>0, B-—B,>0, and D>O and with the 
field H inthe basic XY plane the ground state 
of the system corresponds to those uniform dis- 
tributions Mp; and Mo, of the magnetic moments 
for which they are situated in the same plane, al- 
most antiparallel to one another, each deviating 
from the antiferromagnetic axis by a small angle 9 
such that 


sin9 = (D+ M,H)/2A (2) 


(sin 9 is determined by the ratio of the magnetic 
energy to the exchange energy and @ is thus, in- 
deed, a very small angle). In view of the fact that 
the initial Hamiltonian (1) does not take the mag- 
netic anisotropy in the basic plane into account, 
the position of the antiferromagnetic axis is fixed 
by the external field H which is perpendicular to 
that axis and parallel to the resulting magnetic 
moment. The magnitude of the latter is, accord- 
ing to (2) at T=0°K equal to 


M (0, H) = 2M) (Hp + H)/He, (2’) 


where Hg = 2A/M) is the effective field of the 
exchange forces (of the order of 10°-10' Oe), 
and Hp =D/M) some internal magnetic effective 
field (of the order of 10?—104 Oe) caused by the 
presence of the spontaneous magnetic moment at 
H =0 which may be called the Dzyaloshinskit 
field. The spontaneous magnetization Mg (0) = 
2M)H)/Hp is 0.01 —1% of the nominal one 
(2M)). 

Considering, further, weak oscillations AM; = 
Mj -Myj (j = 1, 2) of the magnetic densities 
around their values corresponding to the ground 
state, one can by the usual means** obtain the 
energy of two kinds of spin waves 


Ew = {u? (Hp + H) H+ PRY; (3) 
Ex) = {v?(H6 + Hp (Hp + HY] + PRY, (4) 


where k is the spin wave vector, yp = geh/2mc, 
P = 2A (C—C,) u?/M?, and Hy = V2A(B—B,) /My 
is a third characteristic field the magnitude of 
which (of the order of 104— 10° Oe) is the geo- 
metric mean of the exchange forces field and the 
magnetic anisotropy field. 

3. Using Eqs. (3) and (4) for the energy of the 
spin waves one can easily evaluate the tempera- 
ture dependence of the magnetization. A standard 
calculation® gives 


MT, Aiea AT YET yay 179 (5) 


for the temperature range wHy) K KT K kK@g (Qe: 
Curie temperature, x: Boltzmann’s constant), 
where the spontaneous magnetization is* 


Ms(T) = (2M).Hp/H,)(1 — aT’), 
a = WH x?/24My/3, (6) 
and the susceptibility 
X(T) = (2M)/He) (1 — aT”). (7) 


Borovik-Romanov and Orlova! obtained for 
MnCO 3 and CoCO 3 a two-term equation similar 
to (5) for the temperature and field dependence of 
the magnetization. As far as the specific form of 
the dependence of Mg and x on the temperature 
is concerned one can for the moment only note the 
agreement of the theory with experiments as far 
as an increase of both quantities with a decrease 
of temperature is concerned and a tendency to 
saturation. For a more detailed verification of 
the theory it is necessary to extend the measure- 
ments to the region of very low temperatures 
(provided, of course, that there is in these sub- 
stances no low-temperature transformation from 
the state of weak ferromagnetism to a truly anti- 
ferromagnetic state, such as, for instance, occurs 
in the case of hematite). 

4. We shll begin the consideration of the “lon- 
gitudinal” weak ferromagnetism with a discussion 
of the general case of a ferromagnetic with two 
magnetic sublattices, the magnetizations of which 
are antiparallel to one another in the ground state 
while Mo; ~ Mog. The Hamiltonian of such a sys- 
tem is of the form [compare with Eq. (1)] 


Ke = (Ajo/MoiMo2) MiaMea -+ (Cy2/Mo1Mo2) V Miz V Mew 
+ (Cy,/2Mo) V Maz V Mia 


+ (Co2/2Mo2) V Moa V Moa —- (Mi + Ma) A. (8) 


*If H, is so large that pH, > »T > yH, pHp, one must 
replace the coefficient « by «/2 in Eq. (6). 
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if the anisotropy forces are not taken into ac- 
count. The resulting magnetization in the ground 
state is equal to Moy—Mog (if Ay > 0 and Mo > 
Mp2) and directed along the field H. The spectrum 
of the eigenoscillations is given by the expression 


Bo) — V(@, + &)?/4 — B? + (e, — &)/2, (9) 


where 
©) = (t4/Mo1) (Are + Cyk*) + wal, 


Eo = (t2/Moz) (Arz + Cook®) — toll, 
B = (atto/MorMoz)* (Ars + Ciok?). 


One sees easily that the necessary and suffi- 
cient condition that the spin wave energy have the 
linear dispersion law (Ex, ~ k if H=0) charac- 
teristic for antiferromagnetics is the equation 


Ma/ts = Moo/2- (10) 


This equation allows a spontaneous magnetization 
to be present: 


M5(0) = Mor —Mo2 = &Mo, 


where 
8 = Ap/p, Ap = (py — pe)/2, w= (Ua + be)/2 


and Moy = (Mo. + Mo2)/2. 


We are here thus dealing with spin antiferromag- 
netism since, according to (10), N,S; = N2S2, and 
with weak “longitudinal” ferromagnetism produced 
by a difference in g-factors of the magnetic ions 
of the different sublattices. The quantity 6 which 
determines the possible value of the spontaneous 
magnetization of such hypothetical weak ferromag- 
netics can, generally speaking, vary within wide 
limits compared to the usual ferromagnetics; if 
we use the observed differences in g-factors for 
magnetic ions (atoms) of different elements or 
of one element, but in different compounds, we 
have 6 ~ 10°°—1071, 

If for the sake of simplicity we restrict our- 
selves to the case Cy; = Cy. we can write the 
energy of the spin waves (9) of a “longitudinal” 
weak ferromagnetic, taking (12) into account, in 
the form 


Ew) ae {u? (SHeH ae 0°”) +. PR? yh + uH. (11) 


We note that the states considered by us, in which 
the antiferromagnetic axis is parallel to H, are 
stable only in the range H & 6Hp for the field. This 
range of stability is changed if we take the magnetic 
anisotropy energy into account in (8).* 


*We shail not write down here the unwieldy equations for 
the spin wave energy taking magnetic anisotropy into account, 
since the latter does not change the conclusions which in- 
terest us in the following. 
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The evaluation of the temperature dependence 
of the magnetization (for KT > uv OHRH ) gives 
again an expression of the form (5) where now, 
however, 


(12) 
(13) 


M,(T) = 8Mo ll — ve («T)*/12Mo!*l; 
X(T) =? («T)732P. 


It is characteristic that that part of the magneti- 
zation which depends on the temperature AM (T, H) | 
= —y? (KT)? (6Hp—4H)/12I must change its sign 
at H = 6Hp/4. 

5. On the basis of the calculations reported 
one can reach the following conclusions: 

a) Both for “transverse” and for “longitudinal” 
weak ferromagnetics the spontaneous magnetic 
moment changes with temperature not according 
toa TY law, characteristic for ordinary ferro- 
magnetics* but toa T? law. 

b) The magnetic susceptibility x(T) ina field 
H directed along the spontaneous magnetic moment 
is for “transverse” weak ferromagnetics the same 
as the usual perpendicular susceptibility of an 
antiferromagnetic and for “longitudinal” weak fer- 
romagnetics as the usual parallel susceptibility of 
an antiferromagnetic [compare Eqs. (7) and (13) 
for y(T) with the corresponding formulae for 
xX; and x, in the author’s reference 6]. This 
fact can be one of the indications by which one can 
easily distinguish “transverse” weak ferromag- 
netism from “longitudinal.” 

c) Since for all weak ferromagnetics the spin 
wave energy obeys a linear dispersion law, namely, 
Ex = Ik (for «kT > AEy where AEp is the energy 
gap for the excitation of spin waves), their spin 
heat capacity C, is proportional to aed as in 
antiferromagnetics. The corresponding expres- 
sions for Cg were, for instance, given in the 
papers by Kaganov and Tsukernik* and by the 
present author.® 

To check the results of the present paper, it 
is necessary to have additional experimental data 
on the magnetization, heat capacity and magnetic 
resonance in known weak ferromagnetics, prefer- 
ably on single crystal samples and at tempera- 
tures, low compared to the Curie temperature. 

In conclusion I express my deep gratitude to 
S. V. Vonsovskii for valuable advice and helpful 
discussions. 


14. S. Borovik-Romanov and M. P. Orlova, 


*Vonsovskii and Seidov® obtained a T? law for ferromag- 
netic ferrites, thenks to the fact that the problem of two mag- 
netic sublattices with N,S, + N,S, and g, = g, was in fact 
replaced by them by the problem with N,S, =N,S, and g,+ g,, 
which is not equivalent to it. 
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We have investigated the possibility of a superconducting state in metals for which the ele- 
mentary current excitations of the electronic system are (quasi-) bosons. This problem 
is solved, using Bogolyubov’s method, in the framework of the “polar” many-electron model 
of a crystal. We have obtained criteria for a possible occurrence of a superconducting 
state in a system of charged bosons (low temperatures, low density of the quasi-particles, 
practically no “one-electron” transitions, and a negative sign of the exchange integral). 
The interaction between the current Bose particles, induced by the phonons, is attractive 
of character and opposes the appearance of superfluid properties of the latter. The crit- 
ical temperature of a superconductor with boson current carriers depends differently on 
the isotopic mass of the crystal ions than for the case of metals with a Fermi electron 
spectrum. This difference can be used as the basis of an experimental method to distin- 
guish superconductors of the “Fermi” and of the “Bose” type. 


i The latest developments in the microscopic 
theory of superconductivity in references 1 and 2 
are connected with the assumption that the elemen- 
tary current carriers obey Fermi statistics. An 
investigation of the interaction of these fermions 
with the phonons of the crystalline lattice made it 
possible to establish the presence of a state with 
the observed property of superfluidity below some 
critical temperature. It is, however, fully possible 
that there are cases where the current carriers 
in the system of interacting electrons in the crys- 
tal satisfy with sufficiently large accuracy Bose 
statistics. It is in that connection of interest to 
study the presence of superconducting properties 
in a metal with a Bose-type energy spectrum of 
the current carriers. The idea itself of connect- 
ing the phenomenon of superconductivity with the 
Bose-Einstein condensation of a gas of charged 
bosons is not new, but a number of existing in- 
vestigations in that direction (see, for instance, 
references 4 and 5) are, as a rule, methodic of 
character.® The reasons for this are, firstly, 
that the physical nature of the assumed charged 
bosons remains usually vague, and secondly that 
one considers a perfect boson gas, the thermody- 
namic properties of which differ from those ob- 
served in real superconductors (in particular, 
there is no phase transition of the second order 
in a perfect boson gas). These shortcomings are 
not present in the many-electron polar model!:8 
where, on the one hand, one does not postulate 
from the outset a gas of charged bosons, but ob- 
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tains it in the appropriate limiting cases (pre- 
dominance of the energy operator matrix ele- 
ments corresponding to two-electron transitions? ) 
through an analysis of the different kinds of inter- 
action in the electron system, while, on the other 
hand, this gas turns out to be imperfect. It is 
therefore expedient to consider a system of 
charged polar Bose excitations, using the method 
applied by Bogolyubov in analyzing the properties 
of superfluidity of a weakly imperfect Bose-Ein- 
stein gas.? 

2. In the case of a crystal where the energet- 
ically most favorable state is the one of maximum 
polarization’! (the sites are either pairs or 
holes) while the matrix elements corresponding 
to two-electron transitions predominate over the 
matrix elements of the one-electron transitions 
(lJqq’ | >| Laq’|, where Jgq’ is the integral 
of exchange between the orthonormal states 6 
and Og’, and Lgq’ the corresponding transfer 
integral), the Hamiltonian of the polar model 
has in the second quantization representation 


according to (19) of reference 7 the following 
form: 


= GG, gig aA ay 
q 


2 >; Bag'tgtty 


q#q’ 


+ Di Jaq (Pp OPV — 0,07 0,-b4), 


q#q 


(1) 


where s is the number of pairs, A the energy 
eigenvalue of a pair, Bqq’ the integral of the 
mutual Coulomb repulsion of two valence elec- 


Ly In ae 


trons in the states 6, and Og’, respectively, 

Ng the number of valence electrons in the state 
9q; G(q,q) the energy of a valence electron in 
an isolated atom, corrected for its interaction 
with the other atomic cores, yg and 64 the 
operators of the annihilation and the correspond- 
ing creation of a pair in the state Og, and Yq 
and WG the corresponding operators for holes, 
satisfying according to reference 3 the plus-minus 
quantization relations: 


[O,07), = (P71, = 1, 
[D,07]_ = (PEF = 0 (iis *g=" 4’), 
[DP gle= [PE ola= (Oo @rlii=— (YRS) =0. (2) 


Since in the case under consideration the condi- 
tion of maximum polarization: 


0,07 +8 87 =1 (3) 


is satisfied, it is expedient to introduce instead of 
the operators %g, 4, Vg, Vy the operators: 


b, = WV i0,, b7 = Oy YG, (4) 


which because of condition (3) also satisfy the com- 
mutation relations (2). The Hamiltonian (1) has in 
the new operators (4) the following form 


H = sA, + > Jqq/0q Og + > Cqq'dg Bb gb y , (5) 
q+q’ qty 
‘where 
A,=A+2G(q, gq) and Cyq = 2Bgq — Jaq: (6) 
Making in (5) the transition to wave vector 
space by means of the Fourier transformation 
bo = NV Sybxe*®y, bf = NH Dyoite—*Ry, (7) 
k k 
where N is the number of lattice sites, we get 
H=Hot+ HK, (8) 
Ho = Y(Ar + DV (A) ee") bn = Diexdie bx, (83) 
k h k 
H#:= Dy 8(ka— by + key — be) DIC (A) ele) 
ky, Ke, Koy Ka h 
X BiB Disb, « (82) 


Here De denotes a sum over the radius vectors 


h Pe ncd from a fixed lattice site to the re- 
maining lattice sites. According to reference 3, 
the operators by, satisfy, when the ratio s/N 

is small, the commutation relations for Bose- 
operators approximately. If we restrict ourselves 
accordingly to the case* s/N «1 (“poor” metal!) 
~ *If there are only pairs and holes, (i.e., when the polariza- 


tion is a maximum) the condition s/N <1 can be satisfied if 
the number of electrons 2s is less than the number of lattice 


sites N, which shall be assumed to be the case in the following. 
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we must interpret 5K) as the energy operator of a 
system of non-interacting quasi-bosons,* and 3, 
as the energy operator of their interaction. The 
Hamiltonian (8), (84), (8) has basically the same 
form as the Hamiltonian (3.63), (3.64) considered 
in reference 9. Following, accordingly, the rea- 
soning given there we find in the first perturbation 
theory approximation 


Broome = 8[A— x CA] + 53} CH) 
h h 
+ Sax WI (A) eb bs My, Mk, SC (fh) eth —ke) (9 
N ( 
k h k, +k, h 
where 
hk = bit by. 


We find now the condition that the lowest level is 
the one with occupation numbers 


m= ibe 
eo Oca Li 


k 2=°0 


as (10) 


i.e., the level 
Ey= s[A,— ye MCM| +E NCH+s IH. Ad 
h h A 


From (9) and (11) we find, if we use the nearest 
neighbor approximation and also restrict our- 
selves to considering the low temperature region, 
where ka « 1,!! 


Tere. Sap cots i ok teil >) tx (Ra? 
k 
+5) Me, Mn [6 — (Ky — ks)? 0. 
kit ke 

The expression within the square brackets is here 
positive by virtue of the condition ka «1. More- 
over, C =2B-J is also positive since B does 
not contain overlaps of the functions 9q, while J 
contains two such overlaps. The second sum on 
the right hand side of (12) is thus positive. The 
first term on the right hand side of (12) is posi- 
tive, if J <0. If, however, J>0, this term is 
negative and this coupled with the fact that in the 
case under consideration the interaction energy 
is assumed to be small compared to the kinetic 
energy, means that the right hand side of (12) will 
be negative. It is thus necessary that the exchange 
integral J be negative, if the energetically low- 
est state is to be the one for which all quasi- 
particles have k=0, i.e., one for which con- 
densation takes place. 

*We use in this case the term “quasi-bosons” to emphasize 
once again that for s/N < 1 the quasiparticles behave with a 
high degree of accuracy, but even so still only approximately, 
as bosons. 


(12) 
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Restricting ourselves, therefore, in the fol- 
lowing to the case J <0, we have from (8;) 


eg = Ay —6lJ] + pe/2riten, (13) 

where 
Mer = h?/2 |J| a?. (14) 

We find now the energy necessary to take one 
quasi-particle from the system of quasi-particles 
moving all with the same wave vector k. To do 
this, we use (9) and consider the difference AE 
between the energy Ek) of the system moving 
with the wave vector kj and the energy Ek)-g 


of a system of (s—1) particles with wave vector 
k) and one particle with wave vector ky —g: 


AE = Ex,-g — Ex, >, \J (le* 
h 
a 2 
— Sid (A) eo" + SC (h) cos(g, h). (15) 
h h 


In the last term of (15) we have dropped 1 com- 
pared to s. Using the nearest neighbor approxi- 
mation and (14), we can transform (15) to the form 


AE = E (g) — (PgVo); (16) 

where 
E (8) = p2/2mer -+ (2s/N) DC (A) cos(g, h); (17) 

h 


Vo = Po/Mest (18) 


is the average velocity of the condensate corre- 
sponding to a quasi-momentum Pp) = hk. In the 
nearest-neighbor approximation the ratio E (g)/g 
has, according to (17), a minimum at the point: 


(goa)” = 1/(N[J|/12sC —1/,). (19) 


In order that this minimum occur in the region 
where the low temperature condition ga «<1 is 
satisfied, the inequality 


s/N << |J|/2C, (20) 


must thus be satisfied, and this is the case, if the 
condition s/N «1 is obeyed, which is used, any- 
way, in the present paper. 

We introduce now the notation 


E ($o)/So = hu, (21) 
whence 
E (8) > hug. (22) 
From (16) and (22) we find 
AE > pg {u — v9 008 (Pg, Vo)], (23) 


or, since the maximum of cosine (Pg, We imele 
we have 


AE > (u —-Uo) Pg: (24) | 


From this it follows that if vo <u an excitation | 
of the moving condensate of pairs is energetically 
unfavorable. 

Applying Bogolyubov’s method to the real Bose 
gas of the quasi-particles of the polar model we 
are thus able to establish the occurrence of the 
property of superfluidity of the electron system 
of the crystal, if the following conditions are sat- 
isfied: low temperatures (ka « 1), poor metals 
(s/N « 1), practically no one-electron transi- 
tions, and a negative exchange integral (positive 
effective mass). 

3. The applicability of the results of the pre- 
ceding section are, strictly speaking, restricted 
to the region of sufficiently large k (and satis- 
fying at the same time the condition ka « 1),* 
when it has sense to use perturbation theory, as- 
suming the interaction energy to be small com- 
pared to the kinetic energy. One can convince 
oneself of this by applying to the problem con- 
sidered above the method of approximate second 
quantization.? Taking into account, namely, the 
fact that the main part of the quasi-particles is 
in the k=0 state, and dropping accordingly in 
(85) the terms with triple and quadruple products 
of the by, (for k #90) one can transform the 
Hamiltonian of the system under consideration 
to the form: 


H = (s*/N) 9} C (A) + (Ar — 6 U)) s 
h 


k h 


x >) C(h) ek bf bt, + (bb 2/N) >} C(h) e™™dxb_4, (25) 
k, h 


k, h 


where ny is the occupation number of the k = 0 
state. 


Now making the transition to the new Bose op- 
erators® 


Bu = bon fbx, Bic = Dono bt (26) 
and carrying out the canonical transformation? 
Pu = Gx + Antti — Ai, 
PG) Ae) ) er (27) 
*From (29) it is clear that one can consider k, to be 


“large,” & if it satisfies the condition ka > 2(n,/N|J| 
% C(h)e'Kh)*. The region of “large” k which do not violate 


the condition ka a satisfies thus the inequalities 1 >>ka> 
2 (no/N|J| EC (nye' y*. Since n/N <s/N 1, and ZC(h)e‘kh 
h 


is of the same order of magnitude as |J|, such a region clearly | 
exists. 
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where 
Ax = (N/2ny 2 C (A) e**h) [E (k) 


—|J| ka? +. 2" WDE (A) efkhy (28) 


one can verify that the Hamiltonian (25) is diagon- - 


alized, while one obtains for the energy of the 
quasi-particles the expression: 

E(k) = rae efkh |] RQ? + Peat}, (29) 
One sees from this easily that the result (17), ob- 
tained in Sec. 2 by perturbation-theory methods, 


is obtained for large values of k. 
In the region of small k it follows from (29): 


E(k) = 2 EB SC (h) ek My” ak , (30) 
h 


i.e., one obtains phonon-type (E~ k) excitations 
which leads also, as is well known, to the presence 
of the superfluidity property in a system of bo- 
sons.?»!2 

4. Since the method of approximate second 
quantization and the application of perturbation 
theory lead to the identical result for large k, 
we can take expression (21) for the critical ve- 
locity u.* Since the left hand side of (21) depends, 
according to (17) and (19), only on J, C, a, and 
s/N, it follows from this that in the case under 
consideration the critical velocity u does not 
depend on the isotopic mass M (if we neglect the 
possible, very weak dependence of the lattice con- 
stant a on M). In that respect a gas of bosons 
differs from a gas of fermions where the critical 
velocity of superfluidity is determined from the 
relation u = we-!/P kf, according to reference 1, 
and thus depends on the ionic mass according to a 
ux 2 law, through w. It is in this connection 
of interest to elucidate in how far the results ob- 
tained above are influenced by taking the interac- 
tion of the gas of bosons with the vibrations of the 
crystalline lattice into account. Putting 


J gq = Jag + (AR, — ARg ) (grad Jaq )o +--+, (31) 


where the index 0 indicates the equilibrium values 
of quantities, and expanding the displacement ARg 
of the g-th lattice site, caused by the temperature 
vibrations, from its equilibrium position in plane 
waves 


4 j 
ARe = 7p SyPy (bree + Ge“MRo)], (82) 
i 
*The arguments given below are also applicable, if we 
begin the determination of u with (30). 


where Pf; is the unit polarization vector and f; 
the wave Beets one can separate from (5) the 
following part of the Hamiltonian, which describes 
the interaction of the bosons with the lattice vibra- 
tions:'! 


SS Res 
yr Ok Ban a, (33) 


where the ag are the Bose operators for the pho- 
nons, V the volume of the system, and where the 
coupling constant g = anJa®/ 2/3vVM_ does not de- 
pend on M, since the sound velocity v ~ m7i?, 

If we now apply Fréhlich’s canonical transfor- 
mation! we can separate a boson-boson interac- 
tion caused by the phonons of the form: 


fa, (Ak, PA Ak) 


Hop) = > 
D8 2) 7 a ee AER 
f, k, kr NS 
abs ate 
by Osby 40x + €.€., (34) 


where A has the same meaning as in reference 
13. We note there that although an expression of 
the form (34) was obtained by Frodhlich* for fer- 
mions, it retains its validity also for bosons, since 
in deriving (34) the commutation relations for the 
quasi-particle operators were in reference 13 only 
used to obtain the relation (2.26): 


6, ata 


+q at +a ata, =5, ata — 
a, 4,474, ry aa CT oF gk a, arg An 


and this relation retains its validity, as can easily 
be checked, also for Bose operators. 

It is clear from (34) that if | exr_g—e, | < fwg 
the interaction induced by the phonons is attractive 
in nature and impedes thus the establishment of 
the superfluidity property in a system of bosons. 
Hp (ph) does here not dependon M, since in (34) 
there is a cancellation of w in the numerator and 
the denominator. 

In this respect there exists a similarity with the 
case of fermions where the interaction induced by 
the phonons is also by itself independent of M.? 

As far as the dependence on M of the critical 
velocity and of the critical temperature (isotope 
effect ) is concerned, they occur in the case of 
fermions because the region of the effective at- 
traction induced by the phonons is restricted to 


~~ *The interaction (34) was introduced by Frohlich 13 with- 
out taking Coulomb forces into account, but it is also valid 
when they are taken into seccnnt, if we understand by g the 
“screened” coupling constant. ! 
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the region hw. In the case of bosons, however, 
when it is essential for the occurrence of super- 
fluidity that the repulsion dominates over the at- 
traction, a restriction of the consideration to the 
region of the effective phonon attraction is clearly 
not necessary. It follows that, although in this 
case the attraction induced by the phonons de- 
creases the magnitude of u (through the effective 
decrease of the magnitude of C which, by the 
way, improves the applicability of perturbation 
theory methods, expounded in Sec. 2), the depend- 
ence of u on M is, apparently, in the case of 
bosons appreciably weaker than in the case of 
fermions. 

To conclude this section we note that the above- 
mentioned restriction on the region of the effec- 
tiveness of the attraction induced by the phonons 
leads in the case of fermions not only to a depend- 
ence of different characteristics of the supercon- 
ducting state on M, but also introduces accord- 
ing to Bogolyubov’s theory! (in contradistinction 
to the theory of Bardeen, Cooper, and Schrieffer? ) 
a dependence of the criterion for superconductiv- 
ity itself on M. The Bogolyubov-Tolmachev cri- 
terion, p>pcl[lt+pcin (Ep/o) ee depends, 
namely, on @ and thus on M, while the Bardeen, 
Cooper, and Schrieffer criterion p >pc does not 
depend on M. Thus, if one isotope of some metal 
is superconductive, all other isotopes of this metal 
will, according to the Bardeen, Cooper, and Schrief- 
fer criterion, also possess the superconducting 
property. According to the Bogolyubov-Tolmachev 
criterion, however, it is possible in principle that 
the heavy isotopes of a given metal possess the 
superconducting property, while its light isotopes 
(having a relatively larger value of @) will not 
possess this property. It is accordingly possible 
that when we go to lighter isotopes of superconduct- 
ing metals there is displayed a disappearance of 
the superconducting property itself, instead of an 
increase of Tc; following from the To, ~ mt? 
dependence. Such an effect, if it does occur, will 
be superficially analogous to the disappearance 
of the superfluidity observed when one goes from 
He, to the light isotope He 3. It is necessary, how- 
ever, to note that in this case the disappearance 
of superfluidity is usually explained not through 
the lowering of M, but through the different sta- 
tistics (He,: bosons; He3: fermions). 

5. What we have stated above leads to the con- 
clusion that the occurrence in a given metal of 
the superconducting property is apparently not 
yet a sufficient indication for a purely Fermi 
character of the energy spectrum of its electron 
system. It is fully possible that there are super - 
conductors where the current carriers behave 
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with sufficient accuracy as bosons. In the latter 
case, the dependence of the critical quantities on 
M must be appreciably weaker than in the case 
of fermions. Apart from that, the temperature 
dependence of the transport coefficients in the 
ground state of a metal with Bose current car- 
riers must be different from that of a metal with 
Fermi current carriers.!! These differences 
between Bose and Fermi conductors enable us 

to expect that a combined study of different prop- 
erties of superconductors both above and below 
the critical temperature Toy ~ M™ 2 depend- 
ence) should give us the possibility to solve ex- 
perimentally the problem of whether the energy 
spectrum of every real superconductor belongs 
to the Bose cr to the Fermi type. 
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We analyze the exact solutions of the Landau-Lifshitz equations for nonspherical ferromag- 
netic specimens in a radio-frequency field of arbitrary amplitude. An expression is derived 
for the threshold field he, above which instability in the motion of the magnetization vector 
begins. The slow decrease of the magnetization component and the shift of the resonance 
field strengths hy >hg are explained. It is shown that for hp > hg the height of the absorp- 


tion peak decreases and its width increases. 


ie Experiments by Damon! and by Bloembergen 
and Wang” have shown that the magnetization com- 
ponent Mz, in the direction of a constant magnet- 
izing field H) decreases with increasing micro- 
wave power. This decrease is, however, much 
slower than expected from a theory based on the 
approximate solution of the equation of motion for 
the magnetization. 

It has been found, furthermore, that for a radio- 
frequency field with amplitude greater than a cer- 
tain threshold field hy (considerably smaller than 
the width H of the absorption line), the contour 
of x” begins to broaden, and the position of the 
resonant absorption maximum shifts while its 
magnitude decreases. If hy >lg, a broad addi- 
tional absorption peak appears in fields Hy that 
are somewhat less than the resonant field Hy. 

A successful attempt at explaining the principal 
results of these experiments was made by Suhl.?>4 
Calling attention to the nonlinear character of the 
magnetization equation of motion 


m + y[mxH“] + [mxm] = 0, 
m=M/M,, «>0, y>0, 
where in the case of a thin ferromagnetic disk 
Ho =h,—N Mgmz, 
Hi? = Hy)—N Msmz, 


(1) 


Hi = h, —N Magny, (2) 


Suhl shows that starting with a certain critical field 


value 


he = AH (3.08 AH / 4M)”, (3) 


the motion of the vector m becomes unstable close 


to ferromagnetic resonance. 
Assuming further that the homogeneity of mag- 
netization is disturbed in ferromagnetic specimens 
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of spheroidal shape by thermal excitation, Suhl im- 
proved on Eq. (8). 

The theory developed by Suhl is based to a con- 
siderable extent on the assumption that the mag- 
netization vector deviates little from the equilib- 
rium position (mz ~ 1); as will be shown later, 
this theory is not suitable when hg * AH. 

It is easy to dispense with the foregoing assump- 
tion by using the exact solutions of Eq. (1), as done 
in reference 5. It now becomes possible to find for 
the threshold field hg an expression that is valid 
over the entire range of values of the parameters 
that characterize the system. 

2. In a coordinate system rotating with a fre- 
quency w about the direction of the constant field 
H) = H,, Eq. (1) for steady motion becomes 


[mx§] + mx[mxQ] = 0. (4) 


where 


&=(yH? —o)/a20, Q=0/o. (5) 


By choosing the axes of the rotating coordinate sys- 
tem such that the radio-frequency h = (hy cos t, 
hy sin t, 0) has only a component along the abscissa 
axis, and solving (4) for mx and my, we obtain 


m,, = a (Eo — Eytm,)ma/ [(Ey — Ey)” + m3], (6) 
m= — am? | [(& — bym,)? + m3], (7) 
where 
nie i NV. 
ga 8, a= 8, tay tem. 0) 


It is now easy to determine x’ and x”, the real 
and imaginary parts of the complex susceptibility 


(9) 


"== Xo (Fo — &ym,) m,/ [Eo — &ym,)? + m2], 
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x! = xo? | [Gy — Ey)? + me 0) 


where Xj = YM,/aw is the value of yx” at reso- 
nance in rf fields with hj) <hg, when 


vH, =) a 1M;(N y —ff,). (11) 


It is readily seen that the half-width AH of the 
absorption line equals in this case Qwmyz /Y, 
where m, = (1+vV1-a?)/2. Thus, in weak fields, 
when a* <1, the half-width is AH) = aw/y. 
When hy <hg is increased, the half-width de- 
creases to a value 


Sie = fsb tli (al AH) Vb Vary, <(12) 


This decrease in width is usually small, since 
he < AH). 

Using (6) and (7) together with the condition 
m”=1 we obtain the equation 


* . a Vo 
Sy iba ay Se Sa) : 
z 


in which we can analyze and plot the dependence of 
mz on &é, for various values of the parameter a 
(Fig. 1). For homogeneous strictly spherical spe- 
cimens, y= 0 and the biquadratic equation (13) 
is readily solved® with respect to mz. As the field 
hy (the parameter a) increases, the minima of 
the curves drop and shift along the dotted line 

) =énm,. The projection of the component of the 
magnetization vector on the line )-ym, is 
My=0 (x =0). 

Equation (13) is correct for all values of én 
and m, <1, to the extent that the initial equation 
(1) is correct. 

The approximate equation analogous to (138), 
used by Suhl, has the following form in our symbols 


2 1/2 
r as 
3) SS Ny AS 7 l 
1 — ne 


and differs from (13) in that it does not contain 


(13) 


(14) 


ae STS bes 8. oy ee 
FIG. 1. Dependence of m, on € for various values of the 
parameter a, at &y = 10; the values of a (where a? = 0.15, 


0.25, 0.36, 0.58, 1.0, and 2.0) are given in order of increasing 
gaps on the curves. 
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the factor mz, in front of the parentheses. 

3. As can be seen from the curves of Fig. 1, 
within a fixed range of values of £), mz (& ) is 
not single valued after a certain value a= ag is 
reached. The critical value of the parameter a ¢ 
can be determined from the condition dé) /dm, 
=0, which, according to (13), leads to the equa- 
tion 


at — (1 — m®)? [2 + 3, (1 — m?)] a? 


+ (1 +8) (1 — met = 0, 
the solutions of which are real if 


1— mt > 2[V 18 — EF. 


Since here a >1—m%, we have 
a2) Jee (15) 
If éy > 1, then 
Oe = (2/ tn)? <1, (16) 


which is the same expression found by Suhl. 

4, When a <4@, the motion of the magnetiza- 
tion vector is stable everywhere. When a> ae, 
the motion is unstable on the sections of the curve 
of Fig. 1 marked 2—3—4. The variation of mz 
with the external field Hy) (the parameter é)) 
follows therefore the curve 1—2—4—5. In this 
case the minimum of m, and the maximum of y” 
occur not at the point 3, but at the point 4, where 
x’ #0. Therefore the resonant field, determined 
from the position of the maximum of y”, will 
correspond not to condition (11), as would appear 
from an analysis of (10), but to a value of &y 
other than &)mz. The geometric locus of the 
points were x” has a maximum is shown in Fig. 1 
by a dotted line passing through the discontinuities 
of m,. 

Thus, the discontinuity in the motion of the mag- 
netization vector should cause a slower reduction 
in mz at resonant with increasing amplitude of 
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FIG. 2. Effect of non-sphericity of specimen on the char- 
acter of the dependence of mz on a? (curve 1) and of xy" on a? 
(curve 3), for €y = 100. The m,(a’) curve for a homogeneously 
magnetized spherical specimen (curve 2) is shown for com- 
parison. 


EFFECT OF SPECIMEN SHAPE ON FERROMAGNETIC RESONANCE 


the radio-frequency field h) than expected from 
condition (11) (Curve 1, Fig. 2). 

In sufficiently weak fields, a < ae, resonance 
occurs when condition (11) is satisfied. In this 
case x” = Xo, i.e., constant. To ascertain the 
dependence of y” on a2 when ae <a<i1, we 
use the expression 


Toto (he) fa, * (17) 


which is readily obtained from (10) and (13). Ac- 
cording to the above, 1—m2 increases more 
slowly than a2. Therefore y”(a?) diminishes 

with increasing microwave power (a?) when 

hy > hg. A more rigorous analysis shows that the 
drop in y”(a*) begins with a value somewhat 
greater than he (Curve 3, Fig. 2). The greater 
|éy|, the slower the drop in m, and the faster 
the decrease in y”(a?). 

It follows from (17) that the minimum of m, (£9) 


for a given a corresponds to a maximum of x”(£)). 


Therefore, as the microwave power increases, the 
resonant frequency should shift. For a <ag¢ this 
shift is determined by condition (11). When a>ag 
the shift can be determined graphically (dotted 
curve of Fig. 1). 

By using (17) and (13) it is easy to plot curves 

of x”(& ) for various values of the parameter a. 
The width of the absorption line is found to increase 
with increasing a> aq. 

Thus, by accounting for the demagnetizing field 
in the specimen, it is possible to describe quali- 
tatively the experimentally-observed peculiarities 
of ferromagnetic resonance in strong radio-fre- 
quency fields without making any assumptions what- 
ever regarding the magnitude of Mz. However, 
certain details of the phenomenon are elusive and 
cannot be explained here. Thus, it does not follow 
directly from the analysis that an additional ab- 
sorption maximum exists in fields where a> ag, 
nor is it clear why the threshold field is small for 
specimens of nearly spherical shape. 
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Actually, for spherical specimens Ny; = N, and 
En =0, and therefore a, =1. If the specimen is 
assumed spheroidal, even with a semi-axis ratio 
of 1.3, then according to Osborne® we have for 
nickel ferrite? (AH) = 50 oe, 4m™Mg/AHy = 65) 

En = 6.6 and ag=0.51, while the experimentally 
observed value is ag =0.18, corresponding to 

én = 62, which according to (8) can occur only 
for a thin disk. Thus, the assumption regarding 
the nonsphericity of the specimen cannot explain 
fully the small value of critical field observed in 
this case. 

The presence of pores and of internal stresses, 
and the block-like nature of the specimen struc- 
ture, may reduce substantially the value of the 
critical field. However, this problem has not been 
investigated experimentally. 

To explain the smallness of the critical field in 
spheroidal specimens and the appearance of an 
additional absorption maximum it is necessary, 
according to Suhl, to take into account the presence 
of thermal magnetization fluctuations in the speci- 
mens. For this purpose it is necessary to include 
in the effective field (2) the fluctuation field, which 
disturbs the homogeneous precession. But in this 
case the peculiarities in-the behavior of ferromag- 
nets in a strong radio-frequency field can be de- 
scribed without the assumption that m, ~ 1. 
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The fate of an unstable magnetohydrodynamic shock wave is considered; it is shown that 
such a wave must necessarily disintegrate into several waves among which there are fast 
and slow magnetoacoustic shock and similarity waves, Alfven discontinuities and a contact 
discontinuity. It is significant that disintegration of the unstable shock wave is accompa- 
nied by an increase in the entropy. The disintegration of a stable shock wave is impossible. 


1. INTRODUCTION 


Auraovcu the conditions for the stability of 
shock waves in ordinary and magnetohydrodynam - 
ics'!~? are well known, it has not been explained 
what happens with an unstable magnetohydrody - 
namic shock wave if it is created in some fashion. 
This question is considered in the present paper 
in an example of a plane stationary shock wave in 
an ideal gas, on both sides of which the magnetic 
field makes a small angle with the normal to the 
plane of the discontinuity. 

In Sec. 1, the qualitative picture of the disinte- 
gration is investigated. In Sec. 2, the problem of 
the disintegration is solved in zeroth approxima- 
tion, with neglect of the small tangential magnetic 
field. In this case, the initial unstable shock wave 
disintegrates into two discontinuities. However, 
the approximate distance here between the discon- 
tinuities that are formed does not increase with 
time. Therefore, in making clear the possibility 
of such a disintegration, it is necessary to con- 
sider the following approximation. Consideration 
of the tangential magnetic field in first approxima- 
tion is given in Sec. 3. In this approximation the 
initial shock wave disintegrates into four discon- 
tinuities. In Sec. 4, it is shown that in the consid- 
eration of a tangential magnetic field, the distances 
between the discontinuities which are formed con- 
tinues to grow. 

We note that, in order that the disintegration 
can actually take place, it is necessary not only 
that the distances between the discontinuities in- 
crease with time, but aiso that the discontinuities 
be stable. As follows from reference 2, satisfac- 
tion of the second condition automatically follows 
from the satisfaction of the first condition. More- 
over, the process of disintegration must be accom- 


panied by an increase in entropy. Satisfaction of 
this condition is also shown in Sec. 4. 

We shall show that the value of the normal mag- 
netic field Hy is such that on both sides of the 
discontinuity the Alfven velocity Vx is greater 
than the sound velocity c and the instability con- 
ditions are satisfied:?»? 


Vie <yx3 Vax < Vox, (1) 


where v, is the velocity of the liquid relative to 
the front of the discontinuity; the index 1 refers 
to the region in front of the wave, the index 2 to 
that behind it. (The x-axis is directed perpen- 
dicularly to the plane of the discontinuity from 
the region 1 into region 2, the magnetic field lies 
in the xy plane, the plane of the discontinuity is 
at rest relative to the chosen system of coordi- 
nates, and the liquid moves parallel to the x axis 
in the positive direction. ) 

Such an unstable magnetohydrodynamic shock 
wave can be obtained if an ordinary stable hydro- 
dynamic shock wave for which 


Vix > Cy; Vax < Cg (1’) 


is placed in a magnetic field (naturally, the liquid 
is assumed to be ideally conducting). 

If such a wave disintegrates, then, in addition 
to the contact discontinuity, only plane shock and 
self-simulating waves* are formed. This results 
from the fact that a characteristic length is absent 
from the problem. The conditions for instability 
of the discontinuities that are formed superim- 
posed restrictions on the possible picture of the 


*Self-simulating in the narrow sense of this word applies 
to waves for which all the magnetohydrodynamic quantities 
depend upon the ratio x/t. 
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disintegration. As is well-known,’ there exist 
three types of stable discontinuities: fast and slow 
magnetoacoustic shock waves, rotational (Alfven) 
_ discontinuities and three types of simple waves:° 
fast and slow magnetoacoustic, and rotational 
(magnetohydrodynamic ). 

The self-simulating waves are a special case 
of the simple waves. However, the rotational 
simple waves cannot be self-simulating, since 
the velocity in front of the front of a simple rota- 
tional wave is equal to the velocity of the back of 
the front; therefore, there exist only two types of 


self-simulating waves: fast and slow magnetoacous- 


tic waves. 
The velocity of all the enumerated waves are 


such that on each side there is propagated not more 


than three waves: in front, the fast magnetoacous- 
tic (shock or self-simulating); behind, rotational 
discontinuity and, finally, the slow magnetoacoustic 
wave (shock or self-simulating). Waves travel- 
ing to the left are separated by the contact discon- 
tinuity from waves traveling to the right. 

The amplitudes of these 7 waves should be de- 
termined such that the sum of the jumps of each of 
the seven magnetohydrodynamical quantities (p, 
P, Vx, Vy, Vz; Hy, Hz) on these waves is equal to 
the initial jump: 


7 2 
> Ajo'= pe — 03 > A Wx = Vox — Vyx (2) 


t=1 t=1 


and so forth. 

For simplification of the calculation, we shall 
assume that the initial magnetic field makes a 
small angle with the normal to the surface of dis- 
continuity, i.e., that the tangential magnetic fields 
Hiy and Hey are very small. Without limitation 
of generality, it can be assumed that viz = Voz = 0, 
and the quantities vyy and Voy are small. 

We note that even after the disintegration the 
component of the magnetic field Hz is identically 
equal to zero. 


2. ZEROTH APPROXIMATION 


We shall solve the problem of the disintegration 
by the method of successive approximations, neg- 
lecting in zeroth approximation the quantities Hyy, 
Hey, Viy» Vay> and in the first approximation, the 
squares of these quantities. 

In the determination of the type of waves being 
formed, it must be kept in mind that if a tangential 
magnetic field is absent in front of the fast mag- 
netoacoustic wave, then the wave cannot be self- 


simulating. Actually, for each plane magnetoacous- 


tic wave, the following relation is satisfied:4* 


dH, {dp = uw,H,/ 9 (ui, —V32), (3) 
where 


We =p V+PtV VP +e —4eV3 |, V=H/V arp, 


u, corresponds to the fast, and u_ to the slow 
acoustic wave. 

Multiplying the relation (3) by Hy and noting 
that u2 <v2 <u’, we find that dui, /dp >0 for 
the fast magnetoacoustic wave, and dH} /dp< 0 
for the slow magnetoacoustic wave. On the other 
hand, it is known*~’ that the density decreases in 
self-simulating magnetoacoustic waves. From 
this it follows that in the fast magnetoacoustic 
wave, the magnetic field decreases, while in the 
slow, it increases. It is easy to show that the 
opposite conditions are satisfied in shock waves. 
Therefore, on the forward front of the fast mag- 
netoacoustic self-simulating wave, the tangential 
magnetic field cannot be equal to zero. 

From this it follows that the fast magnetoacous- 
tic waves formed as a result of the disintegration 
are shock waves, if only they are not equal to zero 
in zeroth approximation. 

It is easy to prove that the conditions (2) in 
zeroth approximation correspond to a disintegra- 
tion into two shock waves traveling to the left,* 
while the magnetohydrodynamical quantities in 
the region included between these waves are 
equal to 


Qs Ore Vaai Ux = Mave Os 

tah PL (0? a v2 ) 2 

x ie (3c ae Vix am Vix), 
3%, 


Pe 


2 2 we 
~ 9 u,—vV z 
o= a = Via ie 2c) , 


2 
ery Vie 


My 
(4Vi, — Vix 2d) ] 


n= ail (4) 

If the velocity v,x differs slightly from the 
velocity Vix and Vox < Up. = C2, then such a dis- 
integration is possible only for vix> Vix, i.e., 
only when the stability conditions?»? of the initial 
shock wave are not satisfied. It follows from this 
that for vix < Vix the expressions for Hy and Vy 
become imaginary. 

The conditions (2) will also be satisfied when 
there is an Alfven discontinuity between the shock 
waves that are formed, making an angle 7 with 
the tangential magnetic field. 


*This circumstance was noted by S. I. Syrovatskii in a lec- 


ture at the Conference on Applied Theoretical Problems of 


Magnetohydrodynamics. s 
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It can also be shown that there can be no other 
disintegrations of the initial wave which satisfy 
the equations (2) in zeroth approximation, if the 
quantity a = V(vix—Vix)/Vix is sufficiently 
small and the amplitudes of all the waves are 
small except the slow magnetoacoustic wave 
traveling to the left. 

We note that these waves are compressional 
waves, i.e., they satisfy the well-known condition 
of thermodynamic stability .°-"4 

The two waves found in the zeroth approxima- 
tion lie at the boundary of the region of stability 
and have a velocity equal to zero. Therefore one 
cannot yet see at this stage of the calculation that 
the waves formed as a result of the disintegration 
of the initial wave are stable. In this connection, 
we proceed to the first approximation, i.e., we 
shall consider quantities of the order Hyy, Viy, 


Hey; Voy: 
3. FIRST APPROXIMATION 


The schematic picture of the disintegration of 
the initial wave is shown in the drawing. The 
dotted line indicates the contact discontinuity. 
The fast and slow magnetoacoustic waves are 
located on either side of it. The Alfven discon- 
tinuities, indicated by the dashed lines, are located 
between the magnetoacoustic waves. The regions 
between the waves are denoted by the indices 1, 
elim eee ane eee Cshal denote tne 
corresponding magnetohydrodynamical quantities 
by Ay, Hiy, SS Os 


Woe 


) 
| 
| 
| 
| 
| 
I At Ap Ate 


(Se 


The discontinuities in the magnetohydrodynam - 
ical quantities on waves of small intensity are re- 
lated among themselves in first approximation in 
the following way: 

fast magnetoacoustic wave: 


+ + Gee 
Ajoy = — ALH,/V 4rp»; (5) 
slow magnetoacoustic wave: 


+ 
NERO — 


~ ~ , 
A*p = At, 2 AT o; (6) 
2 


contact discontinuity: 


A denotes the discontinuity undergone by the mag- 
netohydrodynamical quantity in the passage of the 
wave. The upper index on A gives the direction 
of motion of the wave: the sign (+) to the right, 


the sign (—) to the left; the lower indices (+), 
(-), (A), and (c) correspond to the fast and 
slow magnetoacoustic waves, the Alfven wave and 
the contact discontinuity, respectively. All dis- 
continuities not written down are equal to zero in 
the first approximation. 

On the Alfven waves, the relations 


Ay = tr yy, Uyy = Vy te Vy (% aie 1); (7) | 


Hes — tolley, Day = Oa a= Ves (1 — %e). (8) 


are satisfied. 

The remaining magnetohydrodynamical quanti- 
ties do not change on Alfven discontinuities. The 
value of , is equal to unity if the Alfven wave 
traveling to the left is absent, and is equal to —1 
if this wave intersects the magnetic field at the 
angle 7. The coefficient yn. has analogous meaning 
for the Alfven wave traveling to the right. 

The following general boundary conditions are 
satisfied on the two magnetoacoustic shock waves 
traveling to the left, whose intensity is not small: 


Me tener (9) 
A[H,v, — (v, — VU) H,] = 90, (10). 
A [p (uv, —U) vy — H,H, / 4r] = 0, (11) 


A [p+ p(v,—U)* + Hy / 8x] = 0, (12) ¥ 
5 4 | 
sae ta uy 
4 H cE uv 
spies hn es — | = 0. (13) 


Let us consider in more detail Eqs. (9) — (13) 
on the fast magnetoacoustic wave traveling to the 
left. For simplicity of calculation, we shall con- | 
sider the quantity a@ to be small in what follows. | 
Introducing the notation 6Hy = Hiy — Hy, 6p = | 
Pi—P,.-., etc., we obtain from (9) — (13) | 


bp = 91048 “OH, ] V 4np, + O (aH), 
50, = —Vis0y ROH, | Arp, + O (aH yy), 
U, = —YW1.0,8 OH, / V4n; + O (aH), 
buy = bHy/V 4np — (03 / 28%) 3Hyy | V 4p, 
+ Vy — Ay / V4r0, + O(a Hy), (14) 
where 6? = Vi, — ce. 
In order to find the quantities 6H,, U_, A,.p 
+ + y? sy ke ‘ 
TANSTo:* A;Hy, we return to the five boundary condi- 
tions (9) — (13) on the slow magnetoacoustice shock 


wave traveling to the left. These equations lead 
to the following results: 
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a iy ear a ATH, ry Vay + 204 + Voy (1 — 12) — Voy V 027 01 ae (15) 
V 405 2+Voes/e1 
Ce Vig = Pry + Yay + Voy (17), (19), waves traveling to the left diverge. 


OS Baan jh SO harp lies +O(a#?Hyy). (16) 

Equations (15), (16), together with the formulas 
(4), (5), (6), (14) permit us to determine the values 
of the magnetohydrodynamical quantities in all re- 
gions for small a. 


4, STABILITY OF ALL THE WAVES GENERATED 


As we shall now show, the requirement of stabil- 
ity of the waves permits a unique determination of 
the values of the quantities 7, m, and mp. 

We begin with the slow magnetoacoustic wave. 
For its stability, it is necessary that 


Og — x Gn; 


Uje.—U_> Wy 04, —U_ Vie. (17) 

The first and second of these inequalities reduce 
in zeroth approximation to the relations vox < Cy, 
Vx >t_. The first of these is satisfied by virtue 
of (1’), and the second is an identity. In view of 
the smallness of Hiy, Viy, Hoy, Vay, these in- 
qualities remain valid in higher approximations. 
The last inequality of (17) reduces to the relation 


7m Viy — Vy + Vey + Voy) > O. (18) 


for small a. 

The conditions for stability of the fast magneto- 
acoustic wave traveling to the left have the follow- 
ing form 


OS Ce > Uy,, Oi Ue ae Uuy,, 


The first two inequalities of (19) reduce in 
zeroth approximation to the relations vyy > Vix, 
Vx <u,. The first of these is satisfied by virtue 
of (1), while the second is an identity for By ZO 
The last of the inequalities (19) reduces, for small 
a, to the expression 


ny = 0 if 


Dry —— Ui = Ve. (19) 


"= sign yy, (20) 


We shall now consider the boundary conditions 
on the initial wave, connecting the quantities Hyy, 
Viys Hoy, Voy: For small a, they reduce to the 
relations 


Voy = Ujy — Visi Voy S — 207V iy / (1 —— 0; / fo). (21) 
It follows from the relations (18), (21) that 
Ln = 1b (22) 


i.e., the Alfven discontinuity traveling to the left is 


absent. 
We note that upon satisfaction of the inequalities 


Equations (15) and (21) show that | Hoy | > | Hay |. 
This increase in the magnetic field or in the fast 
magnetoacoustic wave is evidence that the latter is 
a shock and not a self-simulating wave. For such 
a wave and for small a, the relation 


Ato = (ATA,)?/8x (Vi, — 3) <0, (22a) 


is valid, indicating that this shock wave is a com- 
pressional wave. It then follows that it is thermo- 
dynamically stable. Proof of the mechanical stabil- 
ity of this wave is not carried out, since it requires 
the solution of the problem with account of quanti- 
ties of the order Hjy. However, assuming that 
such stability does exist, we can determine the 
value of 1. In fact, the tangential magnetic field 
has the same direction’ on the two sides of the 
stable magnetoacoustic shock wave. This means 
that the quantities H,y and ATHy have the same 
sign. According to Eqs. (15), (21), this takes place 
for nm =-1. 

Thus, the unstable shock wave under considera- 
tion disintegrates into four waves (if we neglect 
waves whose amplitudes are of the order of @Hjy): 
a fast magnetoacoustic shock wave traveling to the 
left with amplitude of the order a and velocity of 
the order Viy; a slow magnetoacoustic shock wave 
traveling to the left with amplitude which differs 
slightly from the amplitude of the initial wave, and 
a velocity of the order aHy,y; an Alfven discontin- 
uity traveling to the right and making an angle 7 
with the magnetic field; and, finally, a fast magne- 
toacoustic shock wave traveling to the right with 
amplitude of the order Hyy. 

The inequality |U,|>>|U_| leads to the result 
that the process of disintegration of the initial wave 
is accompanied by an increase in entropy. This 
means that the shock wave under consideration is 
unstable relative to disintegration not only from 
the viewpoint of mechanics but also in a thermody- 
namic sense. 

In conclusion, we note that the case in which the 
magnetic field is strictly perpendicular to the ini- 
tial unstable wave is excluded, since in this case 
the unstable wave cannot disintegrate spontane- 
ously. However, upon collision of it with magneto- 
acoustic shock waves of small intensity, which are 
incident on it from two sides, it disintegrates into 
stable waves in which two of them have finite am- 
plitude. This follows from the calculation carried 
out above; the boundary conditions (21) are re- 
placed by the relations 
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Viy = —Viys Vay = Voy» (22b) 


which hold for fast magnetoacoustic shock waves 
of low intensity and for Hy <x Hx. The number 
of Alfven waves arising in the disintegration of 
an unstable wave is equal to zero, one or two, 
depending on the relation between Viy and Voy. 
The authors take this opportunity to express 
their sincere gratitude to A. I. Akhiezer, A. S. 
Kompaneets, L. D. Landau and I. M. Lifshitz 
for discussions and useful advice. 
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A discussion is given of spinors and bosons which behave unusually under inversions and 
which in particular illustrate the anomalous commutation relations given by Gel’fand and 
Tsetlin. Possibilities of setting up such wave functions for various particles are indicated. 


Tue discovery of the isotopic-spin and strangeness 


properties of particles and the discovery of parity 
nonconservation in the weak interactions show the 
need for a more careful study of the properties of 
spinors and bosons under inversions. The usual 
representations of the Lorentz group are inade- 
quate for the description of the whole extent of new 
properties of particles. In this connection the the- 
ory of isotopic space (three-dimensional or four- 
dimensional) has been developed.! Also it is found 
that the application of previously neglected possi- 
bilities of projective representations in the theory 
of spinors and “integrons” (particles of integer 
spin) even offers hopes of arriving at a descrip- 
tion of isotopic spin and strangeness within the 
framework of ordinary space.” These questions 
acquire importance in applications of the method 
of fusion? and of compound-particle models,‘ and 
even in connection with the program of the non- 
linear theory of matter,° in which unusual types 
of spinors have to be taken into account as pos- 
sible elements of the field. Our problem is the 
analysis of the new types of spinors, and also the 
indication of unusual bilinear combinations and 
the examination of spin and statistics in this con- 
text. 

We shall list the notations to be used: 


Qhexd bn ab; = aaboee. (b==0y 2508); 


0 io; UO eee 
+ 
vat =(, a wat= (ip, 0): 
SPE Oe =f 
— 2 


The charge-conjugate spinor is best defined by the 
“anti-involution” relation 


oo = eh", $= — 12” (2) 


It is also possible to use the more common rela- 
tion® 
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$= ish = iysyah = CY, b= ist. (2’) 


In both cases the charge-conjugate spinors trans- 
form apart from sign like the original spinors. 
The definition (2) possesses an advantage in view 
of the theorem: “Under the substitution ~ — yC’ 
every bilinear combination ~%*yz, vyy, ete: 

(y is a 4X4 matrix) goes over into the complex- 
conjugate quantity” (in the case of (2’) we get + 
the compiex conjugate for ~— pC ). Thus the 
change from ~ to y~C’ is a generalization of 
complex conjugation. 

Let us denote the product of the three space 
reflections by P and the geometric time reversal 
by T°. Lagrangians must be invariant with re- 
spect to P and the Schwinger inversion T’ = 
T° x (~), where the tilde denotes transposition 
of operators in Hilbert space.® Invariance under 
T’ is in the last analysis equivalent to the condi- 
tion of invariance under T° of the time-ordered 
T -products of operators in the Heisenberg rep- 
resentation. In virtue of the Hermitian property 
we have for the Lagrangian 


Th Tx (5) ae Tix €D: (3) 


In its turn the operation of complex conjugation 
(*) reduces to two changes: first, replacement of 
operators by the charge-(complex)-conjugate op- 
erators in the sense of Eq. (2), and second, re- 
placement of i by -i. 

Let us list the various possibilities for the be- 
havior of spinors under the geometrical reflec- 
tions of the coordinates and the time (under ro- 
tations preserving the sense of the time all spinors 
have the same behavior), giving besides the pre- 
viously known basic types I and 11°® the spinors 
of types III and IV that we have pointed out:'° 
“normal” spinors (type I) 


pitt ysauyo, a= +1, 
“oseudospinors” (type I) 
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2 


go tayng, a= +1, 
“mixed” spinors (type III) 


ity pp ae 
tela ol ig eae (4) 
ies Aun “9 ae=—I], 


and “mixed” spinors (type IV) 


ie Anup? 
\t 5An Xap 


(a, is the unit vector normal to the hypersurface 
with respect to which the reflection occurs; the 
first of the upper indices on the refers to spave 
reflection, the second to time reflection). 

We must further allow for the possibility of in- 
troducing additional factors +i as wellas +1 
for space and time reflections (individually and 
collectively )* for all four fundamental types of 
spinors, in the same way as the factors +1, +i 
were introduced earlier for space inversion of 
spinors of the type y'!.; Generalizing the Yang- 
Tiomno notation, we can introduce, for example, 
a spinor piAzD which transforms under space 
reflections by the matrix 


aS | 


= —) | 


ps 


—- sau Xu,» ai, — ie (5.1) 
and under time reflection by the matrix 
— iu {., a = —1 and so on (5.2) 


Thus one gets 64 distinct types of spinors. As can 
easily be verified, for all spinors of types A, B, 
(4) the square of a space reflection is P* = -—1 
(or a rotation through 27), and the square of a 
time reflection is T*=1; for spinors C, D, P? 
=1, T*=-—1; for spinors AC, AD, BC, BD, CA, 
etc. (for meanings of notations A, B, C, D see 
the paper of Yang and Tiomno!!), p* = T? = +1, 
Self-adjoint (Majorana) spinors that do not van- 
ish identically can only be of types CD, DC, CC, 
DD, since in this case, following the inversion in- 
variance, we can set 


*Here it must be remembered that the cases +i, +1 refer 
to representations of the complete Lorentz group, as supple- 
mented with the reflections in different ways. 

tIn a number of cases the transformation matrices of the 
various spinors are equivalent under unitary transformation, 
and we can speak only of a relative difference. For example, 
y"* (A) and w” (A), etc., or y'? (A) and 4 (A), etc., are 
equivalent in the usual sense, with the unitary transformation 
matrix u=(1+y,)/2%. When, however, we take into account 
the antilinear relations associated with the antiparticle conju- 
gation, the equivalence is destroyed. In fact, CA* =— AC for 
A = ay Yur but ORS + A'C' for ne anYyYs = DA(1+y,) A. 
Ih (1—ys), Ci=2-4(1+ Ys) C Qh (1—y,). Examination of 
the auxiliary pseudospinors defined by Cartan in a space of an 
arbitrary number of dimensions is especially useful for the in- 
troduction of the “mixed” spinors. 
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For the spinors of types I and II with homogeneous 
behavior (of any of the classes A, B, C, D) 


PT =—TP, 


but for the “mixed” spinors yi? and ve (classes 
Ny 13) KO 120) 

PivesPP (6’) 
(one can choose P=T). 

Thus we can say that our “mixed” spinors 
directly realize what can reasonably be called the 
“anomalous” (cf. reference 7) four-dimensional 
spinor representation; for them the operations P 


and T commute, whereas for the “normal” spinors 


v1 and ~* of types I and II (all classes A, B, 
C, D) these operators anticommute.* 
“Normal” spinors of the class y!414 are or- 
dinarily assigned to the electron-positron field. 
Under space reflections the bilinear combina- 
tions 


db yo%P, (7) : 


(7’) 


formed from spinors hee (classes A, B) have, 
as is well known, the behavior of a scalar, a vec- 
tor, an antisymmetric tensor, a pseudovector, and 
a pseudoscalar. Under time reflections (a? =-1) 
the covariants (7) and (7’) (classes A, B) get an 
additional factor —1, i.e., the scalar behaves like 
a pseudoscalar, and so on. Combinations of the 
type (7) formed from spinors pit of classes BC, 
AD, AC, and so on, transform in an analogous way 
under inversions. Meanwhile the combinations (7’) 
formed from spinors of these latter classes get an 
additional factor —1 under an inversion. 

Thus the Lagrangian of a linear theory formed 
in the usual way from spinors of type I will be a 
scalar with respect to the operation P anda 
pseudovector with respect to the operation T°. 
Therefore in order for the Lagrangian to be un- 
changed under the operation T’ it must get mul- 
tiplied by —1 by the operation of transposition 
(~), or, what is the same thing, the operation of 
complex conjugation (*). As the result we get, as 
usual, the Lagrangian} (we have written out as an 
illustration the case of interaction with the elec- 
tromagnetic field; the indices 11, AB, CD, etc. 
are omitted): 


byaVord, 


*We note that the “mixed” spinors ? and yw”! the well 
known formal difficulties8 with the construction of a Spinor 
theory in a Riemannian space are absent. 


| 


| 


tIn Eq. (8) the expressions are equal part from a divergence. 


We set H=c=1. 
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iG 0 * *® * 
L =| (yotalan (21 28 — 18 42) + m ta)ea Obs — $082) 


ox" 
+ ey (Yotu)as (Hae — 499%) | 
=Yald yoyuidh / Ox + YC yor pide’ / Oxe 
t+ Ay (Pot uh — 9 ryoyup’) + m (byob — $¢ryoh')] 
= Ve l(P yoyuidd / Ox" + ho*yoy wid? / Axe) 
+ eAy (Pb Yoruh — $o*yoYuh®) + m (b*Yoh + $°*yoh°)]. (8) 


As can be seen from the first form given in Eq. (8), 
L changes sign under the operation of transposi- 
tion, and consequently if it were the commutator, 
and not the anticommutor, of ~ and * thatis 
a c-number the entire Lagrangian would reduce 
toa c-number. The arguments given are equiv- 
alent to a proof of the theorem of the connection 
between spin and statistics.® 

For type I spinors piAtA | etc., the Dirac equa- 
tion has the usual form 


— 14% y0b / Ox* +- eAyyyh + mp = 0. (9) 


In the case of the type II* pseudospinors yrAza 
etc., the space vector and pseudovector (7) will 
have the same structures as for 7!!, whereas 
the space scalar and pseudoscalar (7) are inter- 
changed. Accordingly a ys enters the mass 
term of the expression (8), and an equation of the 
Dirac type is written in invariant form as fol- 
lows:??!0 


— iy pO / Ox" + eAyyuh + Ysmb = 0, (10) 


and here the Hermitian character of the Lagrang- 
ian is preserved (despite reference 9), and also 
the connection between energy-momentum and 
mass, 


e? — p?— m? = 0. (11) 


For type II spinors, which are normal, the proof of 
their satisfying Fermi statistics goes through just 
as for type I spinors, since, as follows from Eq. 
(4), for them L is a scalar with respect to P 
and a pseudoscalar with respect to wd 

Let us introduce the operation of charge (anti- 
particle) conjugation 


C:9—-$%, e-—é,. imi, m>—m, 
Ay Avy 5-99" (12) 
or in more usual form 
Om poe, e>—Il, ii, 
m—>m, 9—>9* (13) 


In its action on the Lagrangian C differs from 
complex conjugation, and consequently also from 


*Unlike the others, type II spinors w”’, etc. , can be 
carried over into a five-dimensional space. 


transposition, by a factor —1; symbollically we 
can write 


Gr) Cie 6 oad). (14) 


For normal spinors the operations (~) and (*) 
change the sign of L, so as to compensate for the 
change of sign produced by T°. Thus linear-theory 
Lagrangians for spinors of types I and II are auto- 
matically invariant with respect to C (in any case 
if we do not include the four-fermion interactions ). 
This fact forms a part, applicable to normal par- 
ticles, of the PCT (or PT’) theorem of Liiders, 
where the Wigner inversion T =CT’ is the time 
inversion T° with multiplication by —1 (for 
Hermitian quantities ). 

Let us pass to the consideration of the mixed 
spinors, for which the space scalar and pseudo- 
scalar will also behave like a scalar and pseudo- 
scalar, respectively, under the operation Tearne 
the same time, just as in the case of the normal 
spinors, the space vector and pseudovector will 
behave under T° like a pseudovector and vector, 
respectively. From this follows the impossibility 
of constructing, without additional assumptions, 
an inversion-invariant Lagrangian for the anoma- 
lous spinors with a mass term that does not re- 
duce to a c-number, and also a violation of the 
Liiders theorem. In this connection there are 
three possibilities. First, we could renounce in- 
variance with respect to P, while preserving 
invariance with respect to T’. Then, for example 
for y!*, we can write the Lagrangian in the form 


L = 1/2] (Yota)as ($2 a — i dz) + m (yors)a (bie — dois) 


+ CAs (Yotu)ab (b.h6 fant dob) 
=o lH Yornidd / Ox" + $F yoynLOH® / Ox") 
+ m(b*rorsh + Oot + eAu Y* Yorud — Ot VoTu$6] 


- dU + is) ON rotui 5 UL 18) 4 + UC its) 1+ 


 otad OGL + ete) GIS +eAn (UCL Hts) $Y tote ( £ i16) 91 
—[(l +415) $]°rorw (1 + its) $1) + em ([(1 + i415) $1"%o 
x (1 és) 6) (0 ete) Gro (1 F fe) $19}. 5) 


The Lagrangian (15) is not invariant with respect 
to P, but is invariant with respect to the com- 
bined transformation PC (if C for two-component 
spinors is defined, for example, by [(1+iy5)~] — 
[(1+iys)~]C). In the case of the choice of Eq. 
(15) the Fermi statistics is preserved for the 
anomalous spinors; the Dirac-type equation for 

y'? has the form (10), noninvariant under P, and 
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that for v*! has the inversion-noninvariant form 
(9). 

Second, we could renounce the invariance with 
respect to T’, replacing it with invariance with 
respect to T=T’ XC, and preserving invariance 
with respect to P. In this case, for example for 
y?| the Lagrangian can be written in one of two 
possible forms 


e Oe 
© ax 


L =| (rotadep (Qed 28 + 1 APG) + m(ta)a0 Cie + 4062) 


* * 1 
+ eA (Torn)a0 (Oxha + dps) | 


Cc 
= *e[(Vrotad Se — Herter Se) + mp tod — Fr) 


ox” 


$eAy (* yotuh + 9+ torn 09] - (16) 
Unlike the previous ones, the Lagrangian (16) is 
invariant with respect to transposition. Conse- 
quently, the particles described by it must obey 
not the Fermi, but the Bose statistics (Bose 
spinors). There is, however, also a possible way 
of writing the Lagrangian that corresponds to 
Fermi statistics; thus in this case the unique 
relation between spin and statistics is lost. 

Finally, we only mention the third possibility 
for constructing a Lagrangian for the anomalous 
spinors; this is based on doubling the number of 
components. This possibility has been discussed 
in earlier papers;?>' it also can be associated with 
a violation of the usual unique realtion between 
spin and statistics. 

In the formation of bilinear (multilinear) ex- 
pressions account should be taken of the possibil- 
ity of using spinors of all types (I, II, III} IV, 

A, B, C, D, etc.) and thus getting unusual com- 
binations. For example, Mirianashvili!? has used 
combinations of spinors (A, B, C, D) to obtain 
bosoms of “imaginary parity,” which transform 
under inversions with a factor +1. 

In an analogous way one can obtain anomalous 
“bosons,” or it is better to say particles of inte- 
gral spin (“integrons” with anticommuting P and 
T), by using combinations of mixed and normal 
spinors. Since one cannot construct from such 
bosons inversion-invariant combinations, one must 
resort to doubling the number of quantities, adding 
a scalar to the pseudoscalar, and so on, these being 
quantities that are interchanged on reflections. If 
anomalous integrons are formed by means of anom- 
alous boson spinors, they will be fermions. 

In conclusion we present as an example a pos- 
sible preliminary assignment of particles and 
fields. We shall suppose that: 1) spinors of the 
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class yt41A = y© describe electrons and posi- 
trons; 2) self-adjoint spinors yi WC. = ys COR= 
responding to zero mass, describe neutrinos;* 

3) spinors 424 = y, describe w mesons. It is 
also possible in all cases to replace class A by 

B and C by D. Then we have as an invariant 
with respect to the strong inversion PC the Her- 
mitian effective interaction (different spinors 

are assumed to anticommute ): 


G0 1 (i= 11,0) 0, ee 


At the same time, for the same reasons that bring 
about the absence of a mass term in the neutrino 
Lagrangian, the »-meson decay will necessarily 
be of vector or pseudovector character: 
de Toru (l + 5) bur rtoretuieby + Herm. adj. 
= Yq (be You (1 + 5) bu (Py (1 — i45) toratu (1 + é75) $y 
+O, (1 + is) Yore'u (1 — és) »)] ++ Herm. adj. 


or YevoYy (1-75) dyPvVoV2VyPy + Herm. adj. 

Thus according to this scheme if decay of a 7 
meson gives a neutrino with a definite circular 
polarization, the decay of the ~ meson gives two 
neutrinos with the opposite circular polarization. 

From this point of view it is natural to charac- 
terize baryons by the anomalous representations,” 
and best simply to assign to them anomalous spin- 
ors. Then the first alternative, which is physically 
the most acceptable, gives a separation of a spinor 
into two two-component semispinors that do not 
transform into each other under PC and T’, and | 
this can be associated with the existence of iso- | 
topic pairs, for example proton and neutron. This 
gives a possibility of interpreting the isotopic spin 
group in the framework of ordinary space. | 

On the other hand, one could characterize the 
baryons by spinors of the normal classes, using 
assignments to the classes A, B, C, D to intro- 
duce the baryon number. 

In conclusion we express our gratitude to G. A. 
Sokolik for a discussion of the results. 
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A Green’s function method in quantum statistics is developed. It is shown that the various 
methods of statistical physics and the many-body theory, and also their generalization to 
cases of non-zero temperature (e.g., the methods of Debye-Hiickel, Hartree-Fock, Thomas- 
Fermi, Gell-Mann and Brueckner), are contained in simple form in the resultant equations. 
A transition to time-dependent Green’s functions is considered, and a method is given for 


determination of the energy spectrum. 


INTRODUCTION 


Récentry: great attention has been paid to the 
development of methods that differ from the ordi- 
nary thermodynamic perturbation theory in statis- 
tics, and the usual perturbation theory of the many- 
body problem. We shall not now review all the re- 
searches in this direction,* but shall only remark 
that the existing methods are manifold and require 
considerable calculations for their establishment. 

It is natural to attempt to find a more general 
approach to the solution of the problems of quan- 
tum statistics, not connected with perturbation: 
theory which, in particular, would give in simple 
graphic approximation the results of the corre- 
sponding methods. Such an approach is given by 
the Green’s function method which had already 
been applied successfully to the case T= 0.2 
Matzubara? was the first to formulate the method 
of Feynman and introduce the Green’s function for 
the case T = 0. However, the problem of the der- 
ivation of closed equations for these Green’s func- 
tions in x-space has not been brought to solution, 
and the transformation to p-space, which would 
facilitate the possibility of a practical solution 
of the equations, has not been considered. 

On the other hand, the development of high- 
energy physics requires the development of the 
formalism of quantum statistics, generally with 
account both of relativistic corrections and the 
second quantization of the Hamiltonian of the sys- 
tem. Finally, for the investigation of the energy 
spectrum of the system, it is necessary to know 
the time dependence of the Green’s functionas well. 


*For the corresponding literature references, see refer- 
ence 1. 


The present article* is devoted to the consid- 
eration of these problems (see also reference 5). 


1. THE EQUATIONS FOR THE GREEN’S FUNC- 
TION IN QUANTUM STATISTICS 


The density matrix of the canonical ensemble 
has the form 


o = exp {— B(H — pA)}, (1.1) 


where 6 =1/kT, fi is the total Hamiltonian of the 
system, consisting of the Hamiltonian of the free 
field (Hj) and the interaction Hamiltonian Hj; 

uw is the chemical potential, and N is the operator 
of an integral number of surviving particles (for 
example, the difference in the number of elec- 
trons and positrons ). 

Without limiting the generality, we shall carry 
out our subsequent analysis, for the case of the 
interaction of a single Fermi field » (mass m) 
with a Bose field (mass xk). 

The Hamiltonian of the interaction in this case 
is equal to 


H,= —liw © (x) dx, 
i (x) =1,igSp 1 [9 (x) ox) — bx) FW), 
N = 5\SpralF 0 $ @)— OO) SOO arr. 


(1.2) 


(1.3) 


We shall not take a specific form for the inter- 
action y and the variance of the field gy (for ex- 
ample, for electrodynamics, y = Yur P =Ay). By 
the usual methods of field theory® we get 


*The authors have been informed that similar questions 
are considered by Abrikosov, Gorkov and Dzyaloshinski¥, 12 
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2 (8) = po (8) S(B), 9 (8) = exp {—B (Ay — uN)}, 


S (8) = T exp aati \ A, (Xa, X) dsx| ; 


Ay (x, X4) =e Se eS X4) 9 (x, Xa), (1.4) 


where T denotes the regular position of the oper- 
ators from. right to left in order of increase in 
time, while the operator f(x, x,) is determined 
from the relation 


f (XK, %4) = Po (— Xa) f (X) Po (Xa). 


By analogy with quantum field theory,’ we gen- 
eralize the interaction Hamiltonian, including the 
additional interaction with external sources of 
Bose (J) and Fermi (7) fields, namely, 


H, (x, X4) a {{j (x, X4) ate J (x, Xa)] (x, X4) 
+ A(X, Xs) p(X, Xa) + G(X, x4) (x, X4)}. 
From (1.4) and (1.6), we get: 
a) for x, in the interval from 0 to : 


80 (B) / 8) (x, X4) = po (B) S(B) S(— ¥4) @(K, 4) S (xa) 
= 0 (8) 9 (X %)s, 


(1.5) 


(1.6) 


80/8n (x, %4) = ph(x, x4), 80/8y(x, x4) =p > ( (x, %4); 
80 / 8 (x, x4) 8y (x’,X4) 
= pT (b(x, x4) b(%’, x's) ete.; 


b) for x, outside the interval from 0 to £6, all 
functional derivatives are equal to zero. 

The arbitrary operator f(x, x,) is connected 
with the operator f(x) by the relation 


F(X, %a) = 97! (x4) f(x) 9 (%4) 


Variation according to 7 and 7 is to be under- 
stood in the sense of variation to the right and 
left, respectively, i.e., 


= ja ( 8+ Be). 


(1.7) 


(1.8) 


(1.9) 


Using the commutation rule for ~ and 9, we 
can obtain® the following functional equations for 
the integral of the state: 
(ip + m— igyd / 8) 8z / 84 (x) = n(x) z, 
(— 0? / Ox, + x?) 82 / 8J (x) 
= J (x) z—ig Sp {78%z /8y(x) 8y(*)}, (1.10) 
where z=), 49%, = Tr (p(8)) (py is the wave 


n 
function of the total Hamiltonian); ip =yy9p; 9% = 
(9/8x,) — 3 8, = 0/dx,; H=c=1; v=1, 2, 3, 4; 
k =1, 2, 3. Here the functional derivatives differ 


from zero only for x, in the interval from 0 to 8. 


From (1.10), by the method of reference 6, we 
find the following operator solution for the state 
integral: * 


z= 20 exp {ig Sp | dbx “ROR DT 


x exp | J (x) Dy (x — y) Jy) 


+(x) Go (x — y) 4 (y)} dtxdty, (1.11) 
where 
= II (1+ exp 8 (u—e,))(1 + expl—B(u + ¢,)]) 
x (1 — exp[— Be)), (1.12) 
Do (x — x!) = (2n)9| = {fae + 1) exp [ik (x —x) 


— We | x4 — Xal] + fe exp [— tk (x —x’) + wp [xq — 24]]}; 
Go(x— x’) = (ip —m) (2n)3 
x |e ae — Iexp[ck (x — x’) — (& —p) (%4—%a)], 
Ny exp [—ik (x —x’) — (& — p) (ta — X4)] 
+ NT exp[—ik(x—x’) + (Ge + 4) (% — ¥a)]l, 44> Xe 
+(e — 1) exp [ike —x') + 8 (u— xO), a < xp 
= [1+ exp(&e Fv) BI7; f = [exp (@e8) — 1]; 
ee= V+ mm, wm =VR+*; (1.13) 


Ny (N,) is the mean number of electrons (posi- 
trons) in the state with energy ¢;,. Eliminating 
the meson derivatives, we get from (1.11) 


8 222 (ry) 


z= z,exp | {( (x) + iet ay 3m (x): 


+ BTR G) ORs G ph aes 


x exp {\n (2) Go(x —y) u(y) dtxdty}. (1.14) 


Differentiating In z with respect to the charge, 
we get the following operator solution for the ther- 
modynamic potential: 


Ceo | Spr dee = 2 Sekt AeA) 
Equations (1.11) and (1.15) can be expanded in 
power series in g, in which each term coincides 
with the corresponding approximation computed 
by the Feynman method.? 

Our method is more suitable, especially for the 
higher approximations, since it is not necessary 
here to examine all possible Feynman diagrams; 
the entire problem reduces to the successive ap- 
plication of functional differentiation in the re- 


*Here and below the integral over the fourth component 
extends from 0 to B. 
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quired order with respect to the charge, which is 
simple to perform. 

The mean value of any T -regular function of 
the field operators f(y) is calculated by the 
rule 


ffy = Teh) = ERE kes . 


: te (1.16) 


For example, 


CT (d(x) o (4) bX’) 9 (41) 
Al b4z 
2 §p (x) 8y (x1) 8y (x’) 89 (x, ) 


J=n=0- 


We introduce the “one-particle” Green’s func- 
tion of fermions G and bosons D which, in ac- 
cord with (1.16) can be written in the form* 


4 82z 
OU Y= 2 sy say) Nemo 
Sinz 
D(x, ) = sip ST@) ear (9) 


with the aid of (1.10), we obtain the following set 
of equations for G and D: 


(ip + m— igy <¢(x)>) G(x, y) 


+[3"(, z)G(z, y)d*z = 8(x — y), (1.18) 
(=O dm x).D (&, y) 
—\1@, z) D(z, y)d#z = 8(x —y), (1.19) 


— spy [GC (Seis kec eo) 
(1.20) 
x) d*zd*y’ 


(070% + 2) co (x)) = 

+ G(x, X43 X, X%4 + &)lesos 

B(x, y) =e? \yGlx, are y y) DY’, 

M(x, y) = g*Sp\ 7G, 2P@ ¥, NG’, Hdtedty’, 
Pay v= P(Z—-y)8y—y)) 


— 88" (x, y)/8 (ig Ce ly’)>). (1.21) 


“One-particle” Green’s functions are defined by 
the relations (1.19) — (1.21) for x, only in the 
interval from B to —8. Outside this interval, 
these functions can be defined in arbitrary fash- 
ion. 

We apply the condition of periodicity (with 
period 28) to the functions and expand them in 
Fourier series: 


*The first Green’s functions for T #0 were introduced by 
Matzubara.° Our Green’s functions differ from his in that a 
complete symmetry is established between H and N i.e., all 
the quantities depend on A-yN (while in Matzubara’s case, 
x, enters only with the factor fi). As will be seen from what 
follows, this permits us to make the transformation to the 
p-representation in the equations for the Green’s functions. 
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G (x) = saga) PG, Po) exp (— irr), 


Ps 


D (x) 


| 


si) 4D (p, pa) exp (— ipvr), 


Pa 


T(x, y, 2=T(*e—2z, y—2z)= 


BP (2m) oy (Po, p’) 


Pa P, 


Zio Pa 


ip. (y (1.22) | 
It can be shown that: 1) the frequencies p, for the ] 
Fermi particles take the form (2n+1)1/8 while 
the frequencies p, for the Bose particles take* 
only the values 2m/$, where n runs through 
all integral values from -~ to +; 2) for G 
and D, the following relations hold: 


CO 
(D= xD). 


Ox. 4 / 


x exp {— ip, (*—z)y 4 


GOs Oe +0) =D(@%,= +90 


This follows from the spectral representations for 
G and D, which have the form 


Z Sy) dm, n( (0) bn, m (0) exp (UN m an Em) 8 


m, 


+ (Em — En + UNn—VNm) (%4 — X,) 


Gi wa) 


+ i (Pm — Pa) (X—=X)J, X%4 > eh 


G(x, x’) =— > D} bn,m (0) bm, n (0) exp (UNn — En) 8 


m,n 


+ (Em — En + UNn — WN m) (Xa — %4) 


+i (Pm —Pn)(X—-X')], Xe< 4s (1,28) 
D(x, ')=— J) i Gn, m (0)? exp [—BEn. 
+ (En — Em) | %4— Xa] + 4 (Pn — Pm) (KX —x’)]. (1.24) 


The fact that we have only odd frequencies (in 
units of 1/8) for the Green’s functions G, and 
only even ones for the functions D, leads to the 
appearance of the Kronecker 6 in the integration 
over x4. (The law of conservation of the “quasi- 


*The circumstance that, in the case T #0, the thermody- 
namic quantities are expressed in the form of a series in 
E, = €(2n7/B) was shown by E. M. Lifshitz’ in another con- 
nection. 

+The author thanks I. M. Khalatnikov, who recently called 
our attention to the work of Ezawa, Tomozawa and Umezawa, 
where a Fourier expansion has been carried out for the case 
p= 0 in the matrix diagram technique. However, the Green’s 
functions of Matzubara for » 0 would have both even and 
odd frequencies, and therefore the integration over x, does 
not always lead to the Kronecker 8, and this ranulorantinn to 
the p-representation would not have been effective. 
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energy” at each angle of the Feynman diagrams. ) 
In the p-representation, the set of equations for 
the Green’s functions is appreciably simplified 
and takes the following form:° 


[— ips — yap + m +" (p)] G (p) = Li3 (py — (2+ 1) x), 


[ky + x? — TI (k)] D(k) = 21 (bs — 2nx /), 


E(0).= oor FA) 19 ( (P+ A)T(p +h, p) Dik) de, 


MI (k) = weg Sel SG (e+ HT (9+ & p) G (p) ap, 
Ps 
Pip, p')= 2 8 (pe— (2 + 1) 8/8) 8 (py — (2m + 1) 5/8) 
+A(p, p’), (1.25) 


where 6 is the Kronecker symbol and A is the 
set of all diagrams of the vertex part, except the 
simple vertex. 

As would be expected, it follows from (1.25) 
that the arguments p, and pj, in I (p, p’, p—p’) 
(which correspond to the “quasi-energies” of the 
Fermi particles) take on only the odd vaiues 
(2n+1)7/, and their difference (which corre- 
sponds to the “quasi-energy” of Bose particles ) 
has only the even values 2n7/f. 

By means of (1.15), the thermodynamic poten- 
tial (Gibbs function) is also expressed in terms 
of the “one-particle” functions 


g 
II (2) dg’ 
AG 8 > \re— mH —TI(k)) Pr. 


In concluding this section, we note that the tran- 
sition to the non-relativistic approximation is con- 
tained in the following way: we must substitute 
—iypPy — YyH +m for —ipy—p, + p?/2m and 
Gag for Gédgg everywhere. In fact, it is easy 
to see from Eq. (1.25) that it suffices to consider 
the transition to the non-relativistic limit only 
for the Green’s functions without the interaction: 


Q= QO). (1.26) 


ES (pa —(2n +1) /8) 
= bY Py Val! +m 


seo ach ae Xd (py — (aaa Viegas 
(Py — te)" pe em" 


Go= 


(1.27) 


In the non-relativistic approximation, we have 
wm=m+py;s Y=93. V4 = Sap; and all quantities 
are small relative to m. Leaving terms of first 
order of smallness, we obtain the following rule 
for transition to the non-relativistic case: 


2m8 ye U9 (py — (2n + 1) 7/8) 
0 = Bip, — m? — Zum + m? + p? 


826 28 (p, — (20 + 1) m / B) 


tag I SE 9 ae SORES Viena aera 1.28 
=< — ipy— pat p?/2m ! 


2. METHOD OF OBTAINING THE TIME- 
DEPENDENT GREEN’S FUNCTION 


Up to now we have been concerned with tem- 
perature dependent Green’s functions which make 
it possible to compute all the thermodynamic char- 
acteristics of interest to us. However, for prob- 
lems on the determination of the spectrum, etc., 
it is very important to know the time-dependent 
Green’s function. For simplicity we shall carry 
out the following analysis for a nonrelativistic 
Hamiltonian. 

Thus, our problem is to find the time dependent 
Green’s function in quantum statistics; it is con- 
venient to define the latter differently than was 
done by Landau,?® namely 


Gw%ihx M=1 TER NER, I, 1a 


where the dependence on time of any Heisenberg 
operator f(xt) is generalized in the following 
way: 

«= ei t—ulyt f (x) Pee (32) 
< > denotes averaging over the canonical en- 
semble. It is easy to write down the spectral rep- 
resentation for the time dependent function:?® 


G (CB iS #' t’) ae oe 
> | Pn, m (0) P exp [(UNa— En)B + i (En — Em 
yd THN m +N in) (E = ¢—i (Pa — Pn) (X—X')], for £ >t’ 


Fut Drie a0 x 


n,m 


—pNratyuNn)(t—t')— 


) ? (2.40) [CAN m ail E,)3 -- ear — fe 


i(Po—Pm)(x—x')], for tat: 

Comparing (1.23) and (2.3), we see that the 
transition from G to G is connected with the 
analytic continuation of x,, that is, G(x=x": 
t—t’) in the interval t—t’ >0 is the analytic 
continuation in x,(x,— it) of the function 
G(x-—x’, x,—x4) in the interval 6 > x,—xj, > 0 
and the function G(x-x’, t—-t’) in the interval 
t—t’ <0 is the analytic continuation of G(x-x’; 
X,—X,) determined in the interval 0 > x,—xj > 8. 

Thus the problem reduces to the establishment 
of the form of the Green’s function in the intervals 
(0B) and (—£f0). For this purpose, we make use 
of the spectral representation of the Green’s func- 
tion G(x, x,). According to (1.23), we have 


4 
G(p, Pa) = ri 


—E,,) 8 + exp (UN, —E,) 8 


en Sey Sp AR 


x Didnt =e 


where p, = (2n+1)7/8, n is an arbitrary posi- 
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tive or negative number. It follows from (2.4) that 
it is always possible to represent G in the form 


f (w, p) dw 


ee (2.5) 


foo 
G(p, Pa) = \ 


By means of (2.5) and (1.22), we can obtain G (p, x4) 
for the values of x, in the interval from —f to B, 
+o 
| exp [— (w — v) xa] 
5 -f0o (2.6) 


that is, 
G (P, X4) 
ee P) {-exp[—@—p) Bl ° when 8 > x, >0, 
= exp[—- (w—#) Xa] Sa 
| \ dw f (w, p) eterna aes , when 0> x, >—B8. 


—oco 


We then get for the time-dependent Green’s func- 
tion 


+00 
exp [—/(w— p) ¢] 
7 \ dw F (w, p) T +exp(—(@—p) Bl for i SW), 
GAD ats 
for ¢<0. (2.7) 


exp [—/ (w—v) ¢] 
| dof wo, ») PE ep = y8 
Making a Fourier transformation in t, we get 
the time-dependent Green’s function in the p - 
representation:* 
+00 


Gp.) =i | dwf (wo, p)[ Pt eete—a 


1 + exp [—(w—p) B] 


Heal Tess 


~~ TFexp(w—v)B a) 


where 
Sis \ exp (+ iat) dt = nd (a) $i /ax. 
0 


Here p, runs continuously through a series of 
values in the interval We shall show 
that the energy spectrum can be found from the 
temperature dependent Green’s function. In fact, 
the spectral function f(w,p) is represented in 
the general case in the form} 


—o to +0, 


f @, p) = >) An(p)8(w— En(p)) +p (w,p). (2.9) 
Substituting (2.9) in (2.6), we get 
A,, (P) 
G (Pp, Pa) = Oi SET ee 
awe (w) 
we (w 
SE eres : (2.10) 


*It follows from (2.8) that the dispersion formula for G, 
found by Landau, ® is satisfied. 

tThe 6 function can be spread out somewhat, because of 
the interaction, and the singularity takes the form of a pole 
for complex values of E,. 
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where p,=(2m+1)1/8. 

On the other hand, it is evident that the poles of 
the time dependent Green’s function are located at 
the points py=E,— where Ey gives the energy 
spectrum of the system. Hence we obtain the fol- 
lowing rule: to find the poles of the time-dependent 
Green’s function (and, consequently, the energy 
spectrum also) it suffices to find the zeros of the 
analytic continuation of Ga (p, p,) in the complex 
plane of py. 

Consequently, Ey is determined from the fol- 
lowing equation: 


—En+ 2 +5°(p, pa=i(v—Em))=0. (2-11) 


In this case, the real part of Ey, corresponds 
to the energy, and the imaginary part to the damp- 
ing of the n-th excitation. As B—0, the levels 
with E, <m correspond to holes in the Fermi dis- 
tribution, while the levels with Ep > correspond 
to the production of particles beyond the Fermi 
surface. It is also easy to determine the quantity 


An(p) = [1 — 0X" / dip,sy* ee é (2.12) 


In the approximation, where the damping is small, 
ie, Typ KX EX) (Ey, = Ef) -il,), we get from 
(2.11) 


— ED + 2435 (p, ipp= EY —p)=0; B= X,— id, 
=i (p, ps) 


l, = —=———_— 
"~~ 4 — 625 (p, pa) / ipa 


(2.13) 


ipy=(EQ—n) 
All these results are easily generalized to the 
case of Bose statistics: 
= age 
D(p, ps) =i \ dw f, (w, p) 


—co 


(2b ee 


3— (pat p—w) 
1— exp [—(w—p) 8] } 


exptw—neay @ 4) 
where y is the chemical potential of Bose par- 
ticles. The poles of the time-dependent Green’s 
function correspond to the poles of the analytic 
continuation (in p,) of the temperature-dependent 
Green’s function. Thus, for example, in the case 
. =0, we have the following equation for the spec- 
trum of the energy Ep: 


—En+ p> +x? — Il (p?; — FE?) = 0. 


In the case of small damping, we have 


(2.15) 


OSE SUE (ps2) 
(eS ee 
2E (1 — Ol? / dp? ‘ 
n P4) pre-B 0002 


— En” + p? +22 — 1g (p?; p? = — E®) = 0, (2.16) 


where I=) + illy, E, = EY —iDp. 
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8. A SYSTEM OF PARTICLES INTERACTING 
ACCORDING TO COULOMB’S LAW 


Let us consider a system of electrons and ions, 
interacting according to Coulomb’s law. In this 
case, the Hamiltonian of the interaction, with ac- 


curacy up to unimportant terms of the eigenenergy, 


can be written in the form 
( 


2 

- 
D 2) a cae 
Ayre 


x2 VK — x) 09 (Dede, 


A,=— 


(3.1) 


where z) is the charge of particles of type A: 
e*/4mce = 1/137; fi =1. It is not difficult to see, 

_ according to Eq. (1.14), that the system under 
consideration is equivalent to a system of charged 
particles interacting with the fourth component of 
the vector field g,, wherein 


D® (x — x’) = V (x — x’) 8 (x44 — %). (3.2) 


Therefore we can at once set down the equations 
for the Green’s function for a system of particles 
interacting according to Coulomb’s law. 

Let us consider two limiting cases: 

1) When the ions are uniformly distributed (a 
translationally invariant system). In this case, 
the set of equations for the Green’s function has 
the form 


[ip — 7,4, + m, — 33 (p)] G, (p) 


= >}8(p,— (Qn + 1) /8), (3.3) 


D (Rk) = Do (Rk) + Do (h) IL (R) D(A), (3.4) 


2, 2 
Ei (P) = ayes \ S10 (P +b) TP (p +k, p)D(k)d’k, (3.5) 
Tis 
( )= DiBeye p 
x|Vuh(otHTM(P+h p)Grle) Pp, (3-6) 


Ds 


TY (p, p’) = 14 + A™ (p, P'), (3.7) 


When G,, is the “one-particle” Green’s function 
of particles with charge z (for electrons, 2) = 
—1); D(k) is the distribution function of a lon- 
gitudinal photon with the presence of plasma taken 
into account. 

a) The self-consistent field approximation 
(Hartree-Fock) in terms of the equations just set 
forth corresponds to the following approximation: 
the mass operators are determined by Eq. (3.5) 
with neglect of T and A (i.e., itis assumed that 
l=A=0). 


b) Because of the singularity D)(k) =1/k? for 
small momenta, there are essential and higher ap- 
proximations (the so-called “correlation” contri- 
bution) and these eliminate the singularity in the 
D(k) function at low momenta (k). 

In a practical case, we consider the principal 
part of the correlation energy by computing II in 
first approximation, i.e., 


Jad 


(are, ie 
1 (k) = 5} ayes Sp \ SaGh? (2p +) eG? (p) d¥p. (3.8) 
r Ps 


With the help of 1) we can, by means of (1.26), 
obtain the following expression for the thermody- 
namic potential in this approximation: 


Oa oig ee SF ORF >\" (1— = TL (e)) ae. (3.9) 


Separating the self-consistent part, i.e., I!(k)/k?, 
we obtain the following expression for the “corre- 
lation” part of the thermodynamic potential: 


V 
Q oor 5) (2n)* 6 
x\ Yfin(a— OT ee (e) | ae. (3.10) 
hay ’ 
In the classical limit H—0 and e%6n'/? «<1, we 
obtain the Debye-Htickel theory. This corresponds 
to the approximation in which n= (0) ein 
this case, we get the well-known expression for 
the Debye radius Ap; it is determined by the ex- 
pression 


kp = 1” O 


— 2e? A of (k) + OM 2 
omy 2 a Pe ON aah (3.11) 


where n) is the mean density of particles of type 
X. Finding 1) we can, by means of (3.10), obtain 
not only the results of the Debye-Hiickel theory, but 
also all subsequent corrections (in terms of the 
Debye-Hiickel smallness parameter, i.e., e%@n¥3, 
to the thermodynamic potential. 

c) It is important the other limiting case, where 
the Gell-Mann—Brueckner approximation is valid 
(the parameter of smallness is me2/fi2n!/ 3) also 
is contained in the given approximation of mn) 

In fact, carrying out the necessary calculations ,* 
we get the following results from (3.10) in the non- 
relativistic approximation: 


*We note that the poles of the function cot (x8/2)[tan 
(xB/2)] are located at 2n7/B[(2n + 1)7/B]; therefore, summa- 
tion over the frequencies of the Bose (Fermi) fields can be 
changed to a calculation of the contour integral. 


E Go8 
Wy (fp —fpta) HP 
wi + (2nn / B)? ) 
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d3 = 
Qe, cor = Ohaus » 


[in(+ ae 
aight tne 
Sra eae (3.12) 


where Wp = 60 eps ey = p?/2m; fp = 


[1 + exp (ep —u) 8]. By the usual methods, we 
find from (3.13) that for B—« 


Wp (Fy — Fetg) Hp 


2 2 ) 
we + @ 


Bee: =v\; ro{in(1 +7 es =, \ 


2e2 wy (FO) — FO) 0) aia 
q® (2x)? wi +43 3 (3.13) 
where 
(0) _ fO, When ey Sis 
ie i: when ew <a. (3.14) 


Expanding (3.14) in the smallness parameter set 
forth above, we obtain the results of Gell-Mann 
and Bruekner. 

By means of the method applied in Sec. 2, it is 
not difficult to establish the time dependence of the 
D -function. 

d) It is easy to verify that D has discrete poles, 
corresponding to the plasma. In this case, the equa- 
tion for the determination of the poles ay of the 
Green’s function D, according to (2.15), has the 
form 


— fota) HP 


2 . 
wr, — is 


262 wy (Fy 


2 )3 2a 
gq? (2r) ww, 


Cae = 0; (3.15) 
The continuous spectrum corresponds to pair pro- 
duction, and the discrete spectrum gives the energy 
of the plasma. Going on to the case B—0 we ob- 
tain the results we had previously. 

In conclusion, we note that the best results for 
the Green’s function in the case under considera- 
tion are obtained if we solve the set of equations 
(3.3) — (3.6), setting I =y. 

2) The other limiting case of interest to us is 
the one in which the ions are so correlated with 
their own electrons that an appreciable violation 
of the translational invariance takes place, which 
is the case for example, in the statistical theory 
of the atom. In this case, we can assume the ions 
are fixed in their lattice sites (atoms) in first 
approximation, and the problem can be reduced 
to the interaction of electrons with the scalar 
components of the electromagnetic field. [Dp is 
determined as before by the equation VD, (x, y) 
= 6(x-y)]. Inasmuch as the distribution of the 
ions is essentially non-uniform, the “one-particle” 
Green’s functions depend not only on the difference 
of the spatial coordinates (the dependence on the 
fourth components is differential, as before). The 
problem consists in obtaining a system of equations 
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for the Green’s function in the presence of an ex- 
ternal field, which violates the translational in- 
variance of the system. For simplicity, we con- 
sider an approximation in which T =y (in prac- 
tice, this is the best approximation for atomic 
systems ). It can be shown that in this case, the 
equations for the Green’s function have the follow- 
ing form: 


ae i (Pa Fa: ip. ae ie < (x)>) Ya - YVx} G (Pa x, x’) 
+ \>" (Pa, X+¥) G (Pay, x) ay 
— (22 + 1) &/8); 


Sp V4 > G (Pas Xx, Xx); 


Ps 


— AD (hy, x, x’) 


= 8(x — x’) 8(p, (3.16) 


A <@ (x)> =ep; +e (3.17) 


— | T(t, x,y) Dlka yx) dy =x); (8.18) 


B* (Pas X,Y) =F YyTUG (Pa + har XY) TaD (Ra ¥X)3 (8-19) 
ke 
at (Ra, x, y) 
2 
= FSP DG (Pa + har XY) 4G (Pur y,X)- (3.20). 


Pa 


We transform to the p-representation relative to 
the difference in coordinates, i.e., 


G (p4,%,9) = Bay |G (Par % pe? pra Say 


Omitting the necessary calculations, we get the 
final form for the Green’s function in the case 
being considered: 


(x)> + 2° (x, p)) G(x, p) 
= >} (p, — (2n + 1) x/8); 


(= 1p, — Fm + ey, Cp 


(3.22) 


A <9 (x)> = ep; + lag SP 1a NG Oe, p)a@p; (3.23) 
Ps 
(p= 1¥)? Ix, Dp) ar (3.24) 
D(x, P= garg a5 5 \ 310 (x, P+) 4D (x, k) dk; (3.25) 
TI (x, 2) = oar BSP (1 14G (x, p +R) yuG (x, p) dp, (3.26) 


Ds 


where 


P, =P, —V, for k= 1,2,3; D, =p, 
Here the operator V acts on the functions to its 
right. 

a) The Hartree approximation in terms of these 
equations corresponds to Il=2*=0. In this case; 
we can write the following symbolic solution for G: 
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>) 8 (pa— (20 +1) w/ 8) 


GAXNp) ay oe eR et 
( P) cay tY \Py vd igh + m + Lae <9 (x)> (3.27) 
It is not difficult tc show that 
4 
Sita ae & p) = 20N* = N15 (3.28) 
where 
N* = 1](1 + exp (fe¢)), 
3 = V(p— iV? + PF (U—ele(x),)). (3.29) 


(In the classical approximation, V = 0). 

Thus, in the Hartree approximation, we obtain 

the following symbolic equation for <g>: 

—A@®),=—e,+ geslole)@p, (8.30) 
where p= Nt-N- N#* and © are determined by 
(3.29). We obtained the generalized Thomas-Fermi 
model with all the quantum and relativistic correc- 
tions. 

In the nonrelativistic approximation, Eqs. (3.30) 
coincide in form with the operator equations ob- 
tained by Kirzhnits.® 

b) Calculation of the exchange energy corre- 
sponds in our case to the calculation of the mass 
operator in first approximation (setting D = Db). 
In this case we obtain the generalized Thomas- 
Fermi-Dirac model in operator form with all 
quantum and relativistic corrections (or the 
method of Hartree-Fock). The correlation cor- 
rections in our case, when the homogeneity of the 
spatial distribution of the charge is disrupted, have 
a still greater significance.'” In order to find them, 
it suffices to compute the polarization operator in 
first approximation: 


1 (x p) = eaop SP v6 (x, DLR) 1G (x, &) dk. (3.31) 
ky 


In this case the correlation part of the thermo- 
dynamic potential is obtained with the help of (1.26). 
In conclusion, we note that in the case in which 
the potential V(x-—x’) is short range, there are 
significant higher corrections to the function, and 
it is more appropriate to-express the mass oper- 
ator in terms of the two-particle Green’s function 

Gio: 


\s" (x, y) G (y, x’) dty 


=a ge ( V (x — y) 8 (1 — Ya) Gio (%, yy, x’) ty, 


ov 
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where Gy) (x, y, x’, y’) = <T (W(x) ¥(y) P(x’) x 
~(y’))>. It is not difficult to obtain the equation 
for Gy. (in first approximation, this equation is 
of the Bethe-Salpeter type). Solving simultane- 
ously for G and Gj, we obtain results corre- 
sponding to the Bruekner approximation (we ob- 
tain the “gaseous” approximation if we solve the 
equation for G,, approximately, setting G = Gy 
in it). In this approximation superconductivity 
is also explained. 

This question will be discussed by us in more 
detail in another paper. 

The author is very grateful to I. E. Tamm, 
V. L. Ginzburg, and D. A. Kirzhnits for their in- 
terest in the research and for useful discussions 
of the results. 
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SS far no decays of hyperons into nucleons and 
leptons (of the type A’ p+e +7) have been 
observed. This contradicts the assumption that 
the four-fermion interaction constant F, respon- 
cible for this type of processes, is the same as 
that of the usual 6 decay or wf meson decay 
(Ge 141 « 107" erg-cm?).! The decrease in the 
magnitude of F may be due to either renormali- 
zation effects due to strong interactions which 
must exist in hyperon decay”? or to a difference 
in the nonrenormalized constants. In either case 
an estimate of the order of magnitude of F is of 
interest. One way to obtain such an estimate is 
to study the Ke; and Ky3 decays whose proba- 
bility is determined by a matrix element of the 
same interaction that is supposed to lead to the 

B decay of hyperons. Phenomenologically we 
may write this matrix element as follows*»?»® 


(ty + We, Lif (Px + Pr) + ig (Px — Pr] 
x (1 + Y6) ty) /V4ExEn, (1) 
where f and g are real functions of the invariant 
Qe — (pK 


— 2MKEx; My, eQ QQ MK — Mr. 


2 2 2 
Px) STKER ie Mz 


(2) 


Using Eq. (1) we obtain for the probabilities for 
Ke; and K,3 decays in which the 7 meson has 
an energy E, in the K meson rest system the 
following formulas (in the case of Ke3 one may, 
of course, set Me = 0) 


aW (Ex) = (mxPndE,,/48n°) (Q? — me, 2)? Q-* {4f2P2 
x (2Q? + min, e)-+ 3 (Mmu,e/ mx)? [f (mk — m2) + gQ@P}. (3) 


To obtain the total decay probability one must 
integrate (3) over E, from My,e to 
(mz -— m? - mi, ¢)/2my. 

So far the energy distribution of t mesons 
in Ke; and Ky3 decays has not been studied so 
that the dependence of f and g on Q? is not 


known. One may assume that within the range 
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of Eq. (2) this dependence is weak. Then f and 

g may be replaced by some average values f 
and g and these quantities may be obtained from 
the total probabilities of Ke; and Ky3 decays. 
We assume that the K* meson lifetime is equal 
to® 1,224 x 1078 sec and denote the branching 
ratios for the Ky3 and Keg decays relative to 
the total number of K decays by fy and Be 
respectively. Integrating (3) over E, gives 


#/G=0,57V Be 2/G 
= = 2.0V B+ Vi76 Bm BB, 


The dependence of g/f on By,/Be is shown in 
the figure as well as the experimental value of 
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4) | 


(4) | 


By /Be taken from references 6—9. None of the 


G/F 


~7+ ——_+—— reference 9 
——| preference 6 


The dependence of the ratio of the constants e/f on the 
ratio of the probabilities of Ky, and Ke3 decays. 


experiments are in contradiction with a value of 
Bu/Be between 0.7 and 1,i.e., g/f between 0 
and 2 and, in particular, g=0 (in which case 
By/Be = 0.7). With g=0 and f=f= const, the 
interaction leading to (1) is in coordinate repre- 
sentation given by 


* ODx- 007. ae af, 
Pn a —F ox-| (du + Ge, a(t +45) $y), (5) 


H=f ( 
where, according to Eq. (4), f=0.13G (here we 
take By = 0.051 ye On the other hand, it was shown 
by Feynman and Gell-Mann! that decays of the form 
t —7°+e7>+D should exist, analogous to the Kes 
decays and described by a direct interaction 


? [ * 09, ~ dor. Gh 
H'’=G |e Ox, a Ox, o-] (Pe, ie (4 + ¥s) py). (6) 


A comparison of the constants shows that f is 
eight times smaller than the G appearing in Eq. 
(6). If one assumes, in analogy with Eq. (6), that 
f is of the same order as F, where F is the 
constant (more correctly, some sort of an aver- 
age form factor) giving the strength of the four 
fermion interaction responsible for hyperon B 
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decay, then one would expect F to be an order of 
magnitude smaller than G. An analogous quench- 
ing takes place ts the form factor Bepooueile for 
the Ky» decay.® 


Probabilities of hyperon decays 


Decay mode Ww 10° + [°] Wr 
ACS pes. Dy 5.8-105 0.277 4.6-10-4 
NO a Sip echt y 9.4.108 0.277 2.6-10-5 
ey er Sg 3.4-108 0.167 5740-4 
eS yee as 1.5-408 0.167 10-2 
an AO ls 4 .2-108 | 1.2-10-3 
es ADL uR ie y, 3.2-108 r=, 3.2-40-3 
eo Dg ty, 4.4-108 | 41.4-40-4 
JPL ere y 2.4-103 ZA 2.1-10-8 


In the table are shown hyperon decay probabili- 
_ ties calculated on the assumption of an A-V inter- 
: action only with a constant F=0.1G. The results 
of the calculation using the exact formula!” (the 
_ decay probabilities given in reference 10 for 
F =G are somewhat high due to a mistake in the 
coefficient) are for all practical purposes the 
same as those obtained from an approximate for- 
mula; for example for the decay A’ ~p +y7 + v 
one may use 


F2 Mm, Sle my 2 
erin) (ati 


7 


@ (x) = (1—4.5x — 4x2) V1 — x 
15 AY = | 
tet a er eae (7) 


(for the electron modes x <1 and @# 1). Itis 
seen from the table that the product Wr (T =ex- 
perimental hyperon lifetime), which gives the frac- 
tion of leptonic decays relative to the total number 
of decays, for F=0.1G is of the order of 2x 10 
for A° and 107° for =~ and = (in the last case 
the estimate is complicated by the absence of exact 
dataon = lifetime). In view of the fact that the 
number of A and 2 decays investigated so far 
is much less than 1/Wr, the absence of leptonic 
modes among them is not surprising. 
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Ler us consider the propagation of plane elastic 
waves in a magnetically polarized medium (i.e.,, 
one located in a constant, uniformly polarized 
magnetic field Hy, or one which contains a con- 
stant, uniform magnetization polarization I)) with 
uniaxial symmetry. Let us study the case in which 
a constant polarizing field Hy is oriented along 
the axis of symmetry, which we shall take to be 
the axis x3. Neglecting magneto-mechanical ef- 
fects (i.e., magnetostriction and gyromagnetic 
effects ) the non-equilibrium elastic processes 
are described by the relation:! 


Op = Cp Sg + CeO,  &g = (Aus / Ox; +- Ou; / Ox:) / 2, 


Wg = (Ou; / Ox; — Ou; / Ox;)/ 2, (1) 


where of = oF; = oF are the components of the 
mechanical stress tensor, uj are the components 
of the displacement vector, and the non-zero com- 
ponents of the dynamic elastic modulus tensor, 
under the given conditions, are cfg and Cfy 
(which depend on Hy or I)), given in reference 1. 
Here f, g, and q are the customary symbols 
for index pairs in the theory of elasticity. 
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Let us consider the propagation of elastic waves 
along the direction of the polarizing field Hp. 
Taking the solution of the equations of the theory 
of elasticity piij = 804; Z, dxj in a form proportional 
to exp {i(wt—kx;)}, and neglecting absorption 
and the relativistic corrections to Ohm’s law for 
the currents in a moving medium, we obtain the 
proper frequencies 


Ook (Css / p)”*, one 
= (Ca, / 0 + R2B?/ 40)"° + RB / 20. (2) 


Here it has been assumed that 


4 ” * * a ld 
C4, = — C54 = 10)C45; C45 = C54 = 10C45, 


Be = (do303 — 3939) 4 = 0, 


F ” xu 
and the notation B = C45 — C45 


The frequency w") corresponds to a longitudinal 
wave, and w) and w) correspond to two circu- 
larly polarized transverse waves; i.e., (ut /us)@* 
= Fi. 

From Eq. (2) it follows that in the propagation 
of plane polarized transverse elastic waves, trav- 
elling along the direction of a constant magnetic 
field, one may expect a rotation of the plane of 
polarization of the elastic waves through an angle 


@ = xox, = BR? x3 /2 (pCa), (3) 


where k = (k@) + k@))/2, 

We estimate the possible magnitude of the rota- 
tional constant yx, based on the microscopic model 
which has been proposed. We assume that the 
elastic medium is a metal, and use the free-elec- 
tron model. According to Pippard,? when a trans- 
verse elastic wave passes through a metal it sets 
up alternating electric fields and currents in it, 
determined by the displacements. By working out 
the Lorentz force acting on the resulting current 
(Je—Netl), where J and (—Net) are the 
electric currents due to electrons and ions re- 
spectively, it can be shown that the quantity 


B= —Ne(1—g) Ho /[c(k? + gki), (4) 


acts like a component of the elastic modulus ten- 
sor. Here ke = 4tiwNe?r/c*m; when wt<1 the 
quantity g is equalto g*1-—(kl)?/5 if kl<«1, 
and g=37/(4kl) if kl> 1; c is the speed of 
light, N is the number of free electrons in one 
cubic centimeter, and 7 and 7 are the length 
and time of the free path. Note that in deriving 
the expression (4) no account was taken of the ef- 
fect of the constant magnetic field H) in calculat- 
ing the magnitude of the electric current. Hence 
it may be used either if the radius of curvature of 
the electron orbits in the magnetic field ry > J, 
or if the current due to electrons can be neglected 


has been introduced. 


4 


in comparison with the ion currents. It follows 
from the work of Pippard that the latter conditions; 
holds if k? >k? and kl > 1. Furthermore, we 
have not taken into account the effect of the mag- 
netic field on the distribution function (these con-/} 
siderations are discussed in reference 3). 
Generally speaking, the constant B may itself 
be complex, as can be seen from Eq. (4), for ex- 
ample. Hence in calculating y (or x) the real 
part of B must be used. The imaginary part of || 
B gives the different absorption coefficients for 
the left-handed and right-handed circularly polar- 1 
ized waves. Consequently in the transmission of | 
linearly polarized waves we should expect, in addi+) 
tion to a rotation of the plane of polarization, the 
appearance of some ellipticity (circular magnetic 
dichroism of transverse elastic waves). The 
axial ratio of the ellipse in this case is expressed 
in the following form: 


b/a = + tanh Im {BRO a, / [2 (0Ca4)'*]}. 


The greatest value of the rotational constant x is | 
obtained under the conditions k? > k? and kl > 1. 
In this case, according to Eqs. (3) and (4), if we 
assume that N ~ 10% em™3, p ~ 10 g cm”, and 
v; ~ 10° cm sec’, we obtain x = Ne/(2pcv;+) ~ 10 
rad cm7'oe!, where v; = (cy/p)'/?. | 

It is interesting to note that the propagation of 
transverse waves along the x, axis, with their 
plane of polarization parallel to the x, axis, must 
be accompanied by the propagation of a longitudinal! 
wave. In this case uj /u} = —2iw (c{,—c},’ )/ 
(Ci; —Cy2). In the free electron model which has 
been used for the metal, cj,—ciy = —B. 

In conclusion the authors would like to express 
their thanks to S. V. Vonsovskil for his continued 
interest in the work. 


rk By Vlasov, ®usvka MeTa10B w MeTasnoBeneHKe 
(Phys. of Metals and Metal Research) 5, 385 (1957) 
Izv. Akad. Nauk SSSR, Ser. Fiz. 22, 1159 (1958). 
A B. Pippard, Phil. Mag. 46, 1104 (1955). 
K. B. Vlasov, ®u3uka MeraanoB uv MeTatmoBeneHne 
(Phys. of Metals and Metal Research) 7, 447 (1959) 


Translated by D. C. West 
242 


| 7 
| SIMPLIFICATION OF THE FORMULAS 


| FOR STATISTICAL WEIGHT CALCULA- 
| TIONS 


{| Ya. I. GRANOVSKIT 


Institute for Nuclear Physics, Academy of 
Sciences, Kazakh S.S.R. 


Submitted to JETP editor October, 24, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1303-1304 
(April, 1959) 


! Tae calculation of statistical weights has been 
; the subject of consideration in many papers (see, 
for instance, references 1 and 2). The most com- 
plete results (in series form) are quoted in the 
/ review by Belen’ki¥ et al.2 These calculations 
' can be considerably simplified. 

By definition 


Wei \ aps... dpw 8 (D} px — Po) (3) Ex — Eo) 
= (2n)4 \ ae exp{— it,P?} I \ dpx exp {i (tpx—toEx)} (1) 
k 


_ (here summation over repeated indices is to be 
understood, and typ}, = T*Py-—7)Eo). The basic 
difficulty in evaluating the integral (1) is that the 
momentum integrals are very cumbersome, since 
Ex = vp? + mf. The difficulty is removed if we 

_ go over to the four-dimensional relativistically 
invariant functions 


Jy = \ Px exp {i (px — toEr)} 


= (2x) 2 


O%o 


[A(tp — v°)-+iA, (45 — *°)] (2) 


(see the definition of the A function in refer- 
ence 3). The next step usually consists in sub- 
stituting for the A-functions their expressions 
in terms of Hankel functions ,” after which, in 
practice, the only acceptable way to use the in- 
tegral (1) is to expand it in series. 

If, however, we take advantage of the well- 
known parametric representation of the A func- 
tion® 


A = 5 \cos [a (12 — <°) + mz / 4a] de, 
0 


A, =— oe \ sin [a(t>—?) + mi | 4a] da, (3) 
0 


we obtain for J, 


Ss nity \ on doy Exp [— ing (t§ — 2°) — imi. /4ax]. (4) 
0 

Now the integration with respect to 7 in Eq. (1) is 

carried out without any preliminary series expan- 
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sion of the integrand, making use of the following 
formula: 


| dic exp ( icP + iaz®) = (x? /ia®) exp(—iP?/4a). (5) 
As a result we obtain 


Ww = (2n)* a ( 8n AP say 
\ ? (a4 bese + &y) 


et Bieta i ye | 
CAC ETS ae 2a, (6) . 


By a change of variables, this formula can be put 
into a differént form: 


x exp { 


co 
aid m 00 \N> po 2\ev—2 ( Bi@B1--- By By 
Wn=sa(—F am) (Ea Pa | 
0 
a i iv ivy | 
PEXD ) Bienes he ena (7) 
where 
Vie = my | (E> — P6). (8) 


For vie =0 (the ultra-relativistic case), there 
is no branch point in the integral (7), and a straight- 
forward calculation leads to the well-known expres- 


3N—4 
E3 


(0) _ (= \N-1(4N —4)! 
ae (>) (3N — 4)! (2N —z)! (2N — 1)! (9) 


(Here Py has been put equal to zero, i.e., the 
center-of-mass system is used). 

A correction to this formula, taking into account 
the fact that ve #0, can be calculated if 
exp (-—i2d vie /B,.) is expanded in a series broken 
off at the second term: 


(1) N—1(4N 5-6)! Ey * S) 
t \N— aa)? 0 
i ( 2 ) (3N —6)! @N—93)!(2N —2)! 2a: (va)’» (10) 


There are no logarithmic terms present in this 
case, either, due to the presence of the £, factors 
in the denominator of the integrand. However, they 
do make their appearance in the next approximation 
(~v4), 

Thus, Eq. (6) .[or (7)] appears to be a suitable 
starting point for approximate representations of 
statistical weights. 
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Recent papers have shown that the capture of 
injected electrons into orbits is due to the Coulomb 
interaction and that the capture of part of the elec- 
trons becomes possible as a result of the loss of 
the remaining ones. Kovrizhnykh and Lebedev 
succeeded by an ingenious formulation of the 
kinetic equations in obtaining some general re- 
sult.! However, the mathematical difficulties of 
integrating the kinetic equations hide the physical 
picture of the process. 

Physically, the considered capture mechanism, 
which was proposed by Matveev,?»? is of importance 
in the initial phases of the capture process, although 
it in itself cannot lead to capture. This is a direct 
consequence of Poincare’s theorem on conserva- 
tive systems, if the following experimental data 
are considered. 

1) The time dependence of the magnetic field 
does not have an important influence on the capture. 
A direct experimental proof is contained in our 
earlier work,!”> where all experiments on the cap- 
ture were carried out ina de magnetic field. 

2) The capture takes place also on the flat por- 
tion of the injection pulse.® In contrast to Logunov 
et al., we find? that the pulse fronts do not seem 
to be important in the injection into a de field. 

3) The captured charge increases with increas- 
ing injection pulse length and reaches its maximum 
value at a pulse length corresponding to several 
tens of revolutions. The larger the injection cur- 
rent the sooner saturation sets in. However, if 
the injection time is of the order of one revolution 
the captured charge is very small even for very 
large injection currents.° 

From this one obtains the following picture of 
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the process of injection into a de magnetic field. 
A few revolutions after the begin of the injection 
there appears a stationary state in the doughnut 
— the number of the injected electrons almost 
equals the number of lost electrons. Let us take 
a look at the Hamiltonian for an arbitrary electron | 
which moves in the field of all the other electrons. 
As long as we do not take into account the micro- 
structure of the charge distribution, the Hamilto- 
nian does not depend on the time. If the electron 
does not strike the walls it will hit the injector 
after a few revolutions. 

The system is not conservative if one takes 
into account the statistical fluctuations of the 
charge density. As a result of the collective in- 
teraction of the electrons, their density distribu- 
tion approaches statistical equilibrium. 

The author’ has investigated the equilibrium 
state of a toroidal electron beam employing sev- 
eral simplifying assumptions. The equilibrium 
state is determined by two parameters: 


Deer eas 


| 


a= QT JE, (1). 


where k is Boltzmann’s constant, kT is the 
mean kinetic energy of the transversal electron 
motion, Ey) =qV (q=electron charge, V = 
injection voltage) is the energy of the azimuthal 
motion, and P = I/v*/2, where I= beam current; 
P, = 3.33 x 1075 amp/(volt)¥/?, 

In the case a>b the effective radius of the 
beam cross section is (in terms of the radius 
of the equilibrium orbit, ry) po = Va and the 
distribution of the charge density is given by 


G/F max = (0/05) exp {— (0/6,)}, 


where p is the relative distance from the beam 
center and Oy ax = 2€)V/r2 is the maximum pos- 
sible charge density (in MKS units). Experiments 
show that the distribution of the charge density | 
agrees well with Eq. (2) and becomes established | 
a short time after the injection. The figure shows _ 
the experimentally-observed equal-density curves 
in percent of 0,y,9,; the values shown in a and b 
were measured after 20 and 100 revolutions after 
the termination of the injection, respectively. 

The statistical electron capture mechanism can 
be understood if one considers the cooling process 
of the beam. The loss of electrons to the walls 
and to the injector does not only decrease the 
number of the electrons in the beam but also de- 
creases the mean transversal energy of the re- 
maining electrons. As a result of this cooling 
the cross section of the beam decreases. The 
change of the number of electrons, AN, and the 
temperature parameter, Aa, during the time 


(2) 
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ANISOTROPY OF THE ABSORPTION OF 
ULTRASOUND IN METALS IN A MAGNETIC 
FIELD 


A. A. GALKIN and A. P, KOROLYUK 


Curves of equal charge density. a—measured after 


20 revolutions; b—measured after 100 revolutions after ter- Institute of Radiophysics and Electronics; 
mination of injection. The numbers at the curves denote the Physico-Technical Institute, Academy of 
charge density in percent of the maximum possible charge Sciences, Ukrainian S.S.R. 

density. 
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pressions J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1307-1309 
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ee absorption of ultrasound in metals at low 
temperatures has been the subject of relatively 
few investigations, and principal attention has 
been paid to an investigation of the difference in 
absorption coefficients in the superconducting 
and normal states.'»? It has been noted that for 
longitudinal sound, the coefficient of absorption 
in tin depends on the magnetic field, but if the 
field is perpendicular to the sound wave vector 

k, a weakly pronounced maximum of absorption 
is observed in certain fields. A similar phenom- 
enon was observed in polycrystalline copper® and 


where u= (py Vbg)es Pm is the smallest relative 
distance of the doughnut walls from the beam cen- 
ter, and Tp is the relaxation time. For the con- 
ditions of our experiment Tp ~ 1 usec. 

The following capture picture emerges from the 
foregoing. The injected electrons, which start out 
in a nonequilibrium distribution, try to approach 
the equilibrium distribution. As a result of the 
described cooling mechanism, the beam cross 
section decreases. Since the relaxation time is 
much larger than the time of one revolution, the 
pumber of the captured electrons depends ou the fetindianstaani cine oboe ec utinte ee 
Bee tc ot the TON SRESTONG ge 2 Matvoey, : We report in this communication experiments 
pcchanism See Bale EOE nor ee set up to study the influence of the magnetic field 
values of the injected current this time increases, on the absorption of ultrasound'in sinelescr/eial 
owing to a suitable BetAy of the frequency of the specimens of very pure metals. We prepared tin 
betatron oscillations’ and the orbital frequency. specimens with a residual resistivity less than 

1.6 x 10~° and of zine with Ry.>/Rg) = 2 x 1074. 
~ 1], M. Kovrkzhnykh and’A. N. Lebedev, J. Exptl. |The specimens were 12 mm in diameter and 12 


Theoret. Phys. (U.S.S.R.) 34, 984 (1958), Soviet and 15 mm long, respectively. The absorption 

Phys. JETP 7, 679 (1958). coefficients were measured by known? pulse tech- 
24. N. Matveev, J. Exptl. Theoret. Phys. niques at 17.3, 23.3, 51, and 70 Mcs. 

(U.S.S.R.) 34, 1331 (1958), Soviet Phys. JETP 7, Figure 1 shows the measured values of the co- 

918 (1958). efficient of absorption of longitudinal sound in tin 
3A. N. Matveev, J. Exptl. Theoret. Phys. and zine as a function of the magnetic field inten- 

(U.S.S.R.) 35, 372 (1958), Soviet Phys. JETP sity at 4.2°K. The magnetic field is perpendicu- 

8,259 (1959). lar to the wave vector. The ordinates represent 


4M. Seidl, Czechosl. J. Phys. (in press). the difference in the absorption coefficients with 
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“amt 180° | 
aS We FIG. 3. a—rotation diagram for maximum absorption of ! 
JO + ie sound at 70 Mcs in zinc, b—the same for the limiting absorp- 
40 | ‘ | tion coefficient. | 
~ 1000 2000 5800 H rotation diagrams for the first absorption maxi- 
FIG. 1. Dependence of the coefficient of ultrasound ab- mum for tin or zinc. The length of the radius 
sorption on the magnetic field H. Curves 1, 2, 3, 4—tin; fre- vector represents here the value of the field at 


quencies 17.3, 23.3, 51, and 70 Mcs. Curve 5—zinc, 70 Mcs. 
Temperature 4.2°K. The vertical scale for curves 1 and 2 is 
on the right. 


the maximum. In tin the specimen axis makes 
65° with the tetrangonal axis and lies in a plane 
making an angle of 62° with the (100) plane. The 


and without the field. It should be noted that when angle » =0 onthe diagram corresponds to a 
the temperature is reduced to 2°K the values of field directed along this plane. In zinc the cylin- 
the absorption maxima increase, particularly in der axis is perpendicular to the hexagonal axis 
strong fields. A similar effect is produced by in- and is inclined 7°30’ to the binary axis, while 
creasing the sound frequency. The value of the gy =0 corresponds to a field along the hexagonal 
magnetic field at the maximum depends linearly axis. 
on the ultrasound frequency, and the peak on the At frequencies on the order of 70 Mcs the co- 
absorption curve is proportional to the square efficient of absorption of ultrasound tends to sat- 
of the frequency. The effect is observed also in uration at fields on the order of 5000 or 6000 oe, 
the case when the magnetic field is directed along while its limiting value depends on the orienta- 
the wave vector, but its magnitude is substantially tion of the specimen in the field. The results of 
smaller. the experiments made to determine the depend- 

If the magnetic field is rotated in a plane per- ence of @—ad, on the specimen orientation in a 
pendicular to the specimen axis, the character of field of 10,000 oe at 70 Mcs are shown in Figs. 2 
the curves is substantially changed: the positions and 3 (curves b). 
and magnitudes of the maxima change; in some The irregularity of the coefficients of ultra- 
directions the maxima smear out and disappear, sound absorption in a magnetic field and the pres- | 
while in others the maxima exist only at angles ence of effects for both the longitudinal and trans- _ 
from 15 to 20°. Figures 2 and 3 (curves a) show verse sound, as well as the existence of an effect 


for H||k indicate that the-qualitative explanation 
offered by Pippard is inadequate for most ob- 
served phenomena. 

It is possible that the observed effects can be 
attributed to diffraction scattering of the elec- 
trons by the space lattice, produced by the high- 
frequency fields. In this case the conditions to 
reflection or scattering under conditions when 
the Pippard relations® holds will be different than 
the scattering conditions in the absence of a field 
or in large fields. The presence of several ab- 


S 


21@- 


760° sorption maxima and their anisotropy may be due 
FIG. 2. a—rotation diagram of the maximum absorption of to the existence of a series of effective electron me 
sound at 70 Mcs in tin, b—the same for the limiting absorption masses (0.2—1.0 mg). 


coefficient. The rotation diagram for limiting values of the 
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coefficients of absorption in large fields appar- 
| ently describes the anisotropy of electric conduc- 
_ tivity in a magnetic field. 
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RANGES OF MU-MESIC ATOMS IN HY- 
DROGEN CHAMBERS 
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Leningrad Physico-Technical Institute, 
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(April, 1959) 


In the experiments of Alvarez et al.,! who ob- 
served nuclear reactions catalyzed by uw” mesons 
in a hydrogen chamber, the origin of the track of 
a pw meson that had carried off energy from a 
nuclear reaction was often separated from the 
point at which the »~ meson was stopped by a 
“fissure” on the order of 1 mm in size. The 
same kind of fissure not infrequently separates 
the point at which the »~ meson was stopped from 


the beginning of the track of the electron generated 


in the u~ meson decay. Alvarez et al.! attribute 
the appearance of the fissure to the recoil energy 
(of the order of '/, x 135 ev ~ 45 ev) of the mesic 
deuterium atom during the capture of the w™ me- 
son from the proton by the deuteron. They believe 
that this energy creates a gap equal to the fissure. 
This view is confirmed by the effective cross sec- 
tions for d, +p and d, +d scattering computed 
by Cohen et al. The effective dy +p cross sec- 
tion is small, and, as calculations have shown, a 
dy mesic atom with an energy of 45 ev actually 
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does travel a distance on the order of 1 mm in 
hydrogen. Therefore, for a slight increase in 
the concentration of deuterium, the fissure is 
observed more often, because then a greater 
number of ~~ mesons are captured by the deu- 
terons. When the deuterium concentration is 
increased still more (to about 4.3%!), the dy 
track becomes very short (on the order of a 
few hundredths of a millimeter) because of 

dy +d collisions (whose effective cross section 
are computed to be large”), and the fissure is 
not observed. (Here the essential thing is that 
in collisions of d, atoms with protons at rest 
the dy, atoms are not deflected into angles ex- 
ceeding 30°, while in d,-—d scattering the angle 
of deflection may be as great as 90°.) 

In pu-—p scattering, transitions may occur 
between levels of the hyperfine structure of the 
mesic atom. For energies considerably exceed- 
ing that of hyperfine dissociation (Ae ~ 0.183 ev) 
an analytic expression can easily be provided for 
the py +p—pytp cross section calculated by 
Cohen et al.? The cross section for Pu scatter- 
ing by protons is 


4 rn pete 
c= 2e(4 1+ Re ae ee): () 
where* k? = (Mpe)'2/n, € is the energy of the 
relative motion of p, and p in the center-of- 
mass system, and Ag and dy are the scattering 
lengths of protons by the mesic molecular poten- 
tials Eg(R) and Ey(R), which correspond re- 
spectively to symmetric and antisymmetric wave 
functions (in the proton coordinates) for the 
ls og andthe 2po, system (in the first the 
total spin of both protons is equal to zero and in 
the second, equal to 1). The potentials Eg (R) 
and Ey(R) which include a correction for the 
influence of ~ meson motion,’ accurate to order 
my / Mp, can be approximated accurately by a 
Morse potential and an exponential.® The scatter- 
ing lengths Ag and Ay are easily expressed in 
terms of the parameters of these functions. How- 
ever, the approximation given formerly by this 
author® is too rough; more exact values have been 
obtained for these parameters by Zel’dovich et 
al. (in their Fig. 2 the value of a has been 
rounded off to 0.67 from 0.673). If the more ac- 
curate values are employed, then Ag © —17.3 
and Ay ~ 5.25 (in mesic atom units). When 
kRy <1, the pp, mesic molecular level and 
cross section (1) are in good agreement with the 
computations published by Cohen et al.? The 
rather large value for Ag can be attributed to 
the presence of a virtual level near zero®" in 
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the system. Because of this condition, cross 
section (1) has a resonance character for low 
energies. 

For energies comparable to the energy Ae 
of the hyperfine structure the scattering cross 
section varies according to which of the hyper- 
fine states in py is occupied. As was shown 
earlier,® the scattering cross section for a 
F =1—F=0 transition is very large (the 
transition probability for the more exact para- 
metric values is W ~ 5 x 10° sec), Therefore, 
Py mesic atoms pass to the state F=0 ina 
time t ~ 2x10! sec and acquire an energy 
zAe © 0.1 ev. The elastic scattering cross section 
of py inthe F=0 state can be obtained in a way 
analogous to that reported earlier,® 


(Ay + 82,) + 4ikear,2 2 


ug 
E+ thy (K, + 3h,) + the (BA, + A,) — Shihan, a, |? (2) 


Sel = 2r : 


where k, = V Mpe » ky= V Mp (€ — Ae , and ¢ is 
the energy in the center-of-mass system. It is im- 
portant to note that the value of Ag + 3Ay, which 
with the values of Ag and Ay given above deter- 
mines the elastic cross section, is very small 
(while the value of Ag—Ay entering into the in- 
elastic cross section is large). Therefore, the 
elastic scattering cross section is very small:} 
forse =0, Og] ~ 1.7 X10 ~, and for e= Ae, 

Oe] © 2.2 X Omeercmn.: 

For ¢ = 4Ae, the inelastic cross section for 
the proeess by which PPy mesic molecules are 
formed is® ojne] = Wppp/Nv © 2.4 x 107% cm?, 
Thus, the mean free path of a mesic atom that 
has passed from F=1 to F=0 is A *® 1/Notot 
~*~ 0.5 mm, i.e., a noticeable “fissure” can be ob- 
served even in pure hydrogen. 

The d, +d cross section for energies greater 
than the hyperfine structure level is analogous to 
Eq. (1): 


2 2 
So ( 3 nt, ae 3 a 2 
1+ Pre eee 


5 he — One Ip — Bale 


This cross section is two times smaller than the 
one obtained by Cohen et al. We note that in the 
case of dy +d collisions a transition to a lower 
state of the dy (F = 4%) hyperfine structure is 
also possible (although the probability of this is 
considerably less than for the resonance transi- 
tion in Py)- This circumstance could, roughly 
speaking, triple the probability of w= +d— 
n+n+vp capture in comparison to the value 
computed by A. Rudik,® if it is assumed that the 
capture of a »” meson from the F = % state 
is very much suppressed. However, the forma- 
tion of dd, molecules causes the blending of 


LETTERS TO 


THE EDITOR 


the F=% and F= % states, and subsequent 
catalysis of the d +d reaction would appear to 
make experiments for the study of the w™ + di 
n+n+v reaction in deuterium impracticable. 


*Assuming that kR, « 1[R, is the interaction radius of 
the potentials E,(R) and E,,(R)]. 

tIt should be noted that actually the cross section may be 
quite different from these values because of the sensitivity of 
the resonance value for A, on the exact form of the potential. || 
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FLUCTUATIONS OF ATOMIC STRUCTURE 
IN LIQUID HELIUM 


V. K. PROKHORENKO and I. Z. FISHER 
Belorussian State University 
Submitted to JETP editor December 18, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1311-1312 
(April, 1959) 


A detailed investigation of the atomic structure 
of liquid helium was carried out! by studying the 
scattering of slow neutrons. It was found that the 
packing of the atoms is quite dense, with an aver- 
age coordination number of approximately eight 
units. However, the average distance between 
nearest atoms exceeded considerably the distance 
to the minimum on the curve of potential energy 
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of interaction of the atom pair, owing to the zero- 
point vibrations of the atoms. It was furthermore 
found that the atomic structure in the vicinity of 

~ 2—0d°K is little sensitive to changes in temper- 
ature and does not change upon transition through 
the A point. 

In view of the specific nature of liquid helium, 
it is interesting to study not only its average 
atomic structure, but also the fluctuations of this 
structure. We have obtained? an equation for the 
quadratic fluctuations of the coordination number 
in the liquid 

(82)? == (Az)? = 
he 
x BT gt 204 \ (@()— 1) bdr dred, (1) 
0 0 r—p| 
where g(r) is the radial distribution function, 
v the average volume per particle, r, the ab- 
scissa of the first minimum of g(r), and z the 
average coordination number 
-_ an at 
2 = at or) rt dr: (2) 
0 

In the derivation of (1) we used the superposi- 
tion approximation from the theory of liquids, in 
which the triple distribution function is replaced 
by a product of binary distribution functions. At 
the present time it is well known that the super- 
position approximateion gives a higher order than 
actually exists in the liquid. One can therefore 
think that a calculation based on (1) should lead 
to values of 6z that are too low. 

We have calculated 6z using Eq. (1) for liquid 
helium with the aid of an experimental function 
g(r) (from reference 1), which is the average 
of several series of measurements at tempera- 
tures below 2.25°K. The curves given in refer- 
ence 1 for T =4.24 and 5.04°K differ quite in- 
significantly from that selected by us and lead to 
the same results, within the accuracy limits pos- 
sible in practical numerical integration. When 
r,; =4.6A, Eq. (2) yields z= 8.4, which is in 
good agreement with the value indicated in refer- 
ence 1, where another method of calculation is 
used, while Eq. (1) yields 6z =1.47. Thus, the 
relative mean-squared fluctuation of the number 
of nearest neighbors of a certain atom is 18% and, 
as indicated above, this number is apparently too 
low. We obtain a relatively high fluctuation level 
for the microstructure of liquid helium. 

If the distribution of the number of nearest 
neighbors of a selected atom, W(z), is assumed 
to be approximately Gaussian, a knowledge of z 
and 6z makes it possible to plot this distribution. 
The estimates obtained above for z and 6z then 
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lead to the distribution W(z) shown in the dia- 
gram, where the ordinates are plotted in an arbi- 
trary scale. The noticeable magnitude of fluctua- 
tions of z is seen here quite clearly. 

One must indicate, however, that the foregoing 
results for liquid helium do not differ substantially 
from analogous results obtained for other liquids.” 


1D. G. Hurst and D. G. Henshaw, Phys. Rev. 
100, 994 (1955). 

27. K. Prokhorenko and I. Z. Fisher, KypxHaa 
dusuyeckouw xumun (J. Phys. Chem.) 31, 2145 
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DIRECT PROOF OF THE APPLICABILITY 
OF THE MASSEY ADIABATIC CRITERION 
TO PROCESSES OF DOUBLE CHARGE 
EXCHANGE 


Ya. M. FOGEL’, V. F. KOZLOV, A. A. KALMYKOV, 
and V. I. MURATOV 


Physico-Technical Institute, Academy Sciences, 
Ukrainian S.S.R.; Khar’ kov State University 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1312-1314 
(April, 1959) 


An investigation of the dependence of the effec- 
tive cross sections for double charge exchange of 
H* and F* on their velocity has shown that two 
maxima are observed on the o;_;(v) curves for 
these ions.! In reference 1 this fact was treated 
from the point of view of the Massey adiabatic 
criterion, according to which the maximum cross 
section of an inelastic process with a resonance 
defect AE is observed when a |AE|/hvmax ~ 1. 
The presence of two maxima on the 0o4_,(v) 
curves for the processes H* ~>H™ and F* ~> F- 
is explained either by the formation of slow ex- 
cited doubly-charged ions (the H* —H™ process) 
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or by the fact that the primary beam may contain 
admixtures of ions in excited metastable states 
(the F*— F™ process). The two maxima on the 
o4-,(v) curves were explained by the fact that 
the process F*—- F” is also accompanied by the 
process F**-—F- with a resonance defect dif- 
ferent from that of the former process, but having 
the same value of the constant a. The excitation 
energies of the F* ions, calculated on the basis 
of this assumption, agree within the limits of er- 
rors with the energy values known from spectro- 
scopic investigations (cf. Table II, reference 1). 
To check the correctness of these assumptions, 
we investigated the processes B*—B™ in Xe, 
Kr, and H, and O*—-O™ in Xe. The o4_;(v) 
curves displayed three maxima for B*—B™ and 
two maxima for O*—-O-. The observed maxima, 
as can be seen from the accompanying table, 
cana Lath alates ll a et Boe aa 


Calculated excita- Term energy, 

Process tion energy, ev 1osy Sera ev 

B+ — Kr 5,6+1,6 sap) 2b 4,6 
B+ — Kr ie Wyte lo) 2p 8P 1254 
Bt — Xe HL OLOLG Usp yt) eh 4.6 
Bt — Xe Ashpestaes HG) Props Be spa 
Bt— He 4,440.3 2s2p>P° 4.6 
Bt — He 11,.0+2,0 yore he) eM 
O+ — Xe PREP ae 0) 5) Zs2p* 2 24,4 


which compares the calculated excitation energies 
of B* and O* with the tabulated data,” are due 
to the presence of B* ions in the excited states 
2s 2p°P® and 2p*°P and of O* ions in the 2s 2p‘ 
28 state in the primary beam. The good agree- 
ment between the calculated and tabulated values 
of the excitation energy of the B* and O* ions 
gives further confirmation of the correctness of 
the premises used to explain the presence of 
several maxima on the 0o;_,(v) curves. How- 
ever, as indicated in reference 1, it is possible 
to prove directly the applicability of the Massy 
adiabatic criterion to an evaluation of the forms 
of the o;.,;(v) curves. For this purpose it is 
necessary to compare the forms of these curves 
in two cases: a) when it is known with certainty 
that the beam emerging from the source has no 
excited ions (thermionic source), and b) when 
the beam may contain excited ions (high-fre- 
quency ionic source). 

To make such a comparison, we measured 
the effective cross section o,_, for Li*— Lié 
in Kr, A, and H, using Li* beams from a 
thermionic and a high-frequency source.* The 
resultant o4.;(v) curves are shown in the dia- 
gram. The curve (dotted) obtained with the aid 
of a thermionic source (described in reference 3) 
shows only one maximum connected with the Li* 
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— Li” process for the Li* ion in the ground 
state. The curve obtained with the high-frequency 
source (solid line) shows an additional maximum 
due to the Li* ions in excited states 2s°S and 
2s'S, with excitation energies 59 and 60.7 ev, 
contained in the beam. The arrows on the diagram 
indicate the positions of the maximay for the 
processes Lit (3S) > Li> and Li*('S) — Li7, 
calculated on the basis of the Massey criterion 
under the assumption that the constant a for 
these processes has the same value, on the order 
of i1.5A, as for the Li*— Li~ process, which 
determines the position of the main maximum. 
As seen from the diagram, the additional maxima 
for Kr and A, within the limits of experimental 
error, appear in the locations called for by the 
Massey criterion.{ It follows from this fact that 
the assumption that the constant a has the same 
value for double charge-exchange processes for 
unexcited and excited ions is correct. The results 
of the investigation of the Li*— Li- process 
prove directly the possibility of applying the 
adiabatic Massey criterion to double charge ex- 
change of these ions, and also confirm the cor- 
rectness of the explanation of the nature of addi- 
tional maxima on the o,_, curves for the proc- 
esses F*—F-, B*—B-, and O*—O-. 

We express our gratitude to A. D. Timofeev, 
who participated in the initial stage of the inves- 
tigation of double charge exchange of lithium ions 
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from a thermionic source. 


*We have designed for this purpose a high-frequency source oper- 
ating with LiCl vapor. This source will be described elsewhere. 

tIn view of the small energy difference between the terms 2s'S 
and 2s'S, the additional maxima connected with these states are 
not separated. 


+We could not establish the position of the additional maximum 
on the o,-, (v) curve for H, because of the low intensity of the Lit 
beam at low energies; it is clear from the course of the curve, how- 
ever, that this maximum does not exist. 


1 Fogel’, Mitin, Kozlov, and Romashko, J. Exptl. 
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ELECTRON-NEUTRINO ANGULAR COR- 
RELATION IN THE BETA DECAY OF THE 
FREE NEUTRON 
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V. K. GRIGOR’ EV, and V. A. ERGAKOV 


Submitted to JETP editor December 25, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1314-1316 
(April, 1959) 


We have determined the electron-neutrino angu- 
lar correlation in the 6 decay of the free neutron 
by studying the decay-electron spectrum for a 
fixed recoil proton momentum. Figure 1 shows a 
schematic diagram of the apparatus. A collimated 
neutron beam 35 mm in diameter from the heavy- 


S10 2 40cm 


Bead 


=< Boron 
carbide 


FIG. 1. Experimental setup: 1—electron multiplier; 2— 
Geiger-Mueller counter; 3— photomultiplier; 4 -- magnetic lenses; 
5 —shield; 6 -- device for filling the Geiger-Mueller counter; 

7 — monitor. 
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water reactor of the U.S.S.R. Academy of Sciences 
passed into an aluminum vacuum chamber which 
contained detectors and magnetic lenses to focus 
the decay electrons and recoil protons. 

The selection of electrons by momentum was 
done by the two consecutive toroidal magnetic 
lenses! pictured in the drawing to the right of the 
neutron beam. The resolving power of this sys- 
tem of spectrometers is +3%. At the intermedi- 
ate focus of the spectrometers there was a thin- 
walled (3 mg/cm? terelene) Geiger-Mueller 
counter filled with methylal at 110 mm Hg with 
forced gas circulation. At the second focus the 
electrons were detected by a counter consisting 
of a plastic scintillator 90 mm in diameter and 
1 mm thick, a light pipe, and a BS photomulti- 
plier. 

With the help of this design only those elec- 
trons which passed through both detectors were 
chosen by means of a double coincidence with 
0.2 usec resolving time. The use of two consecu- 
tive lenses to detect electrons permitted us to 
reduce considerably the background of accidental 
coincidences and to limit the volume in which the 
detected decay occurred. 

The separation of protons by momentum was 
done by a single toroidal spectrometer. An elec- 
tron multiplier described in reference 2 was used 
to count the protons. 

In the experiment we studied triple coincidences 
between the proton and electron detectors. To com- 
pensate for the flight time of the proton, pulses 
from the double coincidence circuit were delayed 
by 1.3 usec relative to pulses from the proton de- 
tector. The resolving time of the triple coinci- 
dence circuit was 0.7 psec. 

In taking the data we regularly checked the effi- 
ciency of the electron multiplier with a calibrated 
@ source and the operation of the Geiger-Mueller 
counter and the photomultiplier with the help of a 
Sr® source. 

The flow of neutrons was controlled with a 
monitor. The results of the measurements are 
shown in Fig. 2. The solid lines show the calcu- 
lated forms of the electron spectra for different 
values of the electron-neutrino angular correlation 
coefficient. 

The experimental points are shown with their 
standard errors. The results, worked out by the 
method of least squares, give the value A = —0.06 
+ 0.13. Only statistical errors are given here. 
Possible systematic errors are being studied. 

The value we found is slightly different from the 
value of A obtained by Robson® (A = +0.07 + 0.12). 
If we assume that in 6B decay the main contribu- 
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FIG. 2 


tions are from the axial vector and vector inter- 
actions,‘~’ then our value for A corresponds to 


R = gigi, = 1.3202 

The large statistical errors do not make it pos- 
sible to state with assurance that the value R= 1.4 
is confirmed, which would follow from the meas- 
urements of the neutron lifetime.® 

In conclusion the authors consider it their 
duty to express their gratitude to the Academician 
A. I. Alikhanov for his valuable advice; to E. K. 
Tarasov for the theoretical calculations; to a 
group of co-workers, D. P. Zharkov, G. K. Tu- 
manov, and N. I. Afanas’ev for their help in car- 
rying out the experiment; to V. E. Nesterov for 
help in setting up the equipment; and to the chief 
engineer of the heavy-water reactor, S. A. Gav- 
rilov, and his co-workers for the uninterrupted 
operation of the reactor. 
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THE PERMANENT STRUCTURE OF SHOCK 
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le the only factor which changes the entropy of a 
composite medium is the Joule heat, then the 
equations of magnetohydrodynamics describing 
the time-independent uniform flow across mag- 
netic lines of force (see reference 1) determine 
the evolution of the thermodynamic parameters 
in accordance with the continuity of mass and 
momentum flow 


d(RT/V + H?/8x)/dV q 

= dp/dV = — (pu)? = — (ou)? , (1) 
and the condition for heat balance is / 
puT dS/dx = (c?/16n%c) (dH /dx)? > 0. (2) 


Magaetohydrodynamic shock waves, in their proper 
coordinate system, always represent a transition 
from hypersonic flow at x = — to a flow at 

Xx = +0 which is moving more slowly than adia- 
batic sound.’ A trivial consequence of this is the 
fact that uninterrupted evolution of the thermody- 
namic parameters within the shock wave accord- 
ing to Eq. (1) would imply a maximum in the en- 
tropy within the compression wave, since at some 
points the speed of flow will be equal to the local 
adiabatic speed of sound; on the (p, V) diagram 
the isentropic lines, which are convex downward, 
will be tangent to the straight lines (1) at these 
points for any arbitrary amplitude. Any subse- 
quent decrease in the entropy Smax—S,0 is 
impossible in view of (2). More than this, the 
whole region where S =S,. along the line (1) 
turns out to be forbidden, since in this region it 
is not possible to reach the final state. On the 
other hand, it is noteworthy that an attempt to 
construct a continuous solution would lead to a 
so-called “backlash” of the wave: (1) and (2) give 


—(ufV)T dS/dV = (c?/16n%0) (dH /dV)? dp/dx. (3) 


When dS/dV > 0, i.e., when the entropy decreases 
as the material is compressed, the pressure tends 
to its final value with a negative gradient, imply- 
ing an absurd triple-valued nature for the param- 
eters of the flow in space. 

In view of the absurdity of a continuous solu- 


; 
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tion, we consider it unavoidable to postulate a 
Riemann “isentropic discontinuity”? in the flow 
parameters within a compression wave of any 
amplitude, by analogy with the isothermal discon- 
tinuity for purely heat-conducting gases. At such 


_a discontinuity, those gradients whose effect on 


the dissipation can be ignored must become infi- 
nite; i.e., at the discontinuity only the entropy and 


the magnetic field strength may not change abruptly. 


Inclusion of the thermal conductivity can smooth 


out the discontinuity only at sufficiently small 
amplitudes, above which an isothermal disconti- 
nuity sets in,> abruptly lowering the entropy. (The 
isomagnetic discontinuity is discussed in a number 


- of papers,”»>»® which show that it must occur for 


sufficiently large amplitudes; the relationship be- 
tween the field discontinuity and the entropy dis- 
continuity is discussed in the work of Golitsyn and 
Stanyukovich,’ but only in connection with the vari- 
ation of the shock-front thickness.) If dissipation 


occurs by way of viscosity in addition to Joule heat- 


ing, then the isentropic discontinuity mentioned 
above will be smoothed out for all amplitudes, 
since for vanishing viscosity the curves for con- 
inuous evolution of the flow parameters pass ar- 
bitrarily close to the isentropic line Smax, coin- 
ciding with it only in a single point, at +. Even 
if there is no viscosity, structural continuity is 
still guaranteed in a shock wave in a heat-con- 
ducting medium if there is a sufficiently high den- 


_ sity of radiation after the liquidation of the iso- 


thermal discontinuity.’ For discussions of the 
present work the author is indebted to his co- 
workers in the Theoretical Section of the Institute 
of Chemical Physics, in particular to K. E. Gubkin. 


11, D. Landau and E. M. Lifshitz, 
JeKTPORMHAaMuKa CHAOWHBIX Cpeg, (Electrodynamics 
of Continuous Media) §§51 and 52, GITTL, M. 
(1957). 

2W. Marshall, Proc. Roy. Soc. A238, 367 (1955). 

3B. Riemann, Coll. Works, GITTL, 1948, pp. 
383-385. 

41, D. Landau and E. M. Lifshitz, Mexanuxa 
cnaomHEx cpeg, (Mechanics of Continuous Media), 
Gostekhizdat, M., 1954, §88. 
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‘Tae A-V interaction scheme!” has recently had 
a series of experimental confirmations in the phe- 
nomena of 6 decay, uw and m decays, and decays 
of strange particles (decay of the A’ hyperon, 

Ky2 decay).*> In connection with this, it is of in- 
terest to investigate the three-particle lepton K 
decays K-—-i1+v+m7, where 7 denotes the elec- 
tron or » meson. 

The matrix element for this process in the 
theory of universal A-V interaction, in which the 
electron and p» meson have the same status, has 
the following form (in the rest system of the K 
meson): 
my) — 


ir ape? ( i 


where E, is the total energy of the 7-meson, 
my and M are the mass of the lepton and K 
meson, respectively, while X and Y are real 
functions of the m-meson energy E,, and are 
identical in Ke; and K,3 decays. If we neglect 
dependence of X and Y on Eg, assuming that 
X =const and Y=const, then it is possible to 
determine these quantities from experiment. 
Such considerations were carried out by Gatto.®* 
Calculating the probabilities of K,3 and Keg 
decays from Eq. (1) and comparing them with 
experimental values for the decay probabilities, 
Gatto obtained two possible pairs of values for 
X and Y, for which the ratio was either X/Y = 
4.2 (solution 1) or X/Y = —0.34 (solution II). 
Knowing the constants X and Y, one can 
calculate the p-meson energy spectrum for each 
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of the possible solutions I and II and, using the 
experiments, choose one of them. However, as 
follows from Gatto’s work, the p-meson energy 
spectra turn out to be very complex, and this 
makes the selection difficult. We would like to 
remark that the task of choosing between the two 
indicated solutions can be greatly simplified if 
the longitudinal polarization of the » mesons 

in Ky3 decay is measured. 

It follows from Eq. (7) of reference 9 that the 
longitudinal polarization P of the » meson is 
the following function of py -meson energy in the 
A-V interaction scheme 


= v—a—2u % at z ~(2Y (GY w+) 
1—oa +2 a + (ZY (GB) a +o) 


Ge 


E? > 2 
ae V b. My, . (2) 


M—E, 


where v is the p-meson velocity in the rest sys- 
tem of the K particle, E, is the »-meson en- 
ergy, and c=1. 

Figure 1 shows P as a function of the kinetic 
energy of the uw meson (Kk = Exin / Elan.) for the 
experimental value v = T (Ke3)/T (Ky3) = 0.96. It 
is seen from the figure that solutions (I) and (II) 
give opposite signs and a completely different be- 
havior for the longitudinal polarization as a func- 
tion of energy. This makes it possible to deter- 
mine X and Y unambiguously. 


QI 02 O38 04 05 06 07 08 09 7% 
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Since the ratio v is not accurately determined, 


it is of interest to investigate how P changes with 
v (i.e., with X/Y) for given p-meson energy. In 


NGG a 


Q9- 


nh x=08 
Q7 


06 


Fig. 2, P is given as a function of v (and X/Y) 
for x =0.4 and 0.8; for convenience, both ab- 
scissa axes corresponding to values of X/Y 
smaller and larger than 2 (X/Y = 2 corresponds 
to the limiting value v= ay are laid off to the 
right of the ordinate. 

If the experimental measurement of P gives 
results in disagreement with predictions, then 
(for a well-determined v) this will mean that 
either the assumption of the weak energy depend- 
ence of X and Y is incorrect, or that the A-V 
interaction does not apply to K decays. 


*Similar considerations were also given in reference 7 


(see also reference 8). 
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NUCLEON INTERACTION CROSS SECTIONS 


AT 9 Bev ENERGY 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1319-1321 
(April, 1959) 


BD OcACuRY et al.! obtained a value o ~ 40 mbn 
for the total effective cross section of the NN 
interaction at E=9 Bev. However, a more exact 
value of o can be obtained by using the experi- 
mental value of the mean range of the proton in 

_photoemulsion. 

We consider first the mean range of a proton 
in an Ilford G-5* emulsion at E = 5.7 Bev.” The 

theoretical value of this range, calculated on the 
basis of the optical model, is in good agreement 
with the mean experimental value L = 37.6 cm, 
if the density distribution of the nucleons in the 
nucleus is taken from experiments on the scat- 
tering of fast electrons by nuclei,® and if a value 
0 © 32 mbn is taken for the cross section of in- 
teraction between the incident nucleon and the 
nucleon in the nucleus, a value also in good agree- 
ment with the experimental value o = 31.3 + 1.5 
mbn at E = 6.15 Bev.‘ Detailed calculations made 
by us, on the basis of the optical model, for other 

cases,’ also show that in the energy region E 
% 1 Bev good agreement can be obtained with ex- 
periment if the density of the distribution of the 
nucleons in the nuclei is obtained from experi- 
ments on the scattering of fast electrons by these 
nuclei. With accuracy to several percent, we have 

here G@=0, where o is the interaction cross 
section of free nucleons.® Similar conclusions 
were reached by Elton and Bazhenov.’ 

It is natural to assume that these conclusion 
remain in force also at E = 9 Bev. The diagram 
shows the calculated values of the mean range 
L(o) of a proton in a NIKFI-R photoemulsion at 
=o with E=9 Bev.! Calculations show that 
this curve differs only by a.few percent from the 
analogous curve for L(c), calculated for o = 
30 mbn. 

The theoretical value of the range equals the 
experimental value L = 37.1+1.0 cm (refer- 
ence 1) if ¢ =o = 307),, mbn. For a rougher 
value, L=34.7+1.5 cm (reference 8), we 
obtain from the figure a value o = o = 3373 mbn 
for the proton-nucleon cross sections. The val- 
ues obtained for o are close to the total cross 
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section for proton-proton interaction at E = 6.5 
Bev. 

The calculated cross sections ojyn for the 
elements C, N, O, Br, and Ag at E=9 Bev 
are respectively equal to 240, 260, 290, 900, and 
1070 mbn (see references 1, 6, and 9 concerning 
the cross sections ojy and oe] for hydrogen). 

Thus, the results obtained, together with the 
results of reference 9, show that the optical model 
can be successfully used to describe the interac- 
tion of elementary particle in the energy region 
Kk > 1 Bev. 

We note that at E 21 Bev the cross sections 
for the interaction between a nucleon and the nuclei 
become sensitive to the diffuseness of the nuclear 
boundary. In this case the principal contribution 
is made by interactions with impact parameters 
on the order of the nuclear radius. This uncovers 
new possibilities for an experimental investiga- 
tion of the diffuseness of the nucleus. 

We are grateful to P. Markov, K. Tolstof, 

Ee Tsyganov, and M. Shafranova for numerous 
evaluations of the photoemulsion experiments, 
and also to N. Bogachev for valuable comments. 


*The calculations were based on the following photoemul- 
sion composition (number of atoms N x 107” per cubic cm). 
Ny = 3.37, 2.93; Nc = 1.36, 1.39; Ny = 0.29, 0.37; Ng=1.02, 
1.06; Npr = 1.02, 1.02, and Na, = 1.02, 1.02 for the Ilford 
G-5 and NIKFI-R emulsions, respectively. 
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Oe of the characteristic features of $-inter- 
action is the rapid increase with energy of proc- 
esses induced by it. However the existence of 
strong interactions leads to the acquisition of a 
formfactor by nucleons which may substantially 
change the energy dependence of 8 processes. 
The study of 8 transitions at high energies, for 
example the transformation of an electron into a 
neutrino 

e+p—on-ty, (1) 


can be used for the measurement of this form- 
factor. 

At the present time one may, apparently, con- 
sider as established!’ the fact that B interaction 
consists of the vector and axial-vector interactions. 
The general expression for the matrix element for 
the process (1) should have the following form:*4 


MG = Vr (ut, (1+ Y5) Ue) 


x {itn let, +igg dt. +t (cr, + a 9.) | up} - (2) 


Here Up, Ug, Un, Up are the neutrino, electron, 
neutron, and proton amplitudes respectively; q is 
the electron-neutrino momentum difference; a, b, 
c and d are real functions of q? determining the 
vector (a,b) and axial vector (c,d) vertex func-_ 
tions of the nucleon. If the Gell-Mann and Feyn- | 
mann hypothesis! is correct, then the vector B- | 
interaction vertex function is identically the same 
as the electro-magnetic vertex function. There- 
fore the functions a (q?) and b (q) may be de- 
termined from electron scattering experiments.°® 
The differential cross section for process (1) 


is 
2 4 4 
da = ae do ape (@ + 0°) (4i* — 21%? +5) 
— (a® — c”) M?q? + (ac + 2bc) (q* — 4f?q?) 
4g2ft 2 F2q 
+0 (qt-+ ESE) + 2abg'l, 


Pp=FtQ1+tVl+a/e€), 


gq? =e" (1 —cos 9), 


where M is the nucleon mass, € and @ are the 
energy and scattering angles in the barycentric 
systems. We have assumed that the electron en- 
ergy is high compared to the electron rest mass. 
In that case the last term in (2), containing the 
function d(q”), does not contribute to the cross 
section. 
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W: consider the equations for the geodesics in 
the space in which the square of the line element 
ds has the form 


ds? = H? (dx2 — dxt — dx — dx), 


where H is some function of the variables x) and 
eoey Keke exe 

Taking the time coordinate x) as the independ- 
ent parameter, the equations for the geodesics are 


then written in the form (see, e.g., reference 1) 
pel tates DeteXs 0 
Here py is the Christoffel symbol of the second 
kind; the dot denotes the derivative with respect to 
the variable x); greek indices run through the val- 
ues 0, 1, 2, 3, and identical indices are understood 
‘ to be summed from 0 to 3. 
Starting with formula (1), we obtain the follow- 


ing expressions for the Christoffel symbol of the 
second kind: 


(7 INO. 3) sy (2) 


4 0H j 0 1 OH j 0 1 OH 
Tce = FF Ox” Vo = Tn = Gp Don = Vie = a7 5 ies 
1 1 OH 
Vie = Fy or Pat + X08it — X18 ie). (3) 


In these expressions 6j, =1 for i=k, and oj, 
= 0; for. i =k; the Latin indices i,k, run 
through the values 1, 2, 3. 
With the expressions (3), the equations in (2) 

now take the form 

q 4—r? /1 OH OH . 

kit Go (F Ge + Fx) =0. (4) 
If we now set! H=H(S), where S= viexc ts ; 
then we finally obtain, according to (4), 


ee ol gx.) = (0) (5) 
where the prime denotes the derivative with re- 
spect to the variable S. 

It is seen immediately that the relations 


yield x; = const; the functions xj defined by them 
are therefore particular solutions of (5). 


937 


The relations (6) are used in a well-known way 
for the explanation of the phenomenon of the “re- 
cession of the galaxies,” by regarding the quanti- 
ties x; as the coordinates of the corresponding 
mass in the accompanying system of coordinates. 


1V. A. Fock, Teopua mpocrpaHcTBa, BpeMeHy xu 


TaroteHua (The Theory of Space, Time, and 
Gravitation), GTTI, 1955. 
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HE study of the processes e* +e =y* +> 
and e* +e =-7* +7 is of interest in connection 
with the possibility of detecting deviations from 
local theory at distances ~ 1073 cm. If we de- 
scribe the deviation by a factor F(q?) in the ex- 
pression for the transition current, we get the 
cross-sections for these processes from the cor- 
responding expressions of local theory by simply 
multiplying by the squares of the form factors 
F(q’) for the particles in question. Since in the 
annihilation of two particles q? = —4E? (in the 
center-of-mass system), the introduction of the 
form factors does not change the angular distribu- 
tions for these processes. The values of the form 
factors for gq” <0 (annihilation of particles) can- 
not be obtained from the values of F(q’) for q? 
>0 (scattering ).* 

The absolute squares of the matrix elements 
in the center-of-mass system, averaged over the 
initial spin states and summed over the final (for 
those particles having spin), are as follows:+ 


a = 4 os Pi, 
[MP(et*+e Ze +h) = ron {1+ (+) + cos? sl, 
2 
IMP (et fe cat +r) = oe sin®s. 
We note that the matrix elements for the proc- 
esses involving m7 mesons are small for nonrela- 
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tivistic values of the velocities v;. The maximum 
of the angular distribution for this process lies in 
the plane perpendicular to the line of impact. 

The corresponding differential cross-sections 
in the center-of-mass system are: 


ds(et te out+y)= aaa +(¢ y + Bocas? 9} dQ, 
2 
0 


F2F2 oo Pr 


e 30/8 Fs = sin? 3 dQ, 


ds(et tee art +nr)= 
do(ut +u —>e* +e) 
erie = Seale ty +8 Fe cost 91 dQ, 


do (x* +a —>e* +e) = FiF? ee sin? 8dQ, 
r= 2.8 X10 cm; y=E/m; p and m are the 
masses of meson and electron; E is the energy 
of a particle; Vye] = 2vy is the relative velocity 
of the mesons in the beam; vz, Pz are the veloc- 
ity and momentum of a m meson; ¥ is the angle 
between the colliding and emerging particles; 
=e 4k n= c= 1. 

In the limit vz, vy ~c¢ we get for the cross 
sections integrated over the angles 


a (et tery tp) /o(et +e at tw) = 4F2/ FP. 
We note that the probability for decay of the 
bound system pu*y into e*e” is given by 


w= |(0)?? (Yret)y 1 =0 = 4-104 gee"! = Wut+u-—> 24. 


Because of the small velocities vz the corre- 
sponding probability w(m* +m —e*+e7) is 
vanishingly small. 

If for an estimate we set F=1 for all par- 
ticles, the largest values of the total cross- 
sections are of the order 107°? — 1073! em? 

Finally we note that if in the process 7+N— 
N+e* +e” the angular characteristics of the pair 
do not differ strongly from those for the process 
™ +7 —-e* +e, then it may be possible to dis- 
tinguish it experimentally, in spite of the very 
large background of pairs from the decay 1’ — 
e*+e7+y. 

In conclusion I express my gratitude to I. Ya. 
Pomeranchuk, I. L. Rozental’, and E. L. Feinberg 
for fruitful discussions. 


*It is possible that this bears a relation to the fact that 
the average multiplicity of the mesons from the annihilation of 
antinucleons is somewhat larger than the value given by the 
statistical theory with R = 1.4 x 107"? cm.1 

tThe production of meson pairs by the annihilation of po- 
sitrons was first discussed by I. Ya. Pomeranchuk and V. B. 
Beresterskil.2 In their paper a factor 4 is omitted from the ex- 
pression for a(e* +e° > wt + pw). 
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‘Tue present note presents the results of a cal- 
culation of the electron-positron pair production 
in the collision of two circularly polarized y-ray 
quanta, with account taken of the longitudinal po- 
larization of the pair particles. An examination 
of this problem is of definite interest, since beams * | 
of y-rays of high energy are now available (Ey ~ 
0.5—1 Bev).!** The circularly polarized y-rays 
are produced in the deceleration radiation of lon- 
gitudinally polarized high-energy electrons,® and 
also in nuclear 8 -decay processes.! 

The equation that describes the process y+ 
vy’ —-e +e” is of the form 


Dh, = {U (x) DU (x’) + U(x’) DU (x)} bo, (1) 


where yo is the wave function of the initial state 
and 7, that of the final state, D is the Dirac 
operator, and U(x) and U(k’) are the operators 
for the interaction of electrons with the quanta 
having the momenta fik and fik’. The polariza- 
tion vectors a7=aj,(K) and ay = ay(K’) of the 
quanta are taken in the form>»® 


ar= (B+ il[x°B])/V2, ay = (B+ il’ (xB) /VB. (2) 


Here £6 is a unit vector perpendicular to the mo- 
menta of the y-ray quanta, K°=Kk/x, and k’9= 
k’/k’, Inthe case 1=I' =1 we have quanta with 
right-handed polarization (the spins of the quanta 
are in the direction of motion), and for J =I’ = 

—1 we have left-handed polarization (spin opposite 
to motion). Using Eqs. (21) and (15) of reference on 
for the total cross sections for electron-positron 
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pair production, with inclusion of the spin states 
of the particles, we find 


o = (m/8)(e?/he)* (1+ s_s,)(1 +10) F, 
+ (1—s_s,)(1—Jl’) F; —(1 +s_s,) Fs 
+ss,(1—W')Fyt(s.t+s,)U40) Fs), (3) 
where 
Fy = 2k / K5 + 4, (k?/K*—1]K?) q, 
Fo = —k]K*44/.(1] K? + k?/K*)q, 
Fs = k (3h + 2k?) /K® + (k4/2K* + k?/ K*—3/ 2K) q, 
F, = (8ko + 2k?) / RK® + (k2/2K* + 1/K? —3/ 2k) g, 
5 = h2/ K¢ + ght] 2K8, 
g=In(K+4)/(K—2&), K=VE+R. 


Here p_ =p, =fik is the momentum of the elec- 
tron (positron); kj = myc/f corresponds to the 
rest mass of the electron; sz=+1, with s_=1 
(cr s,=1) for the state of the electron (or pos- 
itron) with right-handed polarization, and s_ = 
-—1 (or s, =-—1) for the state of left-handed 
polarization. 

From Eq. (8) it follows that: 1) in the collision 
of two right-handed (/=l' =1) or two left- 
handed (J=l’ =—1) quanta there can be produc- 
tion of an electron and positron with right-handed 
(s_=s,=1) or with left-handed (s_=s, =-1) 
longitudinal polarization, the probabilities being 
different for the two polarizations. In such colli- 
sions, however, there cannot be production of an 
electron with right-handed (s_=1) and a posi- 
tron with left-handed (s, =-—1) polarization, or 
vice versa (s_=-1, s,=1), since the cross- 
section o for this is zero. 2) In the collision of 
two quanta, one with right-handed (l=1) and 
the other with left-handed (1=-—1) polarization 
(or vice versa, 1=-—1, l’=1) there can be 
production of: a) an electron and positron with 
right-handed (s_ =s,=1) or with left-handed 
(s_=s,=-1) polarization, the probabilities 
for the two results being equal; or b) an electron 
with right-handed (s_=1) anda positron with 
left-handed (s, =-1) polarization, or vice 
versa (s_=-—1, s,=1), with equal probabilities. 

In the ultrarelativistic case (k and k > Kp) the 
expression (3) goes over into the following: 


= = (5) ei Beets Viet (1 = 1) [s-s. 


—(—ssj($—mA)+b.tsye+}. @ 


The analysis given above can also be carried 
through for Eq. (4). 


By averaging Eq. (3) over the polarizations of 
the quanta and summing over the spin states of 
the electron and positron, we get the cross-section 
for pair production by the collision of two unpolar- 


ized quanta: 
a T e2 2 
C0 Fara, ie 


k ‘(2k + 3R?) 3 hB\, K+ 
us tz or aR | ee eH K =} . (5) 

In conclusion we express our gratitude to Pro- 
fessor A. A. Sokolov for his constant interest in 
this work and for valuable comments. 
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Tue best confirmation of the universal V-A in- 
teraction! is now coming from nuclear £-decay 
experiments and from the study of the branching 
ratios for the different decay modes of the 7 
meson.’ This interaction also explains to a certain 
degree the equality of the probabilities for the 

Ke3 and Ky3 decays and the absence of the Ke» 
decay.’ However, in the calculation of the leptonic 
decay rates of the =~ and A’ hyperons,‘ (which, 
admittedly, were obtained without account of the 
form factor and the renormalization constant), 
the V-A interaction leads to values for these 
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rates which are too high in comparison with the 
upper limits set by experiment. Taking account 
of the form factor with an accuracy including the 
first two terms in its expansion in powers of 
(p/M)* lowers the rate of, e.g., the 2 —~pte 
+v decay by a factor of 2.5 (reference 5). In 

the leptonic decays of the hyperons, therefore, 
either the unknown form factor plays an important 
role, or the decay mechanism is different from 
the four-fermion V-A interaction. 

In the present note we consider the decay of a 
hyperon at rest into leptons via a virtual K meson 
whose spin is assumed to be zero (this should lead 
to a lower decay rate than that obtained with the 
local four-fermion interaction). We calculate the 
ratio, R, of the energy spectrum of the nucleons 
for the Y—n+p+v decay (a) and the corre- 


sponding spectrum for the Y—n+e+v decay (b). 


The experimental determination of R for the pur- 
pose of identifying the decay mechanism is, of 
course, much more difficult than the determina- 
tion of the ratio of the decay rates. On the other 
hand, neither the absolute values of rates of the 
decays (a) and (b), nor their ratio can be computed 
exactly. 

Without recourse to perturbation theory, we 
can write the matrix element for the decay proc- 
ess in the form 


M =f (&) (unGMu,) (u,T (g + g'X5) uy) (1) 
(the indices specifying the parity of the K meson 
are omitted), where [ is either 1 or ys, and 
f(€) is some unknown function of the nucleon en- 
ergy, which also depends on .G and the masses 
My, Mn, MK, mz, but not on either me or my; 
G and g, g’ are the strong and weak coupling 


constants, where gfG—gg (or gp) for Mgy—~». 


These expressions for M correspond to the S and 
P variants of the theory of the four-fermion inter- 
action. According to (1), we obtain for the energy 
dependent (i.e., the nucleon energy) decay rate 


dW / de = const-|f |? Ve? — I 
(Emax — 8)? (e-- 1)/(1 + My —2Mys), (2) 


€max = (M¥ —m? +1)/2My is the maximal energy 
of the nucleon in units of Mne”. The signs + refer 
to a scalar and pseudoscalar virtual meson, re- 
spectively. It is seen from (2) that the ratio R 

is independent of the parity of the meson and of 

the factor f. It is connected with the analogous 
ratio F, obtained from the V-A variant without 
account of the energy form factor and the renor- 
malization conStant, in the following way: 
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Ta Oe | 


My (e? — 1) = 
aa — 3 
3(My — €) Tee ==Ri. (e), ( ) 


F = R[m2+M,(1 


x | m2 SE M1 


en aand eag are the maximal energies of the 
leptons for the decays (a) and (b), respectively. We 
note that the factor H(¢), which determines the 
deviation of R from F near the upper limit of 
the energy spectrum of the nucleons, reaches the 
values ~ 2.5, ~2.0, and ~ 2.6 for the leptonic 
decays of the A, =~, and =” hyperons, and is 
close to unity at the beginning of the spectrum. 

In conclusion I thank I. S. Shapiro for suggest- 
ing the topic of the present note and for interest 
in this work. 


1R. P. Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958). E. C. G. Sudarshan and R. E. 
Marshak, Phys. Rev. 109, 1890 (1958). 

2 Fazzini, Fidecaro, Merrison, Paul} and 
Tollestrup, Phys. Rev. Lett. 1, 247 (1958). Im- 
peduglia, Plano, Prodell, Samios, Schwartz, and 
Steinberger, Phys. Rev. Lett. 1, 249 (1958). 

31, Yu. Kobzarev and I. E. Tamm, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 899 (1958); Soviet 
Phys. JETP 7, 622 (1958). 

4V. M. Shekhter, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 458 (1958); Soviet Phys. JETP 8, 
316 (1959). 

°A. Sirlin, Phys. Rev. 111, 337 (1958). 


Translated by R. Lipperheide 
257 


ASYMMETRY OF ANGULAR DISTRIBUTION 
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Ir is known that the angular distribution of »—e 
decay electrons is given by 


4ndN /do = 1 —acos8, a=hP/3=a,P, (1) 


where A = 3a, = —cos (V, A) determines the rela- | 
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tive contribution of the vector and pseudovector 
interactions in the 4—e decay; P is the pr 
meson polarization. The maximum possible value 
of the coefficient a, namely Us, corresponds to 
cos (V, A) =—1 (V-A interaction). The different 
values of a (0—0.26) obtained with the aid of 
electronic apparatus are explained by the depolar- 
izing action of the medium in which the » meson 
is slowed down and then decays. Such a determina- 
tion of the coefficient a has that shortcoming, that 
not all the 44—-e decay electrons are registered 
with equal efficiency. Experiments on the obser- 
vation of —-y—e decays in photoemulsion per- 
mits registration of electrons of any energy with 
equal efficiency. However, the photoemulsion is a 
strongly depolarizing medium. The value of the 
coefficient a for the NIKFI type R emulsion was 
found! to be a = 0.092 + 0.018, while the average 
value of a for the Ilford G-5 emulsion can, ac- 
cording to data of many investigations, be assumed 
to be? equal to 0.14. 

Swanson? combined the results obtained by elec- 
tronic means for various substances (including 
emulsion) with the results of the measurement of 
the asymmetry of u~—e decay in emulsion and 
in propane, and found for graphite values reaching 
a = 0.303 + 0.048, i.e., reaching almost the maxi- 
mum value. 

The depolarizing action of the medium de- 
creases in the observation of » -meson decay in 
a magnetic field having the same direction as the 
w.-meson polarization. When observing —e 
decay in a longitudinal magnetic field, the in- 
crease in the coefficient a due to this effect 
can be found from the following formula:! 


0.5 

a= 45|1— FP earTAe” @) 
where ay is the value of a in the absence of 
depolarization and AE is the energy of the hy- 
perfine splitting of the »-mesic atom in the 1S 
state. It follows from Eq. (2) that in practice a 
becomes equal to ay at fields H = 8000 Gauss. 
Equation (2) is not sufficiently reliable, for it 
does not take into account the electron exchange 
between the p»-mesic atom and the medium after 
production of the » meson. Experiments aimed 
at verifying Eq. (2) where performed by several 
workers‘~* for fields up to 14,000 Gauss, and it 
was shown that qualitatively a(H) behaves like 
Eq. (2) in the case of many substances used to 
slow down pu mesons, including photoemulsion. 

In the present investigation we determined the 
value of the coefficient a in Eq. (1) by observing 
the m-+>y—e decay in an emulsion placed in a 
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magnetic field with H = 27,000 Gauss. In scan- 
ning we selected the —y-—e decay events in 
which the » meson was emitted at an angle Oy = 
0—30° or @, =180—150° with the direction of 
the field. A total of 11,166 such —p—e decay 
events was observed. 

Particular attention was paid in the scanning 
to elimination of systematic errors due to the 
unequal efficiency of registering different m— 
fu —e decay events. Only such 7—~yw—e decay 
events were considered, in which the end of the yu 
meson was not closer than 15, to the surface of 
the developed emulsion layer. In only 47 events 
(0.42% of all the 4—e decay events) was no 
u—e decay electron observed. 

We measured the angle of emission of the yu 
—e decay electron relative to the direction of 
the magnetic field. The electron-emission angle 
was measured from the direction of the magnetic 
field if the 4 meson traveled “along the field” 
(94 = 90—30°) and from the opposite direction 
when the travel was “against the field” (0, = 
180 —150°). The value of a was determined 
from the relation 


a= 2(Nback — Nforward)/(Nback + Neorward), 5a = 2/\/N. 


The corresponding values of the coefficient a 
were found to be 


a, = 0.315+0.026 for the case 6, = 0—30°; 
a, = 0.295 + 0.027 for the case 6, = 150—180°. 


The total value of a, averaged over both direc- 
tion of emission of the » meson, was found to 
be as = 0.305 + 0.019. 

The value of a in Eq. (1) exceeds somewhat 
the values of a,, ay, or a3, owing to the depo- 
larization of the muons by precession of the muon 
spin about the direction of the field H. Obviously 
Atrug = a3V Cos 6. For the selected 7—y 
decay events we found cos Oy, = 0.940, hence 
Atrue = 43/0.940 = 0.324 + 0.020. 

It follows from this value that ||P = 0.972 
+ 0.06, i.e., with accuracy to within the statistical 
error (6%), |A| reaches its maximum value, and 
consequently P ~1. A determination of the sign 
of A, i.e., the choice between the V-—A and 
V +A variants of interaction, is impossible be- 
cause the direction of the » -meson polarization 
is unknown. The value obtained for |A| agrees 
with the Feynman-Gell Mann theory’ of universal 
(V-A) interaction. 

A strong magnetic field eliminates the polari- 
zation completely. Equation (2), which gives 
a=f(H), is quite inaccurate. Work continues 
on improving the obtained value of a and on 
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measuring a in photoemulsions placed in vari- 
ous magnetic fields. 

An analogous result, a * yf, was obtained by 
Vafsenberg et al. and Lynch et al.2»8 for emulsions 
placed in strong magnetic fields. 

In conclusions, the authors express their grati- 
tude to B. S. Neganov and B. V. Sokolov for aid in 
the irradiation of the photoemulsions, to D. M. 
Samoflovich for developing the emulsion, and 
also to V. M. Kutukova, A. M. Alpers, and G. V. 
Pleshivtseva for help with the work. 
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Pe adheninnrs of the width of spectral lines 
are often used to determine the density of charged 
particles in a plasma; at the same time, the in- 
vestigation of line broadening in a plasma is by 
itself an interesting physical problem, since under 
plasma conditions the emitting atoms are subjected 
to extremely strong rapidly-changing inhomogene- 
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cannot be achieved by other means. Until recently, 
only the line widths were usually studied; consid- 
erably greater information can be obtained if the 
line widths are measured simultaneously with the 
line shifts. 

The results of our preliminary measurements 
of line widths and shifts in the plasma of a spark 
discharge! show a drastic qualitative disagree- 
ment with the existing Weisskopf-Lindholm theory, 
according to which the ratio of width to shift must 
have for all lines a constant value 1,6 and must de- 
pend on Stark’s constant Cy, as C7 3 (Cy deter- 
mines the line shift in a constant electric field, 
Av = F*C,/e?, where e is the charge of the elec- 
tron, Av is expressed in em !, and F is in 
electrostatic cgs units). On the basis of these 
measurements, a new non-stationary theory of 
line broadening due to charged particles has been 
developed by Vafnshtefn and Sobel’man,’” accord- 
ing to which the broadening and shift substantially 
depend on the parameter 8 = (Zu/m)(AE/KT) xX 
(S/3gaz)/2, Here Z is the charge, p is the 
mass of the perturbing particle, m is the mass 
of the electron, AE is the separation between the 
level under consideration E, and the nearest ex- 
cited level E, (only one excited level is assumed 
to exist), and S is the oscillator strength of the 
line corresponding to the transition between the 
levels E, and E,. The ratio of the width to the 
shift also depends on £6 and is not the same for 
all lines. 

We have measured, with a considerably im- 
proved accuracy the widths and shifts of 50 lines 
of A II and several lines of He I in the plasma 
of the spark discharge in argon and helium (U = 
14 kv, C=0.02 uf, L=10 wh) at temperatures 
of 3 x 10*—4 x 104°K and an electron density of 
~10!7 cm’. Spectra were photographed by means 
of a spectrograph with a dispersion of 2A/mm. 
The line widths y were measured in the usual 
manner, the line shifts A in the spectrum of the 
spark were measured relative to the same lines 
in the discharge spectrum of a hollow cathode, 
where the lines could be considered unshifted. 
The accuracy of the width measurements was 5 
to 10%, the smallest definitely detectable shift 
was * 0.03A. 

The results of measurements have confirmed 
the preliminary conclusions. In the accompany- 
ing table we give data for 6 lines of A II; they 
are typical for the rest of the lines measured. 
The constants C, are calculated from the meas- 
urements of Minnhagen® and Maissel! in a homo- 
geneous field. The ratio y/A varies from 2 to 
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105% yj; 1072 A 10°C 
he ’ ; 4 pm 

A sec™ sec7? ut em*“sec? | AE, cm™ e 
4579.4 5,4 0.45 dh) 0.5 10000 Ost 
4460.4 on 0.66 5.8 0.5 8000 0.22 
4598.8 8.4 Dish 34 7.8 422 2.6-40-3. 
3564 .0* a 9.0 2.4 9.2 100 22 Aes 
ab eae 13 AAO aa) DY) 40.5 S.os405* 
4474.8 15 7.8 1.9 Ly) C335 2:6-10-4 


O* 10° 

Dependence of the width y and the shift A on B. The curves 
give theoretical results; e and x are experimental y and A for 
the lines with known AE; o and V are experimental y and A 
for the lines with calculated AE. The insert gives the depend- 
ence of the ratio y/A on B. The dashed line represents the 
results of the stationary theory; the solid curve represents the 
results of the non-stationary theory; e and o are for the lines 
of A II; o are authors’ measurements for the lines of He I; 
x are for the lines of He I after Wulff.> 


10, and the width changes only by a factor of 3 
or 4 when C, changes by two orders of magni- 
tude. 

The accompanying figure gives a comparison 
of experimental results with the results of the 
non-stationary theory. In our case the data nec- 
essary for the calculation of 8 (AE and S) are 
available for only 7 lines. For the remaining 
lines, in view of the incomplete term level dia- 
gram of A II, the values for AE are unknown. 
We have estimated these quantities by using the 
data on the shift in a homogeneous field,* assum- 
ing that the oscillator strengths are approximately 
the same for all lines. In the upper picture (de- 
pendence of y/A on 8) we have also plotted 
Wulff’s® data for He I lines, for which we have 
calculated the B values (AE and § are known). 

As can be seen from the figure, the agreement 
of the experiment with the non-stationary theory is 
quite good. It should, however, be noted that for 
several lines the experimental values y/A ~ 10 
considerably exceed the theoretical values; in a 


number of cases this can be apparently explained 
by the existence of two or more excited levels. 

By way of a practical conclusion it may be men- 
tioned that it is advantageous to use line shifts for 
determining the electron density, since additional 
data on second-order collision cross sections are 
required for the calculations from the widths. 
Corresponding measurements for the plasma 
which we have investigated gave ne © 1.5 x 10!" 
em~* for argon and ne ~ 7x10! em~ for helium 
in good agreement with the estimates obtained on 
the basis of line intensities of AII and ATIII with 
the aid of Saha’s formula. 

In concluding, we should like to remark that 
previously we used y/A = 1.6 for the lines of 
Cal inthe plasma of an arc.® For the investi- 
gated lines the non-stationary theory gives only 
minor corrections, and the conclusions of this 
investigation remain valid. 


1 Vafnshtein, Koloshnikov, Mazing, Mandel’ - 
shtam, and Sobel’man, Izv. Akad. Nauk SSSR, 

Ser. Fiz. 22, 718 (1958) [Columbia Tech. Transl., 
in press]; Mazing, Mandel’shtam, and Koloshni- 
kov, C6. namatu axag. I’. C. Jlangqc6epra (Anthology in 
Memory of Academician G. S. Landsberg), 1959 
(in press). 

21, A. Vafnshtein and I. I. Sobel’man, Onruxka u 
cnektTpockonua (Optics and Spectroscopy ) 6, No.4 
(1959). 

31. Minnhagen, Arkiv Mat. Astr. Fys. A385, 16 
(1958). 

41, Maissel, J. Opt. Soc. Am. 48, 835 (1958). 

5H. Wulff, Z. Physik 150, 614 (1958). 

6M. A. Mazing and S. L. Mandel’shtam, Ontuxa 
uv cnekTpockonua (Optics and Spectroscopy) 2, 276 
(1957). 
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ELECTRONIC PARAMAGNETIC RESO- 
NANCE SPECTRA OF FROZEN OH 
RADICALS 


S. D. KAITMAZOV and A. M. PROKHOROV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor February 12, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1331-1332 
(April, 1959) 


Laz observation of an electronic paramagnetic 
resonance spectrum of radicals obtained by 
freezing the electric discharge products in H,O 
or H,O, vapor, was reported previously.!»? Sub- 
sequent investigation of these radicalis* did not 
permit identification of the radicals obtained 
from the discharge. 

To determine these radicals, we decided to in- 
vestigate in detail the spectrum of the radicals ob- 
tained by ultraviolet irradiation of frozen H,O, 
and to compare these spectra. We assume that 
the radicals obtained by ultraviolety irradiation 
of frozen H,O, (T= 77°K) are OH radicals, 
since the spectrum of the mercury are lamp em- 
ployed by us (SVDSh-1000) contains no quanta 
capable of breaking the O—H bond (110 Keal/ 
mole). Since the spectrum of the radicals does 
not depend on the peroxide concentration in 5 to 
98% aqueous solutions, it is assumed that there 
are no secondary reaction. 

We observed the electronic paramagnetic res- 
onance spectra at 12,000, 9400, 2600, 1300, and 
850 Mes. At all these frequencies, the spectrum 
of the OH radicals coincided with the spectrum 
of the radicals obtained from the discharge. Con- 
sequently, the radical obtained by freezing the 
discharge products in H,O and H,O, vapor is 
essentially the OH radical. 


4380 C 


Ligh 


At 850 Mes there is a clearly pronounced 
doublets with a distance of 12 + 1 Gauss between 
components, produced by the nuclear moment of 
the hydrogen proton. 

At 12,000 Mes the shape of the spectrum is 
determined essentially by the anisotropic broad- 
ening (g| ~ gi). The derivative absorption line 
for 12,000 Mcs is shown in the figure. The shape 
of the observed line is readily explained by the 
presence of anisotropic broadening and the pres- 
ence of hyperfine splitting. From this curve, we 
estimate that g; © 2.00 and gy * 2.03. 

*The investigation was made by us in collaboration with 
A. B. Tsentsiper, and the results will be published. 


tIngram®? also observed the electronic-magnetic resonance 
spectrum of the radical obtained by ultraviolet irradiation of 
the peroxide at 9400 Mcs. 


'Kaitmazov, Prokhorov, Tsentsiper, and 


Gorbonev, Kypuaa pusuueckokt xumun (J. of Phys. 
Chem.) 31, 515 (1957). 

2 Livingston, Ghormley, and Zeldes, Chem. 
Phys. 24, 483 (1956). 

3G. J. E. Ingram, Nature 176, 1227 (1955). 
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ON ELECTRON OSCILLATIONS IN A 
PLASMA 


A. A. ZAITSEV, G. S. LEONOV, and I. A. SAV- 
CHENKO 


Moscow State University 
Submitted to JETP editor February 19, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1332-1334 
(April, 1959) 


Ves oscillations of the electrons in a plasma 
have been observed in numerous experiments, 
although many details of these oscillations remain 
obscure. Experiments with a plasma and a beam, 
independent of the plasma, have been described in 
a number of papers. To some degree there is a 
contradiction between the different results ob- 
tained. According to Looney and Brown,! regular 
oscillations are impossible without the formation 
of standing waves, while the paper by Kojima et 
al.” confirms Bohm and Gross’ theory .? 

In the present research oscillations were ob- 
served in inert gases. We could change the pres- 
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“sure from 3x 107! to 5x 1074 mm Hg. The os- 

cillations were detected by a superheterodyne 
‘system with a separate decimeter range generator 

_and a separate amplifier of an intermediate fre- 
quency, the frequency and passband of which were 
30 and 10 Mes, respectively. The amplifier could 
be varied within wide limits. 

It turned out that the upper limit of the pressure 
for which regular oscillations could still be ob- 
served was different for different gases. We es- 
tablished that this limit was for He about 2 x 107}, 
for A about 107%, and for Xe about 6 x 107? mm 
Hg. The total effective cross sections for the in- 
teraction of the atoms with the primary electrons, 
taken for the above mentioned gases and pressures 
and taking the velocity of the electrons in the beam 
into account, were approximately equal (they dif- 
fered by less than 25%). 

A very important problem from the point of 
view of elucidating the mechanism of exciting the 
oscillations is that of the distribution of the oscil- 
lations along the axis of the discharge. The re- 
sults obtained in this direction up to now are not 
free from distortions produced by the probe.* The 
elimination of the influence of the probe should 
therefore give a truer picture. 

The distribution of the oscillations was studied 
in a cylindrical tube of diameter 7 cm, a distance 
of 2.2 cm between the cathodes, and a pressed 
powder cathode with a 3 mm diameter. A cylin- 
drical probe of 0.1 mm diameter could be moved 
along the axis of the tube to any position between 
the cathode and anode, and its position was noted 
after every 0.5 or 1 mm by a reading microscope 
with an accuracy of 0.2 mm. When the probe 
moved into the beam itself, the perturbation of 
the beam by the probe was observed, and the 
measurement was thus performed under such 
conditions that the probe only touched the beam 
and that there is no noticeable influence, what- 
ever on the beam. This was attained by turning 
the edge, on which the cathode was mounted 
slightly asymmetrically, round. 


a 10 15 


20 3mm 


In the figure we have given a picture of an in- 
tensity distribution of the oscillations which is 
typical for pressures when the mean free path 


of the primary electrons is larger than the dis- 
tance between the electrodes (the intensity of 
the oscillations A in arbitrary units is given 
along the ordinate axis, and the distance r of 
the probe from the cathode in mm along the » 
abscissa axis). It is clear that the measurement 
of the intensity along. the axis of the discharge is 
detected by the detector in the form of a periodic 
function, the zero value of which increases in the 
direction towards the anode. The intensity of the 
oscillations and the coefficient of its increase 
increase with decreasing pressure. The intensity 
of the oscillations could be varied along the beam 
by more than a factor of one thousand in order 

to determine the conditions in the discharge. For 
sufficiently high pressures, when the mean free 
path of the electrons was less than the distance 
between the electrodes, the oscillations were 
damped in the direction towards the anode, and 
only one maximum could be observed. 

The measurements showed that the spatial 
period can be well approximated by the formula 
l= 27v)/w, where vy is the velocity of the elec- 
trons in the beam in cm sec! and w the cirular 
frequency of the observed oscillations; the devia- 
tion of the measured period from the one calcu- 
lated from the formula is always in the lower 
direction and was less than 10 — 25%. Visually 
we could not observe any periodic inhomogeneity 
along the beam in the discharge glow. The dis- 
charge was often characterized by well distin- 
guished inhomogeneities, caused by the non-uni- 
form emission from the pressed powder cathode, 
along the cross section of the beam. 

In the region where sufficenly strong oscilla- 
tions start the anomalous scattering of the pri- 
mary bean was observed visually. This scatter- 
ing could occur both before and after the narrow- 
ing of the beam produced by the focusing action 
of the positive space charge. When the anomalous 
seattering took place before the narrowing, we 
clearly distinguished smaller beams in the pri- 
mary beam against the general background dif- 
ferent. When the scattering occurred after the 
narrowing, the beam was nearly uniform. In the 
first case, the convergence of the beams stopped 
at the position of the scattering so that no nodes 
could form; in the second case, there was in gen- 
eral not observed any tendency to form later 
nodes. 


1D). H. Looney and S. C. Brown, Phys. Rev. 


93, 965 (1954). 
2Kojima, Kato, and Hagiwura, J. Phys. Soc. 
Japan 12, 1276 (1957). 


946 LETTERS TO THE EDITOR | 


3D, Bohm and E. P. Gross, Phys. Rev. 75, 
1851 (1949). 

4R. A. Bailey and K. G. Emeleus, Proc. Roy. 
Irish Acad. A57, 53 (1955). 
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POSSIBILITY OF DETERMINING THE 
CHIRALITY OF THE MUON BY MEANS 
OF 56-ELECTRON CASCADES FROM 
MAGNETIZED IRON 


A. I. ALIKHANOV and V. A. LYUBIMOV 


Institute of Theoretical and Experimental 
Physics, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor February 21, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1334-1335 
(April, 1959) 


Ir is known that the violation of spatial parity in 
weak interaction causes the muons produced by 
pion (or Kua -meson) decay to be polarized. How- 
ever, the direction of muon polarization has not 
been experimentally determined to date. We pro- 
pose here a method for measuring both the direc- 
tion and magnitude of muon polarization, and con- 
sider possible experiments with accelerators and 
cosmic rays to solve this problem. 

Berestetskif (private communication) derived 
a formula for the cross section for the scattering 
of a polarized muon by polarized electrons 


ode = o,de + P,P,,9,de 


2 mde € ies é € € 
= Qn Ro geet | Bt ps PP, = (1— Sy oe 


™m 


where m, £, and ry are the rest energy, veloc- 
ity, and classical radius of the electron; ¢€ and 
€m are the energy and maximum energy trans- 
ferred to the electron by collision with the muon; 
E is the muon energy; Pe and P, are the elec- 
tron and muon polarization vectors. It is seen 
from this formula that o;,/o), the relative mag- 
nitude of the cross section that is sensitive to the 
polarization, will be noticeable, if large energy 
transfers to electrons colliding with high-energy 
muons are separated out. This can be done by 
registering 6 cascades with specified number 
of particles, produced by muons in magnetized 
iron. 

The probability of a cascade with more than 


n electrons being produced by a polarized muon | 
in magnetized iron can be calculated from cas- 
cade theory:! 

em (BE) 


\ f(s, n)o(E, ©)de 


0 


n)+ PPh (E, 7), 


b(E, n) = 


=H (E, 


where f(¢,n) is the probability of producinga | 
cascade with more than n particles by a 6 elec-- 
tron of energy ¢€, and bo, b, are the polariza- 
tion-sensitive and polarization-insensitive prob- 
ability of cascade occurrence. 

To obtain a specified accuracy in the measure- | 
ment of muon polarization it is necessary to reg- | 
ister, in minimum time, such cascade in which the } 
number of particles is greater ny) =ng(E), a ) 
value at which the expression bh, (E, n)/Vby (E,n) 
has a maximum. | 

We give here the values of by and Peb;/by at 
8% polarization of electrons in magnetized iron, ass 
a function of the muon energy, for cascades with 
more than ny particles 
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If we register 6 cascades with more than ny 
particles, produced in iron magnetized along and 
opposite the direction of motion of muons in an 
accelerator beam, then, to measure muon polari- 
zation with 30% accuracy at Py = 100%, it is nec- 
essary to have 1.5 x 108 a ete pass through the 
apparatus. 

The proposed method can also be used to meas- 
ure the chirality of muons from cosmic rays. If 
the muons are not separated by energies, but by 
sign, the probability of producing a shower with 
more than n cosmic muons can be found as 


em (E) 


b(n) = \ \ f(e, n) S(E)o(E, &) dedE 
E 


0 


= by (1) a P.P5b; (n), 


where S(E)dE is the muon spectrum. 

We give here the values of by and Pgh; /by 
for Pg = 8% as a function of the number of par- 
ticles in the registered shower: 


05 = 2h2-10~ 5,8-10-3 1.4-40-8 6.4-10-4 
Met 2.10% 3.0% 3.3% 


If the aperture ratio of the apparatus is such 
that it transmits ~ 10° muons per minute with _ 
polarization Py > 30%, approximately 30 days 
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of measurement would be needed for the perfor- 
mance of the experiment. 


We are grateful to V. B. BerestetskiY for dis- 
cussions. 


1S. Z. Belen’kiY, Jlasunusie Mpowecchl B 
KOCMM4¥eCKKX Iy4ax, (Cascade Processes in Cosmic 
Rays), M-L, 1948. 
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CORRECTION TO THE PAPER BY YV. Ya. 
EIDMAN “RADIATION OF AN ELECTRON 
MOVING IN A MAGNETO-ACTIVE PLASMA” 


Submitted to JETP editor January 10, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1335-1336 
(April, 1959) 


In a paper of the author by this title J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 131, 1958, Soviet 
Phys. JETP 7, 91 (1958) the normalization of the 
polarization vector aj, has not been carried out 
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completely. These vectors should be written in 
the form: 


an = CV 2s tag) V7 25. 1 V2); 
where 


Yams (Ota) td ype ee 


1—u 


Op Ky cos 6 + y,sin Q; B, = — K; sin 9 + y, cos 8; 


oe 2Vu (4—V)cos 0 
J usin? 6 Yu? sint 0 + 4u (1 — V)? cos? 6’ 


V Vu sin® + Kj cos 0 sin 8 
1—u—V (1 — ucos? 0) 


ne 


Taking account of the above correction leads 
to the appearance of the factor ¢j in Eq. (7) and 
the factor | ¢;|* in Eqs. (10), (12) — (17), (24), 
(25) and the formula following Eq. (22). Hence 
the last equation in the paper should contain the 
factor | ¢,|?/| ¢|?. Furthermore, in addition to 
the expression for Wij [Eq. (24)], we must in- 
troduce the expression 


Tere? , dQ [v1 (— 1 + a) — Bo_ nr oBe sin 8]? |; |? 


Wiaj= 16xc* | 1 — Ba cos 0 (nj, + @_,0n;,/00) | : 


Qo 


ols |1 —Bor, cos 61 * 
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